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PEEFACE 


TOURING many years it lias been my duty and pleasure to- 
give courses of lectures on various Mathematical subjects 
to successive generations of students. The course on Statics 
has been made the groundwork of the present treatise. It has- 
however been necessary to make many additions; for in a treatise 
all parts of the subject must be discussed in a connected form,, 
while in a series of lectures a suitable choice has to be made. 

A portion only of the science of Statics has been included in 
this volume. It is felt that such subjects as Attractions, Astatics,. 
and the Bending of rods could not be adequately treated at the 
end of a treatise without either making the volume too bulky 
or requiring the other parts to be unduly curtailed. These re* 
maining portions appear in the second volume. 

In order to learn Statics it is essential to the student to work 
numerous examples. Besides some of my own construction, I 
have collected a large number from the University and College 
Examination papers. Some of these are so good as to deserve to 
rank among the theorems of the science rather than among the 
examples. Solutions have been given to many of the examples,, 
sometimes at length and in other cases in the form of hints when 
these appeared sufficient. 

I have endeavoured to refer each result to its original author. 
I have however found that it is a very difficult task to effect this 


ivith any completeness. The references will show that I have 
searched many of the older books and memoirs as well as some 
of those of recent date to discover the first mention of a theorem. 

In this edition I have made many additions and have also 
omitted several things which on after consideration appeared 
to be of minor importance. The explanations also have been 
simplified wherever there appeared to be any obscurity. For 
the convenience of reference I have retained the order of the 
articles as far as that was possible. 

The latter part of the chapter on forces in three dimensions 
has been enlarged by the addition of several theorems and the 
portions on five and six forces re-arranged. The chapter on 
graphical statics also has been almost entirely rewritten. 

An index has been added which it is hoped will be found 
useful. 


EDWARD J. ROUTH. 


Peterhouse, 
May^ 1896 . 
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CHAPTER I 


THE PARALLELOGRAM OF FORCES 

1. The science of Mechanics treats of the action of forces on 
bodies. Under the influence of these forces the bodies may either 
be in motion or remain at rest. That part of mechanics which 
treats of the motion of bodies is called Dynamics. That part of 
mechanics in which the bodies are at rest is called Statics. 

If the determination of the motion of bodies under given 
forces could be completely and easily solved, there would be no 
obvious advantage in this division of the subject into two parts. 
It is clear that statics is only that particular case of dynamics an 
which the motions of the bodies are equated to zero. But the 
particular case in which the motion is zero presents itself as a 
much easier problem than the general one. At the same time 
this particular case is one of great importance. It is important 
not merely for the intrinsic value of its own results but because 
these are found to assist in the solution of the general case by the 
help of a theorem due to D’Alembert. It has therefore been 
generally found convenient to lead up to the general problem of 
dynamics by considering first the particular case of statics. 

2. Since statics is a particular case of dynamics we may begin 
by discussing the first principles of the more general science. We 
should consider how the mass of a body is measured, how the 
velocity and acceleration of any particle are affected by the action 
of forces. The general principles having been obtained we may 
then descend to the particular case by putting these velocities 
equal to zero. In this way the relationship of the two great 
branches of mechanics is clearly seen and their results are founded 
on a common basis. 
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3. There is another way oi staaymg srarics wniun naa lus uwii 
advantages. We might begin by assuming some simple axioms 
relating to the action of forces on bodies without introducing 
any properties of motion. In this method we introduce no 
terms or principles but those which are continually used in 
statics, leaving to dynamics the study of those terms which are 
peculiar to it. 

Whether this is an advantageous method of studying statics or 
not depends on the choice of the fundamental axioms. In the 
first place they must be simple in character. In the second place 
they must be easily verified by experiment. For example we 
might take as an axiom the proposition usually called the parallelo- 
gram of forces or we might, after Lagrange, start from the 
principle of work. But neither of these principles satisfies the 
conditions just mentioned, for they do not seem sufficiently 
obvious on first acquaintance to command assent. 

If we found the two parts of mechanics on a common basis, 
that basis must be broader than that which is necessary to support 
merely the principles of statics. We have to assume at once all 
the experimental results required in mechanics instead of only 
those required in statics. Now there is an advantage in intro- 
ducing the fundamental experiments in the order in which they 
are wanted. We thus more easily distinguish the special necessity 
for each, we see more clearly what results are deduced from each 
experiment. The order of proceeding would be to begin with 
such elementary axioms about forces as will enable us to study 
their composition and resolution. Presently other experimental 
results are introduced as they are required and finally when the 
general problem of dynamics is reached, the whole of the funda- 
mental axioms are summed up and consolidated. 

In a treatise on statics it is necessary to consider both these 
methods. We shall examine first how the elementary principles 
of statics are connected with the axioms required for the more 
general problem of dynamics, and secondly how they may be made 
to stand on a base of their own. 

4. In mechanics we have to treat of the action of forces on 
bodies. The term force is defined by Newton in the following 
terms. 

An impressed force is an action exerted on a body in order to 



change its state either of rest or of uniform motion in a straight 
line. 

5. Characteristics of a Force. When a force acts on a 
body the action exerted has (1) a point of application, (2) a 
direction in space, (3) magnitude. 

Two forces are said to be equal in magnitude when, if applied 
to the same particle in opposite directions, they balance each 
other. The magnitudes of forces are measured by taking some 
one force as a unit, then a force which will balance two unit 
forces is represented by two units and so on. 

6. The simplest appeal to our experience will convince us 
that many at least of the ordinary forces of nature possess these 
three characteristics. If force be exerted on a body by pulling a 
string attached to it, the point of attachment of the string is the 
point of application, and the direction of the string is the direction 
of the force. The existence of the third element of a force is shown 
by the fact that we may exert different pulls on the string. 

All the causes which produce or tend to produce motion in a 
body are not known. But as they are studied, it is found that 
they can be analysed into simpler causes, and these simpler causes 
are seen to have the three characteristics of a force. If there be 
any causes of motion which cannot be thus analysed, such causes 
are not considered as forces whose effects are to be discussed in 
the science of statics. 

7. There are other things besides forces which possess these 
three characteristics. These other things may be used to help us 
in our arguments about forces so far as their other properties are 
common also to forces. 

The most important of these analogies is that of a finite 
straight line. Let this finite straight line be AB. One extremity 
A will represent the point of application. The direction in space 
of the straight line will represent the direction of the force and 
the length of the line will represent the magnitude of the force. 

Other things besides forces may also be represented graphically 
by a finite straight line. Thus in dynamics it will be seen that 
both the velocity and the momentum of a particle have direction 
and magnitude and may in the same way be represented by a 
finite straight line. One extremity A is placed at the particle, 

1—2 



the direction of tlie Btraight line represents the direction of the 
velocity and the length represents the magnitude. Generally 
this analogy is useful whenever the things considered obey what 
we shall presently call tlio ‘parallelogram law, 

8. In oi'diu’ to rciprcsent completely the direction of a force by 
the diu’ction of the straiglit lino AB, it is necessary to have some 
convention to deteriuirie whether the force pulls A in the direction 
AB or pusluis in the direction BA. This convention is supjplied 
by the nH(‘ of the terms i)o.sitivo and negative. The positive and 
negative directions of straight lines being defined by some conven- 
tion or rule, tlie forces which act in the positive directions of their 
lines of action are called positive and those in the opposite direc- 
tions are (jailed negative. These conventions are often indicated 
by the conditions of the problem under consideration, but they 
usually agree with the rules adopted in the differential calculus. 
Thus the dircjction of the radius vector drawn from the origin 
is usually taken as the positive direction, and so on for all lines. 

Sometimes instead of using the term positive, the direction or 
sense of a force is indicated by the order of the letters, thus a force 
AB is a force acting in the direction A to B.d, force BA is a force 
acting from B towards A. 

9. The third element of a force is its magnitude. This is 
represented by the length of the representative straight line. A 
unit of ft)rce is represented by a unit of length on any scale we 
please ; a force of n such units of force is then represented by 
a straight line of n units of length. 

10. Measure of a force. A force must he measured by its 
effects. Since a force may produce many effects there are several 
methods open to us. If we wish the measure of two equal forces 
acting together to be twice that of a single force equal to either,, 
the effect which is to measure the force must be properly chosen. 

We may measure a force by the weight of the mass which it 
will support. Placing two equal masses side by side, they will be 
supported by equal forces. Joining these together we see that a 
double force will support a double mass. Thus the effect is 
propoi'tional to the magnitude of the cause. 

We may also measure a force by the motion it will produce in 
a given body in a given time. If by motion is here meant velocity 



then it may be shown by the experiments usually quoted to prove 
the second law of motion that a double force will produce a double 
velocity. So here also the effect chosen as the measure is pro- 
portional to the magnitude of the cause. This measure requires 
some experimental results, necessary for dynamics, but not used 
afterwards in statics. 

If we agree to measure a force by the weight it will support 
the unit will depend on the force of gravity at the place where 
the experiment is made. Such a unit will therefore present 
several inconveniences. If also we measure a force by the velocity 
generated in a unit of mass in a unit of time, it is necessary 
to discuss how these other units are to be chosen. 

It is not necessary for us, at this stage of our argument, to decide on the 
best method of measuring a force. It will be presently seen that our equations 
are concerned for the most part with the ratios of forces rather than with the 
forces themselves. The choice of the actual unit is therefore unimportant at 
present, and we can leave this choice until the proper occasion arrives. The 
comparative effects of forces will then have been discussed, and the reader will 
the better understand the reasons why any particular choice is made. 

When therefore we speak of several forces equal to the weight of one, two or 
three pounds &o., acting on a body and determine the conditions of equilibrium, 
we shall find that the same conditions are true for forces equal to the weight of 
one, two or three oz. &c., and generally of all forces in the same ratio. 

11. One system of units is that based on the foot, pound, and 
second as the three fundamental units of length, mass, and time. 
The unit force is that force which acting on a pound of matter for 
one second generates a velocity of one foot per second. This unit 
of force is called the poundal. 

The foot and the pound are defined by certain standards kept 
in a place of security for reference. Thus the imperial yard is the 
distance between two marks on a certain bar, preserved in the 
Tower of London, when the whole bar has a temperature of 
62° Fah. The unit of time is a certain known fraction of a mean 
solar day. 

The units committee of the British Association recommended 
the general adoption of the centimetre the gramme and the 
second as the three fundamental units of space, mass and time. 
These they proposed should be distinguished from absolute units, 
otherwise derived, by the letters C. G, s. prefixed, these being the 
initial letters of the names of the three fundamental units. The 
c. G. S. unit of force is called a dyne. This is the force which 


acting on a gramme for a second generates the velocity of a 
centimetre per second. 

It is found by experiment that a body, say a unit of mass, 
falling in vacuo for one second acquires very nearly a velocity of 
32*19 feet per second. This velocity is the same as 981*17 
centimetres per second. It follows therefore that a poundal is 
about -^V^d part of the weight of one pound, and a dyne is the 
weight of -gJ-fSt part of a gramme. These numerical relations 
strictly apply only to the place of observation, for the force of 
gravity is not the same at all places on the earth. The difference 
between the greatest and least values of gravity is about Y^jv-th of 
its mean value. 

The relations which exist between these and other units in 
common use are given at length in Everett’s treatise on units and 
Physical Gonsta,nts and in Lupton’s numerical tables. We have 
nearly 

one inch = 2*54 centimetres, one pound — 453*59 grammes. 

It follows from what precedes that one poundal = 13825 dynes. 

12. The parallelogram of velocities. This proposition is 
preliminary to Newton’s laws of motion. 

The velocity of a particle when itniforin is measured by the 
space described in a given time. A straight line whose length is 
equal to this space will represent the velocity in direction and 
magnitude; Art. 8. Suppose a particle to be carried uniformly 
in the given time from 0 to G, then OG 
represents its velocity. This change of 
place may be effected by moving the 
particle in the same time from 0 to A 
along the straight line OA, if while this 
is being done we move the straight line OA (with the particle 
sliding on it) parallel to itself from the position OA to the 
position BG. The uniform motion of the particle from 0 to A 
is expressed by the statement that its velocity is represented 
by OA. The displacement produced by the uniform motion of the 
straight line is expressed by the statement that the particle has 
a velocity represented in direction and magnitude by either of the 
sides OB or AC, It is evident by the properties of similar figures 
that the path of the particle in space is the straight line OG, 




It follows that when a particle moves with two simultaneous 
velocities represented in direction and magnitude by the straight 
lines OA, OB its motion is the same as if it were moved with 
a single velocity represented in direction and magnitude by the 
diagonal 00 of the parallelogram described on OA, OB as sides. 
This proposition is usually called the parallelogram of velocities. 

Let a particle move with three simultaneous velocities repre- 
sented in direction and magnitude by the three straight lines 
OAi, OA2, O/I3. We ma}^ replace the two velocities OAi, OA^ 
by the single velocity represented in direction and magnitude 
by the diagonal OB^ of the parallelogram described on OAj, OA^ 
as sides. The particle now moves with the two simultaneous 
velocities represented by OBi and OA^. We may again use the 
same rule. We replace these two velocities by the single velocity 
represented in direction and magnitude by the diagonal OB2 
described on OB^ and on OA^ as sides. We have thus replaced 
the three given simultaneous velocities by a single velocity. 

In the same way any number of simultaneous velocities may 
be replaced by a single velocity. 

If the simultaneous velocities represented by OAi, OA2 &c. 
were all altered in the same ratio, it is evident from the properties 
of similar figures that the resulting single velocity will also be 
altered in the same ratio. 

Let the simultaneous velocities OAi, OA2 &c. be such that 
their resulting velocity is zero. It follows that if all the velocities 
OAi, OA2 &c. are altered in any, the same, ratio the resulting 
velocity is still zero. 

13. Newton^s laws of Motion. These are given in the 
introduction to the Principia. 

1. Every body continues in its state of rest or of uniform 
motion in a straight line, except in so far as it may be compelled 
by force to change that state. 

2. Change of motion is proportional to the force applied 
and takes place in the direction of the straight line in which 
the force acts. 

3 . To every action there is always an equal and contrary 
reaction; or the mutual actions of any two bodies are always 
equal and of)positely directed. 



The full significance of these laws cannot be understood until 
the student takes up the subject of dynamics. The experiments 
which suggest these laws, and their further verification, are best 
studied in connection with that branch of the science, and are to 
be found in books on elementary dynamics. The student who has 
not already read some such treatise is advised to assume the truth 
of these laws for the present. We shall accordingly not enter into 
a full discussion of them in this treatise, but we shall confine our 
remarks to those portions which are required in statical problems. 

14. The first law asserts the inertness of 'matter. A body at 
rest will continue at rest unless acted on by some external force. 
At first sight this may appear to be a repetition of the definition 
of force, since any cause which tends to move a body at rest is 
called a force. But it is not so. Here we assert as the result 
of observation or experiment the inertness of each particle of 
matter. It has no tendency to move itself, it is moved only by 
the action of causes external to itself. 

15. In the second laiv of motion the independence of forces 
which act on a particle is asserted. If the effect of a force is 
always proportional to the force impressed it is clearly meant 
that each force must produce its own effect in direction and mag- 
nitude as if it acted singly on the particle placed at rest. 

Let us consider the meaning of this statement a little more 
fully. Let a given force act on a given particle placed at rest at a 
point 0 and generate in a given time a velocity which we may 
represent graphically by the straight line OA. Let a second force 
act on the same particle again placed at rest at 0 and generate in 
the same time a velocity which we may represent by OB. If both 
forces act simultaneously on the particle both these velocities are 
generated. The actual velocity of the particle is then represented 
by the diagonal 00 of the parallelogram described on OA, OB as 
sides, Art. 12, In the same way, if any number of forces act 
simultaneously on a particle at rest, the law directs that we 
are to determine the velocity generated by each as if it acted 
alone for a given time. These separate velocities are then to 
be combined into a single velocity in the manner described in 
Art. 12. This single velocity is asserted to be the effect of the 
simultaneous action of the forces. 

Let a system of forces be such that when they act simul- 



taneously on a particle placed at rest the resulting velocity of 
the particle is zero. These forces ai'e then in equilibrium. Let 
a second system of forces be also such that when they act on 
the particle placed at rest, the resulting velocity of the particle is 
again zero. Then this second system of forces is also in equi- 
librium, Let these two systems act simultaneously, then since 
the forces do not interfere with each other, the resulting velocity 
of the particle is still zero. We thus arrive at the following 
important proposition. 

Let tis suppose that there are two systems of forces each of which 
when acting alone on a particle would he in equilibrium. Then when 
both systems act simultaneously there will still be equilibrium. 

This is sometimes called the principle of the superposition of 
forces in equilibrium. When we are trying to find the conditions 
of equilibrium of some system of forces, the principle enables us to 
simplify the problem by adding on or removing any particular 
forces which by themselves are in equilibrium. 

Let the forces P^, &c. acting on a given particle for a given 

time genei-ate velocities Vi, &c. respectively. If the same or 
equal forces were made to act on a different particle the velocities 
generated in the same time may be different. But since the effect 
of each force is proportional to its magnitude the velocities gene- 
rated by the several forces are to each other in the ratios of Vi to 
V 2 to Vg &c. If then a system of forces is in equilibrium when 
acting on any one particle, that system will also be in equilibrium 
when applied to any other particle (Art. 12). 

16 . We notice also that it is the change of motion which is the effect of force. 
A given force produces the same change of motion in a particle whether that 
particle is in motion or at rest. 

In this way we can determine whether a moving particle is acted on by any 
external force or not. If the velocity is uniform and the path rectilinear there is 
no force acting on the particle. If either the velocity is not uniform, or the path 
not rectilinear, there must be some force acting to produce that change. 

Let two eq^ual forces act one on each of two particles and generate in the same 
time equal changes of velocity; these particles are said to have equal mass. If the 
force acting on one particle must be n times that on the other in order to generate 
equal changes of velocity in equal times, the mass of the first particle is n times that 
of the second. It follows that the mass of a particle is proportional to the force 
required to generate in it a given change of velocity in a given time. Now all bodies 
falling from rest in a vacuum under the attraction of the earth are found to have 
the same velocity at the end of the first second of time, Art. 11. We therefore infer 
that the masses of bodies are proportional to their weights. The units of mass and 



force are so cliosen that the unit of force acting on tiro unit of mass will generate a 
unit of velocity in a unit of time. 

The i>rodiict of the mass of a particle into its velocity is called its movientum. 
It follows from what has just been said that the expression change of motion ” 
means change of momentum produced in a given time. 

These results are peculiarly important in dyinunics, but in statics, Avhere the 
particles acted on are all initially at rest and reiuiiin so, they have not the same 
significance. 

17. Li the third law the princvple of the transmissibility of 
force is implied. The principle is more clearly stated in the re- 
marks which Newton added to his laws of motion. The law asserts 
the equality of action and reaction. If a force acting at a point 
A pull a body which has some point B held at rest, the reaction 
at B is asserted to be equal and opposite to the force acting at A. 
In-general, when two forces act at different points of a body there 
will be equilibrium if the linos of action coincide, the directions 
of the forces are opposite, and their magnitudes equal. 

From this we deduce that when a force acts on a body, its 
effect is the same whatever point of its line of action is taken as the 
point of application^ provided that point is connected with the rest of 
the body in some invariable manner. 

For let a force P act at A and let B be another point in its line 
of action. We have just seen that the force P acting at A may 
be balanced by an equal force Q acting at B in the opposite 
direction. But the force Q acting at B may also be balanced by 
an equal force P' acting at B in the same direction as P (Art. 15). 
Thus the two equal forces P and P' acting respectively at A and 
B in the same directions can be balanced by the same force Q. 
Thus the. force P acting at A is equivalent to an equal force P' 
acting at B. 

18. Statical Axioms. If we wish to found the science of 
statics on a basis independent of the ideas of motion we require 
some elementary axioms concerning matter and force. 

In the first place we assume as before the principle of the 
inertness of matter. 

We also require the two principles of the independence and 
transmissibility of force. 

The first of these principles is regarded as a matter of common 
experience. When our attention is called to the fact, we notice 



that bodies at rest do not begin to move unless urged to do so by 
some external causes. 


The other two require some elementary experiments. 

Let a body be acted on by two forces, each equal to P, and 
having A, A' for their points of application. We may suppose 
these to be applied by means of strings attached to the body at 
A and A' and pulled by forces each of 
the given magnitude. Let us also suppose 
the body to be removed from the action 
of gravity and all other forces. This 
may be partially effected by trying the 
experiment on a disc placed on a smooth 
table or by suspending the body by a string attached at the proper 
point, or the experiment might be tried on some body floating in 
a vessel of water. 



It is a matter of common experience that when the strings are 
pulled there cannot be equilibrium unless the lines of action of 
the forces acting at A and A' are on the same straight line. 
The body acted on will move unless this coincidence of the lines 
of action is exact. 

This result is not to be regarded as obvious apart from 
experiment. In the diagram the points of application A and A' 
are separated by a space not occupied by the body. The forces 
have therefore to counterbalance each other by acting, if we may 
so speak, round the corner E. As the manner in which force is 
transmitted across a body is not discussed in this part of statics, 
it is necessary to have an experimental result on which to found 
our arguments. 

Let us now suppose that two other forces each equal to Q are 
applied at B and E and have their lines of action in the same 
straight line. These if they acted alone on the body without the 
forces P, P' would be in equilibrium. Then it will be seen, on 
trying the experiment, that equilibrium is still maintained when 
both the systems act. Thus it appears that the introduction of 
the two forces Q, Q' does not disturb the two forces P, P' so as to 
destroy the equilibrium. 

From the results of this experiment we may deduce exactly as 
in Art. 17, the principle of the transmissibility of force. 



19. Rigid bodies. Let two or more bodies act and react on 
each other and be in equilibrium under the action of any forces. 
The principle of the transmissibility of force asserts that any one 
of these forces may bo apjjliod at any point of its line of action. 
If tlie line of action of any force acting on one of the bodies be 
produced to cut another, it does not follow that equilibrium will 
be maintained if the force is transferred from a point on the first 
body to a point on the second. 

It is therefore to be understood that when a force is transferred 
from any point in its line of Jiction to another the tAVo points ai'e 
supposed to be rigidly connected together. When the points of 
application of the forces are connected in some invariable manner, 
the body acted on is said to be rigid. Such are the bodies we 
shall ill general speak of^ though for the sake of brevity we shall 
often refer to them simply as bodies. 

20. It is sometimes convenient to form the conditions of 
equilibrium of the whole system (or any part of it) as if it were 
one body. That this may be done is evident, since the mutual 
actions and reactions of the several bodies are equal and opposite. 
But we may also reason thus ; the system being in a position of 
equilibrium, we may suppose the points of application of the 
forces to be joined in some invariable manner. This will not 
disturb the equilibrium. The system being now made rigid we 
may form the conditions of equilibrium. These are generally 
necessary and sufficient for the equilibrium of the system regarded 
as a rigid body, but though necessary they are not generally 
sufficient for its equilibiium when regarded as a collection of 
bodies. 

21. When a force acts on a rigid body, the iDrinciple of the transmissibility of 
force asserts that the body transmits its action from one point of application to 
another, but does not itself alter the magnitude of the force. It appears, therefore, 
that so far as this principle and that of the independence of forces are concerned 
the conditions of equilibrium depend on the forces and not on the body. 

If a system of forces be in equilibrium when acting on any body, that system 
will also be in equilibrium when transferred to act on any other body, provided 
always the points of application are connected by some kind of invariable relations. 

It follows that no definition of the body acted on is necessary when the forces 
in equilibrium are given. The forces must have something to act on, but all we 
assume here about this something, is that it transmits the force so that the axioms 
enunciated may be taken as true. For this reason, it is sometimes said that 
statics is the science lohich treats of the equilibrium and action of forces aj^art from 
the subject matter acted on. 



22. Resultant force. When two forces act simultaneously 
on a particle and are not in equilibrium, they will tend to move 
the particle. We infer that there is always some one force which 
will keep the particle at rest. 

A force equal and opposite to this force is called the resultant 
of the two forces and is equivalent to the forces. It is obvious 
that the resultant of two forces acting on a particle must also act 
on that particle. It is also clear that its line of action is inter- 
mediate between those of the two forces. 

Let Pi, P^y.^Pn be any number of forces acting on the same 
particle. The two forces Pi, P^ have a resultant, say Qj. We may 
remove Pi and P 2 and replace them by Qj. Again Qi and P 3 may 
be replaced by their resultant Q 2 and so on. We finally have all 
the forces replaced by a single force. This single force is called 
their resultant. 

If the forces of a system do not all act at the same point, 
it may happen that there is no single force which could balance 
the system. If so, the system is not equivalent to any single 
resultant force. 

23. To find the resultant of any number of forces acting at a 
point and having their lines of action in the same straight line. 

Let 0 be the point of application, and first let all the forces 
act in the same direction Ox. Since each acts independently of 
the others, the resultant is clearly the sum of the separate forces 
and it acts in the direction Ox. 

If some of the forces act in one direction Ox and others in the 
opposite direction say 0x\ we sum the forces in these two direc- 
tions separately. Let X and X' be these separate sums, and let 
X be the greater. Then by Art. 15 we can remove the force A' 
from both sets of forces. The whole system is therefore equivalent, 
to the single force A — A' acting in the direction of A, 

By the rule of signs this is also equivalent to a single force 
represented by the negative quantity A'— A acting in the opposite 
direction, viz. that of X\ 

The necessary and sufficient condition that a system of forces 
acting at a point and having their lines of action in the same 
straight line should be in equilibrium is that the algebraic sum of 
the forces should be zero. 



24. ParallelogTam of forces. To find the resultant of tu 
forces acting at a given point and inclined to each other at av 
angle. Let the two forces act at the point 0 and let them he repr 
sented in direction and magnitude hy two straight lines OA, 0. 
drawn from the point 0 (Art. 7). Let us now construct a para, 
lelogram having OA, OB for two adjacent sides and let 00 he tin 
diagonal vjhicli passes through the point 0, Then the 7'esidtant c 
the two forces will he represented in direction and magnitude by th 
diagonal OG. 

Several prools of this important theorem have been givei 
As the “ paral lelogram law ” is the foundation of the whole theor 
•of the composition and resolution of forces, it will be useful t 
consider more than one proof, though the student at first readin 
.should confine his attention to one of them. 

25. Newton^ s proof of the parallelogram of forces 

'This proof is founded on the dynamical measure of force. It 
principle has already been explained in Art. 15. It is repeate- 
here on account of its importance. The figure is the same as tha 
used in Art. 12 for the parallelogram of velocities. 

26. Suppose two forces to act on the particle placed at 0 i: 
the directions OA, OB. Let the lengths OA, OB be such tha 
they represent the velocities these foi*ces could separately generat' 
in the particle by acting for a given time. Since each fore 
.acts independently of the other, it will generate the sam^ 
velocity whether the other acts or does not act. When both ac 
the particle has at the end of the given time both the velocitie 
represented by OA and OB. These ai’e together equivalent t< 
the single velocity OG. But this is also the measure of th< 
force which would generate that velocity. Thus the two force 
measured by OA, OB are together equivalent to the single forci 
measured by OG. 

27. Duchayla^s proof of the parallelogram of forces 

'This proof is founded on the principle of the transmissibility o 
force, Art. 17. It has been shown in Art. 18 that this principle 
•can be made to depend only on statical axioms. 

To prove the proposition we shall use the inductive proof We 
shall assume that the theorem is true for forces of p and m uniti 
inclined at any angle, and also for forces of p and n units inclinec 
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at the same angle ; we shall then prove that the theorem must be 
true for forces of p and m + n units inclined at the same angle. 

Let the forces p and ?n act at the point 0 and be represented 
in direction and magnitude by the straight lines OA and OJB. 
On the same scale let 
BD represent the force 
n in direction and 
magnitude. Let BD 
be in the same straight 
line with OB, then the 
length OD will repre- 
sent the force m-\-n in direction and magnitude, Art. 23. Let 
the two parallelograms OBCA, BDFC be constructed and let 00, 
OF, BF be the diagonals. 

By hypothesis the resultant of the two forces p and acts 
along 00. By Art. 18, we transfer the point of application to 0. 
We now replace this resultant force by its two components p and 
m. These act at 0, viz. p along BO produced and m along OF. 
Transfer the force p to act at B and the force m to act at F. 



Since BO is equal and parallel to OA, the force p acting at B 
is represented by BO. The force n may be supposed also to act 
at B and is represented by BD. Hence by our hypothesis the 
resultant of these two acts along BF. Transfer the point of 
application to the point F. 

The two forces p and m -h n are therefore equivalent to two 
forces acting at F. Their resultant must therefore pass through 
F, Art. 22. For the same reason the resultant passes through 0, 
and the forces have but one resultant, Art. 22. Hence the 
resultant must act along OF. But this is the diagonal of the 
parallelogram constructed on the sides OA, OD which represent 
the forces p and m -f n. 

It is clear that the resultant of two equal forces makes equal 
angles with each of these forces. The resultant of two equal forces 
therefore acts along the diagonal of the parallelogram constructed 
on the equal forces in the manner already described. Thus the 
hypothesis is true for the equal forces p and p. By what has just 
been proved it is true for the forces p and 2^9 and therefore for 
p and Sp and so on. Thus it is true for forces 3,nd rp where r is 
any integer.- Again the hypothesis has just been proved true for 



forces rp and p ; hence it is true for 7p and 2p and so on. Thr 
the hypothesis is true for forces rp and sp, where r and 6* ai 
any integers. Thus the proposition so far as the directio7i of th 
resultant is concerned is established for any commensurable force 


28. We have 7iow to find the direction of ike i^esidtant ivhen tJ 
forces are incoQumensiirable. Let OA, OB represent in directio 
and magnitude any two incommensurable forces p and q, then 
the diagonal 00 does not represent the resultant, let OG be th 
direction of the resultant. The straight line OG must lie withi 
the angle A OB and will cut either BO between B and (7 or 
between A and G ; Art. 22. Let it cut BG between B and G. 


Divide OB into a number of equal parts each less than GO an 
measure off from OA beginning at 0 portions equal to these unt 
we arrive at a point K where AK is less than GO. Draw G1 
KL parallel to A G. Since 

OB and OK ai’e com men- 0^ 

surable the forces repre- 
sented by these have a 
resultant which acts along 
the diagonal OL. Thus 
the forces p) and q acting 
at 0 are equivalent to two 
forces, one of which acts 

along OL and the other is the force represented by KA, Th 
resultant of these two must act at 0 in a direction lying betwee 
OL and OA. But OG lies outside the angle AOL, hence th 
assumption that the direction of the resultant is OG is impossibl 
But OG represents any direction other than OG for then only is : 
impossible to divide OB into equal parts each less than GG. Thi 
the resultant force must act along the diagonal whether the forc( 
be commensurable or incommensurable. 




We have given a separate proof for incommensurable force 
But this is unnecessary. The theorem has been proved for a 
forces whose ratio can be expressed by a fraction. In the case ( 
incommensurable forces we can still find a fraction which diffei 
from their true ratio by a quantity less than any assigne 
difference. In the limit the theorem must be true for incorr 
mensurable forces. 



29. To prove that the diagonal represents the magnitude of the 
resultant as well as its direction. 

Let OA and OB represent the two forces, and let 00 be the 
diagonal of the parallelogram 
OAOB. Take OD in CO pro- D ^ 

duced of such length as to repre- 
sent the resultant in magnitude. 

Then the three forces OA, OB, 

OD are in equilibrium and each 
of them is equal and opposite to 
the resultant of the other two. 

Construct on OB, OD the 
parallelogram OBED. Since OA is equal and opposite to the 
resultant of OB and OD, OE is in the same straight line with OA 
and therefore OE is parallel to OB. By construction 00 is in the 
same straight line with OD and is therefore parallel to EB. Thus 
EG is a parallelogram. Hence 00 is equal to EB and therefore 
to DO. 

Thus the diagonal 00 represents the resultant of the two forces 
OA, OB in magnitude. 

30. Ex. Assuming that the diagonal represents the magnitude of the result- 
ant, show that it also represents the direction. 

As before, let OA, OB, OD represent forces in equilibrium, It is given that 
OA = OE, OC=OD, and it is to be proved that AOE, DOC are straight lines. 
Since AB and BD are parallelograms, OA — BC, OD = BE. Hence in the quadri- 
lateral EOCB the opposite sides are equal in length. The quadrilateraHs therefore 
a parallelogram. (For the triangles OEB, BGO have their sides equal each to each.) 
It follows that OE is parallel to BC, and is therefore in the same straight line 
with OA. 

31. Historical summary. The principles on which the science of statics 
has been founded in former times may be reduced to three. 

There is first the principle used by Archimedes, viz., that of the lever* It is 
assumed as self-evident or as the result of an obvious experiment, (1) that a 
straight horizontal lever charged at its extremities with equal weights will balance 
about a support placed at its middle point, (2) that the pressure on the support is 
the sum of the equal weights. Starting with this elementary principle, and 
measuring forces by the weights they would support, the conditions of equilibrium 
of a straight lever acted on by unequal forces were deduced. From this result by 
the addition of some simple axioms the other proposition of statics may be made 
to follow. The truth of the first elementary principle named above is perhaps 
evident from the symmetry of the figure, but Lagrange points out that the second 
is not equally evident with the first. 

The second principle which has been used as the foundation of statics is tliat 
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of the parallelogram of forces. In loHi), btevniUH eniuu'iatod tiio ttieoroiii ot tne 
triangle of forces. Till this time the scionoo of Htatics had nwted on tho theory of 
the lever, bat then a new departure bociuue posHibhi. Tlio Himplicity of the 
principle and the ease with which it may be applt(*d to the. prohlems of lueohanicH 
caused it to he generally adopted. The principle finally became the baftia of modern 
statics. For an account of its gradual dovolopinent we refer the reader to A Short 
History of Mathernatics, by W. AV. B. Ball. 

Many writers have given or attempted to give proofs of this priciciplo which arc 
independent of the idea of motion. One of those, that of Duchayla, has been 
reproduced above, as that is the one which Hcoins to liav(i been best received. 
There is another, that of Laplace, which has attracted coiiHiderahlc attention. 
This is founded on principles similar to the proofs of Bernoulli and P 'Alembert. 
It is assumed as evident that if two forces ho incr<‘iiHed in any, the same, ratio the 
magnitude of their resultant will ho increaRcd in the same ratio, but itK direction 
will be unaltered. 

In comparing these proofs with that founded on the idea of motion, we must 
admit the force of a remark of Lagrange. Ho says that, in Bcparating the principle 
of the composition of forces from the composition of motiouH, wo deprive that 
principle of its chief advantages. It loses its simplicity and its Hclf-evidonoe, and 
it becomes merely a result of some constructions of geometry or analysis. 

The third fundamental principle which has Ixtcn used is that of virtual 
velocities. This principle had been used by the older writer.s, but Lagrange gave, 
or attempted to give, an elementary proof and then made it tlio basis of the whole 
science of mechanics. This proof has not been generally received as i)rosenting 
the simplicity and evidence which he had admired in the prinoiple of the compo- 
sition of forces. 


CHAPTEK II 


FORCES ACTING AT A POINT 
The triangle of forces 

32. In the last chapter we arrived at a fundamental pro- 
position, usually called the parallelogram of forces, which we 
shall be continually using. Experience shows it is not always 
convenient to draw the parallelogram, for this complicates the 
figure and makes the solution cumbersome. Several artifices 
have been invented to enable us to use the principle with facility 
and quickness. In this chapter we shall consider these in turn. 

33. If OA, OB represent two forces P and Q acting at a 
point 0, we know that their resultant is represented by the 



diagonal 0(7 of the parallelogram constructed on those sides. 
Now it is evident that AG will represent the force Q in direction 
and magnitude as well as OB, though it will not represent the 
point of application. This however is unimportant if the point of 
application is otherwise indicated. Thus the triangle OAG may 
be used instead of the parallelogram OAGB. 

As the points of application are supposed to be given inde- 
pendently it is no longer necessary to represent the forces by 
straight lines passing through 0. Thus we may represent the 
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forcH'H 1\ Q, li acting at () bolrh in direction and magnitude by the 
Hides of a tiinngli* JJ/iF provided these sides arc parallel to the 
fnr(*es and proportional to tlieui in magnitude. 

.It is (*l(‘a,r tliat all tluioi’imis about the parallelogram of forces 
may laj inniiecliately transfcu're.d to tlio triangle. Wo therefore 
infer tho following proposition ealli'd tlie triangle of forces. 

If two forces odiiKj ut some point are represenied in direction 
and inafj)vitude h;/ the sides DJf EF of any Irian (jle^ the third side 
i)F will represeni their resultant. 

If ihrae forces actimj at sonw point are represented in direction 
and ‘inaijnitude by the three sides of a/ny triangle taken in order 
uiz.^ J)E, EF, FJ), the three forces are in eqidlibrimn, 

34. Wluui thr('(' forc(‘s in one plane are given and we wish to 
dehuniim*. wlu'tiuu’ tliey nro in (.Mpnlibriinn or not, we see that 
there an‘ two conditions to be. satialied. 

1. If tlu^y are not all parallel tAvo of them must meet in some 

point 0. resultant of these two will also pass through the 

same point. *'rhe third force must be equal and opposite to this 
rt'sultant and must there.foro also pass through the same point. 
]len(M‘ the liiu's of action of the three forces must meet in one 
point or ho parallel. 

2. If the forces are not all parallel, straight lines can be 
drawm parallel to the forces so as to form a triangle. The 
magnitudes of the forces must be proportional to the sides of 
that triangle taken in order, 

Tlie case in which the forces are all parallel will be considered 
in the next chapter. 

35. We may evidently extend this proposition further. Sup- 
pose. we turn the triungle EEF through a right angle into the 
position D'E'F\ the sides will then be perpendicular instead of 
parallel to the forces. Also if the forces act in the directions DE, 
EF, FD they now act all thi’ee outwards with regard to the 
triangle D'E'F'. If the foixes were reversed they would all act 
inwards. We have thus a new proposition. 

If three forces acting at some point be represented in magnitude 
by the sides of a triangle, and if the directions of the forces he 
perpendicidar to those sides and if they act all imvards or all 
oiiUoards, the three forces are in eqwilibrinm. 



Instead of turning the triangle through a right angle, we 
might turn it through any acute angle. We thus obtain another 
theorem. If three forces acting at a point be represented in v 

/ magnitude by the sides of a triangle and if their directions make / 

\ equal angles with the sides taken in order, the three forces are in V 
I equilibrium. J 

In using this theorem, it is sometimes found to be inconvenient 
to sketch the triangle. We then put the theorem into another 
form. The sides of the triangle are proportional to the sines of 
the opposite angles. This relation must therefore also hold for 
the forces. Hence we infer the follomng theorem. 

Three forces acting on a body in one plane are in equilibrium 

■ if {\) their lines of action all meet in one point, (2) their directions 

are all towards or all from that point, (3) the magnitude of each is ^ 
proportional to the sine of the angle between the other two. 


36. Polygon of forces. We may further extend the triangle 
of forces into a polygon of forces. If several forces act at a point 
0 we may represent these in magnitude and 
direction by the sides of an unclosed polygon 
BE, EF, FG, OH &c. taken in order. The 
resultant of BE, EF is represented by BF. 

That of BF and FG is BG and so on. Thus 
the resultant is represented by the straight 
line closing the polygon. It is clear that the 
sides of the polygon need not all be in the same plane. 

If several forces acting at one point be represented in direction 

I and magnitude by the sides of a closed polygon taken in order, they%f 

I I are in equilibrium. • 

37. Ex. 1. Forces in one plane, whose magnitudes are proportional to the 
sides of a closed polygon, act perpendicularly to those sides at their middle points 
all inwards or all outwards. Prove that they are in equilibrium. 

Let ABCD &o. be the polygon. Join one corner A to the others C, I) (fee. 
Consider the triangle ABC thus formed. The forces across AB, BC meet in the 
centre of the circumscribing circle, and have therefore for resultant a force propor- 
tional to AC acting perpendicularly to it at its middle point. Taking the triangles 
ACD, ABE &c. in turn, the final resultant is obviously zero. 




J) E 




Ex. 2. Forces in one plane, whose magnitudes are proportional to the cosines 
of half the internal angles of a closed polygon, act inwards at the corners in direc- 
tions bisecting the angles. Prove that they are in equilibrium. 



therefore we m eqnuibnum. 


cT 


38 . Ex. 1. EorcoH reproHonUKi by Uio n ambers 4, 5, 6 are in equilibrium; find 
the tangents of the liiilvoH of tin; angles between the forces. 


By drawing parallels to tlioHo forces we construct a triangle of the forces. The 
angles of this triangle can be fuuiul by tlio ordinary rules of trigonometry. 


X 


Ex. 2. Forces rein'csentecl by (5, H, 10 lbs. avu in otiuilihrium ; find the angle 
between the two smaller forocH. How muHt tho least foi’ce be altered that the 
angle between tho other two may be, halved ? 

Ex. 3. If OAy C>i)’ represent two forces, show that their resultant is represented 
by twice OM, wliero M is the middle point of AJL 


Ex. 4. Two constant cijual forces act at the centre of an ellipse parallel to the 
directions and PH, where S and H arc the foci and P is any point on the curve. 
Show that the extremity of the line which ropresonts their resultant lies on a circle. 

[Math. Tripos, 1883.] 




Ex. 5. Forces P, Q act at a point 0, and their resultant is JK ; if any transversal 
cut the directions of the forces in the points L, il/, N respectively, show that 
P . Q li 


q 

OL TfM~ ON' 


[Math. Tripos, 1881.] 


Clear of fractious and the ctf nation reduces to the statement that the area LOM 
is the sum of the areas LON, MON. 

Ex. 6. A particle O is in equilibriiun under three forces, vix., a force F given 
in magnitude, a force F given in direction, and a force P given in magnitude and 
direction. Find the lines of action of F by a geometrical construction. 

If OA represent P, draw AB parallel to F', and describe a circle whose centre is 
0 and whose radius represents F in magnitude. 


Ex. 7. ABCD is a tetrahedron, P is any point in HO, and Q any point in AD. 
Prove that a force represented in magnitude, direction, and position by PQ^ can be 
replaced by four componeuts in AB, BD, DC, OA in one and in only one way, and 
find the ratios of these components. [St John’s Coll., 1887.] 


Ex. 8. Lengths BD, OF, AF are drawn from the corners along the sides BC, 
CA, AB of a triangle ABC ; each length being proportional to the side along which 
it is drawn. If forces represented in magnitude and direction by AD, BE, GF 
acted on a point, show that they would be in equilibrium. Conversely if the forces 
AD^ BE, CF act at a point and are in equilibrium, then Bl>, GE, AF are pro- 
portional to the sides. 


39. Parallelepiped of forces. Three forces acting at a 
point 0 are rep'esmted in direction and magrdtude by three straight 
lines OA, OB, 00 not in one plane. To show that the resultant is 
represented in direction and magnitude by the diagonal of the 
parallelepiped constructed on the three straight lines as sides. 



Consider the parallelogram constructed 
sultant of these two forces is represented by 
OD. If GE be the parallel diagonal of the 
opposite face, it is clear by geometry that 
OGED will be a parallelogram. The resultant 
of the forces represented by 00, OD will 
therefore be OE, i.e. the diagonal of the 
parallelepiped. 


on OA, OB, the re- 



We may also deduce the theorem from Art, 36. The resultant of the three 
forces represented by OA, AD, DK is represented by the straight line which closes 
the polygon OADE, i.e. it is OE. 


40. Three methods of oblique resolution. 

(1) Any three directions (not all in one plane) being given, 
a force R represented by OE may be replaced by three forces 
X, Y, Z, acting in the given directions. The force R is then said 
to be resolved in these directions and the forces X, F, Z are called 
its components. The magnitudes of the components are found 
geometrically by constructing the parallelepiped whose diagonal is 
R and whose sides OA, OB, 00 have the given directions. 

(2) When the resaltant OE is given, each component may he 
found by resolving perpendictdarly to the plane containing the other 
two. Thus suppose the component along OG of a force R acting 
along OE is required. Let 00, OE make angles 6, y respectively 
with the plane AOB, then, since the perpendiculars from G and E 
on that plane are equal, OG sin 6 = OE sin y. The component Z 
along OG is therefore given hy ZsinO =R sin y, 

(3) A third method of effecting an oblique resolution is given 
in Arts. 51 and 53. 

Ex. 1. If six forces, acting on a particle, be represented in magnitude and direc- 
tion by the edges of a tetrahedron, the particle cannot be at rest. [Math. T., 1859.] 

Ex. 2. Four forces acting at a point 0 are in equilibrium, and equal straight 
lines are drawn from 0 along their directions. Prove that each force is proportional 
to the volume of the tetrahedron described on the lines drawn along the other three 
forces. 


Method of Analysis ^ , 

41. We have seen that any force may be replaced by two 
others, called its components, which are inclined at any angle to 



IS meant, unless it is oonerwise statea, tnat tne otner component 
is at right angles to it. By referring to the figure of Art. 33, we 
see tliat the parallelogram OACB bec<imes a rectangle. The two 
components of the force 00 are 0(7. cos OOA and 0(7. sin CO A. 

Wo may put this result into the form of a working rule. If a 
force R act at 0 m the direction OC, its com 2 :)onent in any direction 
Or is li CO.S GOx. Its component in the op) 2 >osite direction Ox is 
11 cos OOx', In the same way the component of 11 perpendicular 
to Ooi is H sin OOx. 

It is convenient to have some short name to distinguish the 
rectangular components of a force from its oblique components. 
The name resolute for the components in the first case has been 
suggested in Lockes Elementary Statics. 


42. 1 ^wo forces Pj, Po act at a point 0. To find the position 

and magnitude of their residtant 

Let Ox, Oy be any two rectangular axes, and let Ui, a,, be the 
angles the forces P^, P^. make with the axis of x. The sums of the 
components parallel to the axes are 

'A = Pj cos + Po cos a^, 

Y = Pi sin «! + Pa sin a^. 

If these are the components of a force R whose line of action 
makes an angle a with the axis of x, we have 

X — R cos d, Y= R sin a. 

We easily find by adding together the squares of X and Y that 
P 2 _ p^a ^ p 2 ^ 2PiPa cos 9, 


where 0 = cci — a^, so that & is the angle between the directions 
of the forces This result also follows from the parallelogram 

of forces. For the right-hand side is evidently the square of the 
diagonal of the parallelogram whose, sides are Pi and Pg. 

The direction of the resultant is also easily found, for we have 


F 




sin + Pa sin 



t 

for< 


43 . Ex. 1. Two forces P, Q act at an angle a and have a resultant E. If each 
orce be increased by E, prove that the new resultant makes with E an angle whose 

tangent is . [gt Coll., 1880.] 

Take the line of action of the resultant E for the axis of x. 

Ex. 2. Forces each equal to F act at a point parallel to the sides of a triangle 
ABC. If E be their resultant, prove that R'^=F ^ (3 - 2 cos yi - 2 cos E - 2 cos C). 

Ex. 3. The resultant of P and Q is E, if Q be doubled E is doubled, if Q be 
reversed, E is also doubled ; show that P : Q : P :: : Jd : ^/2. [St John’s OolL] 

44 . A'tiy number of forces act at a point 0 in any directions. 
It is required to find their resultant. 


Take any rectangular axes Ox, Oy, Oz. Let Pj, P^, Pu &c. be 
the forces, (ai/Si7i), their direction angles. The sums 

of the components of these parallel ti.-) the axes are 

X == Pi cos tti 4- Po cos otg + • • • = SP cos a, 

Pi cos / 3 i 4- Py cos /Ss + . . . = 2P cos 
Z — Pi cos 7i 4 - Po cos 72 4 - . . . = SP cos 7. 


If these are the components of a force R whose direction 
angles are (a/37) have 

R cos a = X, R cos /3 = F, R cos y = 

By a known theorem in solid geometry 

cos- a -h cos^ yS 4- cos- 7=1. 

Hence ^ p + Z\ 

cos a _ cos /3 _ cos 7 _ 1 

Thus both R and its direction cosines have been found. 


If the conditions of equilibrium are required it is sufficient and 
necessary that R— 0 . This gives the three conditions 

Z = 2 Pcosa = 0 , F= 2 PcoS/S = 0 , Z=2Pcos7 = 0 . 


45 . If the reaolved parts of the forces P^, P^ dx. along ang three directions 
OA, OB, OG not all in one plane are zero, they are in equilibrium. 

I Let the axis Oz coincide with OG and let the plane xOz contain OA. Since f 
1 the resolved part along Oz is zero, we have Z = 0. Since the resolved part along 
. OvI is zero, we have A" cos .rO.I = 0. Since .xOA cannot be a right angle without 
making OA, OG coincide, we have A'=0. Lastly since the resolved part along OB 
is zero we find Y cos yOB = 0. This gives ,p~0. y ^ 0. 




46 . The magnitude and direction of R may also he expressed 
in a form independent of coordinates in the folloiuing manner. 



By a known theoroni in solid geometry if be the angle 
between the straight lines whoso direction angles are (ai/3i7iX 
(«2/3i.7u) with the usual convention as to direction, then 

iV 0 '' '■ ’ ~ ay + cos j 3 i cos + cos 71 cos 72 . 

Adding together the squares of the expressions for X, F, Z we 
have (cos" a, -I- cos" /S^ 4- cos" 71) 4* &c. 

4- 21\P.2 (cos a. cos a>> 4- c.os /3i cos /3o 4- cos 7] cos 70) 4- &c» 

'* == P}^ 4- Po- 4- fee. 4- 2i^P. cos 4- &c. 

' This gives the magnitude of R, 


To detennine the line of jxctipn of we shall find the angles 
0], '<^2 &c. which its direction makes with the directions of the 
forces Pi, P» &c. The axes of coordinates being perfectly arbitrary ; | 

^^ Vlet us take the axis of iv to be coincident with the line of action of i 
the force Pi. Then a = otj = 0, = ^12 the equations / 

R cos a = A = 2P cos a 

become R cos <l)i = Pi 4- P^ cos 612 + cos ^13 4- &c. • > < • I 

In the same Avay by taking the axis of x along the force P^, | ^ “ 

we find R cos c^o = P3 cos Oy, 4- P>> 4- Pa cos ^ga 4 • • • ] 

and so (}n. Thus the direction of R has been found. 


47. Polyhedron of forces. The equations of Art. 44 have a geometrical 
meaning which is often useful. Let any closed polyhedron be constructed, let 
Aj, A.j^ cfec. be the areas of its faces. Let normals be drawn to these faces, each 
from a point in the face all outwards or all inwards, and let O., &e. be the angles 
these normals make with any straight line which we may call the axis of z. Let us 
now project orthogonally all these areas on the plane of xi/. The several projections 
are dj cos 6^, do cos &c. Since the polyhedron is closed the total projected 
area which is positive is equal to the total negative projected area. We therefore 

have dj cos 0j + do cos ^ 2 + = 

Similar results hold for the projection on the other coordinate planes. Thus we 
obtain three equations which are the same as the equations of equilibrium already 
found, except that we have dj, do (&c. written for P^, P 2 We therefore have 
the following theorem. If forcea acting at a he represented in magniUide hy 

the areas of the faces of a closed -polyhedron and if the directions of the forces he 
perpendicular to those faces respectively, acting all imoards or all outioanls, then 
these forces are in cquilihriuin. 

48 . By using the theory of detenninants we may put the results of Art. 46 into 
a more convenient form. Let it be required to find the resultant of any three forces 
acting at a point. To obtain a symraetrical result we shall reverse the resultant 
and speak of four forces in cquilihrium. 

Let Pi, Pgt » ^4 forces in equilibrium. Putting P = 0, we have found 



iu Art. 46 four linear equations connecting these. Eliminating the forces, we have 
the determinantal equation 

1 cos ^32 cos ^353 COS = 0. 

cos 1 cos 6 ,j^ cos 

cos ^33 COB ^30 1 cos ^34 

cos ^43 cos ^40 C0Sf\.3 1 

This is the relation connecting the mutual inclinations of any four straight lines 
in space*. If all these angles except one (say ^30) are given, we have a quadratic 
to find the two possible values which cos^j^ could then have. If three of the 
angles say dn-^, are right angles this determinant reduces to the well-luiown 
form cos- ^34 + cos*^ 0.j4 + cos - 0.34 = 1 . 

If the angles between the four directions in which the forces act are given, the 
ratios of the forces are found from any three of the four linear equations above 
mentioned. It follows that the forces are in the ratio of the minors of the 
constituents in amj row of the determinant. 

' 49 . Ex. ^Shpw that the squares of the forces are in the ratio of the minors of 
the constituents in the leading diagonal. 

For let be the minor of the rth row and sth column, then by a theorem in 
Salmon’s Higher Algebra But we have shown above that 

P3 ; Po=l33 : T30 ; 

hence we deduce at once PjS : P./=: Jjj : 

For the sake of reference we state at length the minor of the leading constituent. 
It is 133 = 1 - cos*-^ “ cos'-^ 6>34 - cos2 ^42 + 2 cos cos ^34 cos ^42. 

This expression is easily recognized as one which occurs in many formulas in 
spherical trigonometry. For example, if unit lengths are drawn from any point 0 
parallel to the directions of any three of the forces (say P2, P3, P4) the volume of 
the tetrahedron so formed is one sixth of the square root of the corresponding 
minor (viz. 133). 

50 . Sometimes it is necessary to refer the forces to oblique axes. In this case 
we replace the direction cosines of each force by its direction ratios. Let the 
direction ratios of P3, Po &c. be <fec. Then by the same reasoning 

as before, the sirms of the components of the forces parallel to the axes are 
X=XPa, y=^Pb, X = yiPc. 

If these are the components of a force R with direction ratios {I, m, n) we have 
m=X, Rm=Y, Rn = Z. 

The relations between the direction ratios of a straight line and the angles that 
straight line makes with the axes are given in treatises on solid geometry or on 
spherical trigonometry. They are not nearly so simple as when the axes of 
reference are rectangular. For this reason oblique axes are seldom used, , 



y/te mean centre - ' ' 

^ 51i There is another method of expressing the magnitude 

and direction of the resultant of any number of forces acting at 


Another proof is given in Salmon’s Solid Geometry, Ed. iv., Art. 54. 



a point which will be found very useful both in geometrical and 
analy ti cal reason ing. 

Let us represent the forces Pj, Pn &c. in direction by the 
straight lines OA.. &c. To represent their magnitudes we 

shall take lengths measured along these straight lines, tlixis the 
force along OA^ is represented by 2)^.0 A^ that along OA,, by 
p.> . OAn, and so on. The advantage of introducing the numerical 
multipliers Ih is that the extremities Ai, A. &c. of the 
straight lin(3s may be cliosen so as to suit the figure of tlie problem 
under consideration. It is evident that this is equivalent to 
representing the forces by straight lines on different scales, viz. 
the scales Pa &c. of force to each unit of length. 

Talving 0 for origin, let {ociyiZi), &c. be the coordinates 

of the points A^, A>. &c. We have already ^n'oved that the com- 
ponents of the resultant are 


X = 2P cos a — Xp. OAi cos a == 

:r-2:pcos/3 -Sw (i). 

^ = s;pcos7 


Lot us take a point whose coordinates {xyz) are given by the 


equations 

It follows at once that 




y 








.( 2 ). 


X =;5^p, Y= y^p^ z = jx p : ■ 
These equations imply that the resultant of the forces is repre- 
sented in direction and magnitude by Off . Xp. 

This point ff is known by a variety of names. It is called the 
centre of gravity ^ or centroid ov mean centre of a system of particles 

placed at who.se masses or weights are proportional to 

&c. 

The result is, if forces acting at a point 0 he represented in \ 
direction by the straight lines OA^ OA^^&c. and in magnitude by / 
^ p^.OAxy p^^OA^i-^c,, then their resultant is represented in direction S 
■ by Off and in magnitude by Xp.OG, cohere G is the centroid of 
i masses proportional to p>iyPn<S!;c. placed at A^, A^^&c, This theorem 
\ is commonly ascribed to Leibnitz. 

We notice that forces represented in magnitude and direc 
by pi.O Ax, &G., are in equilibrium when 0 is the centroid 

of masses proportional to pi, p^ cfcc., placed at A^y Ao etc. 




Conversely, a force R, acting along OG, may be resolved into 
three forces Pj, Pj,, P3, which act along three given straight lines 
■passing through 0 , by making G to he the mean centre of masses 
placed at convenient points Aj, An, A3, on those straight lines. If 
PiiP^ip'i those masses, the components P^ Po, P3 are given by' 

Pi . 0 A-, ~ 2h • OAo p3 . OA3 (pi + Po 4- Pa) Off ‘ 

In using this theorem we may draw some or all of the straight 
lines OAj, OAo &c. in the opposite directions to the forces. If 
this be done we simply regard the p’s of those straight lines as 
negative. 


When some of the p’s are negative, it may happen that 2 p = 0 . 
In this case the centroid is at infinity and this representation of 
the resultant though correct is not convenient. The components 
along the axes are still given by the expressions X — ^px, Y = Spy, 
Z = 'l.pz which do not contain any infinite quantities. 




52 . The utility of this proposition depends on the ease with which the point 
G can be found when /li, .do, &c., are given. The %oorking rule is that the distance 
of G from any plane of reference, taken as the plane of xy, is given by the formula 


2p ‘ 


The properties of this point and its positions in various cases are dis- 


cussed in the chapter on the centre of gravity. 


A 


S 3 . Ex. 1 . The centroid G of two particles p^, p.,, placed at two given points 
Aoi lies in the straight line and divides it so tbatpi. AiG^p^. A^G. 


Take as the axis of x, A^ as origin and let A^Ao — a. Then a;i = 0 , j 

f 2/1 = 0, ?/o = 0 . Using the working rule we have 1 

P‘J«: _ ?hh±M ?=0 \ 

P1+P2 •; P1+P2’ P1+P2 

Hence Glies in A^Aa and since x=A-fi 'ne find p^. A,G=p,^(AiA.2- AyG)=pn. A„G. i 
This theorem enables us to resolve a force P which acts along a given straight' ' 
line OG into two directions OA'^, OA.,, which are not necessarily at right angles. , 
The components Pj , Po are given by i 

Pi.OAj P2-OA. {Pj+P2)0G 

where pi, p,, are the distances of G from do* -^1 positively %chen measured 

inwards. 


OC 


Ex. 2 . Prove that the centroid of three masses jPa, placed at the corners 

of a triangle is the point whose areal coordinates are proportional to p^, P23P3* 
^/^en the masses are eaual.this point is briefly called the centroid of the triangle. 

If a, 7 are the distances of a point G from the sides . PC, CA, AB of a 
triangle taken positively when measured inwards, andjp, q, r are the perpendiculars 
from the corners on the same sides, the ratios x—ajp, y~§lq, z—yjr are called the 



areal coordinates of G. It is evident that x, y, z are also proportional to the areas 
of the triangles BGOi CGA, AGB respectively. Also x = 

J/ Taking any side AB as the axis of reference we deduce from the working rule 
{Art. 52) that tlie distance of the centroid from it is where s 

Similarly a = 2hP/^j follows that ?/, 2 aie proportional to Pi, 

A force P acting at the corner /> of a tetrahedron intersects the 
opposite face ABC in a point G whose areal coordinates referred to the triangle 
ABC are (xyz). If the components of P along the edges DA, Dli, DC are Pj, P^, P., 
Pi Pa P, P 

I’™’'® a; .VA~y.m~z.VO~ VO ' 


X Ex. 4. Any number of forces are represented in magnitude and direction by 
straight lines A^Ai\ A,An,...A^^A.,^ and G, G' are tlie centroids of the points 
Ai, and A^, An,...A.„\ Show that these forces transferred parallel to 

themselves to act at a point have a resultant which is represented in magnitude 
.and direction by 7i . GG''. [Coll. Ex., 1880.] 

The group of forces A A' is equivalent to the three groups AG, GG', G'A', Art. 30. 
'The first and last are separately in equilibrium, Art. 51. 


Ex. 5. Three forces in one plane, acting at A, B, C, are represented by ./ID, 
BE, CP where D, IC, F are their intersections with the sides of the triangle ABC. 
Show that these are equivalent to three forces acting along the sides AB, BG, CA 

•of the triangle represented j ~ ^ \ 'a ) 

Thence show that if BDIa—CEjh^AFIc^K, these three forces are statically 
equivalent to the three forces (1-2/c) c, {I -2k) a, (l-2x)^ acting along the sides 
of the triangle. 

Prove that the centroid of equal particles placed at D, E, F, coincides with that 
•of the triangle. Thence show that the forces represented by OD, OK, OF, (where 
0 is any point) have a resultant whose magnitude and line of action are indepen- 
dent of the value of k. 


Ex. C. A particle in the plane of a triangle is acted on by forces directed 
to the mid-points of the sides whose magnitudes are proportional directly to 
r-^\ the distances from those points and inversely to the radii of the circles escribed 

' ^ to those sides. Find the position of equilibrium. [Math. Tripos, 181)0.] 

The point is the centre of the inscribed circle. 

Ex. 7. A, B, C, D are four small holes in a vertical lamina, and four elastic 
strings of natural lengths OA, OB, OC, OD are attached to a point 0 in the lamina, 
their other ends being passed through A, B, C, D respectively and attached to 
a small heavy ring P. Assuming that the tension of an elastic string is a given 
multiple of its extension, prove that when the lamina is turned in its own plane 
about O the locus of P in the lamina will be a circle. [Coll. Ex., 1888.] 




y 


Ex. 8. A quadrilateral ABCD is inscribed in a circle whose centre is 0, 
forces proportional to aBGD ^2 aOBD, AAGD:iz2 aOAC, aABD^2aOBD, 
aABG^2aOAG, act along OA, OB, OC, OD respectively, the signs being 
determined according to a certain convention, show that the forces are in equi- 
librium. [Math. Tripos, 1889.] 

Ex. 9. Three forces P, Q, E act along three straight lines DA, DB, DC not in 
one plane ; if their resultant is parallel to the plane ABC, prove that 

PjDA + Q/PP + P/DG=0, [St John’s Coll., 1882,] 



^ Ex. 11. AlWDEF is a regular hexagon, and at A forces act represented in 
magnitude and direction by AB, 2AC, ^AD, AAE, 5^1 E. Show that the length of 
the line representing their resultant is ^S^AB, [Math. Tripos, 18B0 ] 

Equilihrimn of a particle under constraint 

54. Distinction between smooth and rough bodies. Let a 

particle under the influence of any forces he constrained to slide 

along an infinitely thin fixed wire. There is an action between 

the particle and the curve. Let this force be resolved into two 

components, one acting along a normal to the curve and the 

other along the tangent. The latter of these is called friction. 

By common experience it is found to depend on the nature of the 

materials of which the wire and particle are made. When this 

component is zero or so small that it can be neglected the bodies 

are said to be smooth. When it cannot be neglected the conditions 

of equilibrium are more complicated and will be found in another 

chapter. For the present we shall confine our attention to smooth 

bodies. Similar remarks apply when a particle is constrained to 

remain on a surface. In all such cases the constraining carve or 

surface is called smooth token the action between it and the particle 

is along the normal to that curve or surface, 

^ 

55. If the particle be a bead slung on the curve, the bead can 
only move in the direction of a tangent drawn to the curve at the 
point occupied by the bead. The necessary and sufficient condition 
of equilibrium is that the component of the forces along the tangent 
to the curve at the point occupied by the particle is zero. 

If the particle rest on one side of the curve the action of the 
curve on the particle will only prevent motion in one direction 
along the normal. It is therefore also necessary for equilibrium 
that the external forces should the particle against the curve. 

If a particle rest on a smooth surface at any point,' the 
component of the forces along every tangent to the surface at 
that point must be zero. In other words, the resultant force at 
a position of equilibrium must act normally to the surface in such 
a direction as to p)ress the particle against the surface. 



/• 66. The form of a curve beiiuj given hy its equations; to find 
the positions on it at which a qxirticle would rest in e(iidlihrium 
. under the action of any given forces. 

Suppose tlie curve to be given by its Cartesian equations, ant] 
let the axes of reference be rectangular. Let x, y, ^ be the 
coordinates of the particle when in a position, of equilibrium. 
Let Y,Z be the components of the forces parallel to these axoKS. 
Let s be the arc measured from some fixed point on the curve 
up to the j>oint occupied by the particle. Then resolving the 
forces X, Yj Z along the tangent, we have by Art. 41, 

as as as 

If the equations of the curve are given in the form 

^) = 0, ir (x, y, z) = 0, 

we have with the usual notation fur partial diflerential c<.)eHicients 
+ (j)ydy + (j)zdz = 0, '^xdu) + "^ydy -I- '\lr^dz = 0. 
Eliminating the ratios dx : dy : dz, we have the determinant 




= 0 . 


X, F, 

^y> 

\ -fy, I 

I This dcterminantal equation, joined to the two equations of the 

curve, suffice in general to find the values of x, y, z. There may 
be several sets of values of these coordinates, and these give all 
the positions of equilibrium. 

57. The form of a surface being given by its equation ; to find 
'' the point or points on it at ivhich a particle luould rest in equi- 

lihrmm under the action of given forces. 

Let the surflice be given by its Cartesian equation /(a?, y, z) = 0’ 
when referred to rectangular axes. By Art. 55 the direction! 
cosines of the resultant force must be proportional to those oP- 
.the normal to the surface. We therefore have 

Xlf,= Ylfy==Zlf,. 

Joining these two equations to the given equation of the surface,, 
we have three equations to find (^, y, z). 

58. Pressure on the curve or surface. It follows from Art. 54 
that in the position of equilibrium the resultant force acts normally 


air( 


and is equal to the pressure. If then R be the pressure on the 
curve or surface, its magnitude is given byi?" = 4- 4- audits 

direction is determined by the direction cosines XjR, YjR, ZjR. 

59 . In these propositions the components A", Y, Z are supposed to he given 
functions of the coordinates a?, ?/, z. In many cases these components are respec- 
tively partial differential coefficients with regard to .r, y, z of some function V 


called the potential of the forces. Thus A=— •, r=4-, (1). 

iix cty dz 

; ; The condition of equilibrium of a particle resting on a smooth curve defined by its 
^ Cartesian equations ^ = 0, ^=0 has been found above and is equivalent to the 
V. assertion that the Jacobian of (F, 0, yp) vanishes at the points of equilibrium. 
f| f If we equate the potential V to an arbitrary constant c we obtain a system of 
surfaces. Each of these is called a level surface. By equations (1) Z, 7, Z are 
proportional to the direction-cosines of the normal to a level surface. The resultant 
force at any point, therefore, acts along the normal to the level surface which ^ 
passes through that point. If then a j)article is constrained to rest on any smooth 
■ j curve or surfacet the ’positions of equilibrium are those points at which the ciirve or' 
surface touches a level surface, 

A curve or surface may be such that every point of it is a position of equilibrium. 
In this case the resultant force is everywhere normal to the curve or surface. If 
then the particle be constrained by a curve, the curve must lie on one of the level 
surfaces, if by a surface, li^g^t^surface must be a level surface. 

Another interpretation may be found for the condition of equilibrium 
Xdx + Ydy^Zdz=^. 

Substituting for X, 7, Z from (1), this is equivalent to dV — 0, i.e. at a position of 
equilibrium the potential of the forces is a maximum or minimum. ^ 

61. Ex. 1. A heavy particle is constrained to slide on a smooth circle whose 
plane is vertical. A string, attached to the particle, passes through a small ring 
placed at the highest point of the circle and supports an equal weight at its other 
end. Prove that the system is in equilibrium when the string between the ring and 
the particle makes an angle 60° with the vertical. 

Ex. 2. The ends of a string are attached to two heavy rings of masses ??i, 
and the string carries a third ring of mass il/ which can slide on it; the rings ?«, vi' 
are free to slide on two smooth fixed rigid bars inclined at angles a and ^ to the 
horizontal. Prove that if be the angle which either part of the string makes with 
the vertical, then cotcp : cot/3 : cota=il/ : 3I-h2m' : ill -f 2m. [St John’s, 1890.] 




Ex. 3. A weight P, attached by a cord to a fixed point 0, rests against a 
^^\mooth curve in the same vertical plane with 0; show that, (1) if the pressure on 
the curve is to be independent of the position of the weight on it, the curve must be 
a circle ; (2) if the tension in the cord is to be independent of the position of tlie 
weight, the curve must be a conic section with 0 as focus. [Math. Tripos, 1886.] 
The vertical OA drawn through 0, the normal PA to the curve and the string 
JPO form a triangle whose sides are proportional to the forces which act along 
them. In case (1) the ratio of OA to AP is constant ; it follows that P lies on 
a circle or on a straight line passing through 0. In case (2) the ratio of OA 
to OP is constant ; it follows that P lies on a conic or on a horizontal straight line 
through 0. 


R. S. I. 
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Let us drop a perpendicular A' M on AB\ the work done hy the 
force is also equal to the product P,AM, where AM is to he esti- 
mated positive when in the direction of the force. Let P' be the 
resolved part of P in the direction of the displacement ; the^work 
is also equal to P\AA\ These expressions for the work of a 
force are clearly equivalent, and all three are in continual use. 


63. The forces which act on a particle generally depend on 
the position of that pai-ticle. Thus if the particle be moved from 
A to any point A' at a finite distance from A, the force P will not 
generally remain the same either in direction or magnitude. For 
this reason it is necessary to suppose the disjDlacement AA' to be 
so small a quantity that we may regard the force as fixed in 
direction and magnitude. Taking the phraseology of the dif- 
ferential calculus this is expressed by saying that the displacement 
A A' is of the first order of small quantities. 

We may suppose any finite displacement of the point A to be 
made along a curve beginning at A and ending at some point G. 
Let ds be any element of this curve, and when the particle has 
reached this element let P' be the resolved part of the force along 
ds in the direction in which s is measured. Then by the above 
definition \P'ds is the sum of the separate works done by the force 
P as the particle travels along each element in turn. This sum is 
defined to be the ivhole work in any finite displacement. If s be 
measured from any point 0 on the curve, the limits of this 
integral will evidently be s = OA and s^OG. 


1 - 


64. The resolved displacement AA^ cos (f> is sometimes called 

the virtual velocity of the point of application. The product 
P. j4JL'.cos(^ is called the virtual moment or virtual loork of the 
force. But these terms are restricted to infinitely small displace- 
ments. When the displacement is finite, the integral of the 
virtual works is called the work. — 

65. It is often convenient to construct a proposed displace- 
ment by several steps. Thus a displacement A A' may be con- 
structed by moving A first to D and then from D \>o A' (see figure 
in Art. 62). Supposing AD and DA' to be infinitely small so that 
the direction and magnitude of the force P continue constant 
throughout, it is easy to see that the work due to the ivhole displace- 
ment A A' is the sum of the works due to the displacements AD and 

3—2 



DA'. For if we drop the perpendiculars DN and A'M on the 
direction of the force, the separate works with their signs 

will be P.^iV and F.Ii'M. The sum of these is P.AM, which 
is the work due to the whole displacement AA'. 

If the displacement A A' is finite, and the force P remains 
unaltered in direction and magnitude, the work due to the 
resultant displacement is equal to the sum of the works due to 
the partial displacements AD, DA'. 

66. Suppose next that several forces act at the point A ; then 
as A moves to A' each of these will do work. The sum of the 
works done by each separately is defined to be the work done 
by all the forces collectively. 

If any number of forces act at a point A, the sum of the loorks 
due to any small displacement A A' is equal to the work done by 
their resultant. 

The work done by any one force P is equal, by definition, 
to the product of A A' into the resolved part of P in the direction 
of AA' . The work done by all the forces is therefore the product 
A A' into the sum of their resolved parts. By Art. 44 this is 
equal to A A' into the resolved part of the resultant, i.e. is equal 
to the work done by the resultant. 

67. This theorem leads to ^nother method of stating the 
conditions of equilibrium of any number of forces Pi, Pa &c. acting 
at the same point A. 

Case 1. If the particle at A is free to move in all directions it 
is necessary for equilibrium that the resultant force should vanish. 
The virtual woi’k of the forces Pi, Po &c. must therefore be zero in 
whatever direction the particle is displaced. 

Conversely, if the yntual work for any displacement A A' is 
zero it immediately follows that the resolved part of the resultant 
in that direction is also zero. If then the virtual work of 
Pi, Pn &c. is zero for any three different displacements not all in 
one plane, the three resolved parts of the resultant in those 
directions are zero. The particle is therefore in equilibrium. 

68. Case 2. If the particle is constrained to move on some 
curve or surface, then besides the forces Pi, P^ &c. the particle is 
acted on by^' a pressure R Avhich is normal to the curve or surface. 
The forces which maintain equilibrium are therefore Pj, P^ &c. 



and R. Then by Case 1 their virtual work is zero for all small 
displacements. 

If the displacement given to A is along a tangent to the curve 
or is situated in the tangent plane to the surface, the angle (p 
between the reaction R and the displacement is a right angle. 
The virtual work of that force is therefore zero. It immediately 
follows that for all such displacements the virtual work of Pi, 

&c. is zero. 


Conversely, suppose the particle constrained to move on a 
curve] then if the virtual work for a displacement along the 
tangent is zero the resolved part of the resultant force in that 
direction is also zero. The particle is therefore in equilibrium. 
Next, suppose the particle constrained to move on a surface] 
then if the virtual works for any two displacements, not in the 
same straight line, are each zero, the resolved parts of the 
resultant force in those directions are each zero. The particle 
is therefore in equilibrium. 


Ex. 1. Deduce from the principle of virtual velocities the conditions of 
( equilibrium obtained in Art. 56, for a particle constrained to rest on a curve. 

The forces on the particle are Z, T, Z ; the displacement is ds, the projections of 
ds on the forces are dx, dy, dz. Multiplying each force by the corresponding pro- 
jection, we see at once that the condition of equilibrium is Kdx-{-Ydy-\-Zdz = 0. 

Ex. 2. Two small smooth rings of equal weight slide on a fixed elliptical wire, 
of which the axis major is vertical, and are connected by a string passing over a 
/ smooth peg at the upper focus ; prove that the rings ■will rest in whatever position 
^ they may be placed. [Math. Tripos, 1858.] 

Let P, Q be the two rings, W the weight of either. Let T be the tension of the 
string, I its length. Let S be the peg, let x' be the abacissaB of P, Q measured 
vertically downwards from S ; let r=SP, r' = SQ, then r~\-r' = l. Since the ring P 
is in equilibrium, we have by the principle of virtual work IVdx -Tdr=0. The 
positive sign is given to the first term because x is measured in the direction in 
which W acts ; the negative sign is given to the second term because T acts in 
the opposite direction to that in which r is measured. In the same way we find 
for the other ring Wdx'-Tdr' = 0. Since dr— -^dv' this gives as the condition 
of equilibrium Wdx + Wdx' = 0. As yet we have not introduced the condition that 
the wire has the form of an ellipse. If 2c be its latus rectum and e its eccentricity, 
we have r—c-\- ex, r' — c + ex'. It easily follows that dx -f- dx' = 0, so that the condition 
of equilibrium is satisfied in whatever position the rings are placed. 


Ex. B. A small ring movable along an elliptic wire is attracted towards a given 
centre of force which varies as the distance ; prove that the positions of equilibrium 
of the ring lie in a hyperbola, the asymptotes of which are parallel to the axes of 
the ellipse. [Math. Tripos, 1865.] 

Ex. 4. Two small rings of the same weight attracting one another with a force 
varying as the distance, slide on a smooth parabolic shaped wire, whose axis is 
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vertical and vertex upwards ; show that if they are in equilibrium in any symmetrical 
position, they are so in every one. [Goll. Ex., 1887.] 

. Ex. 5. Two mutually attracting or repelling particles are placed in a parabolic 
groove, and connected by a thread which passes through a small ring at the focus ; 
prove that if the particles be at rest, the line joining the vertex to the focus will be a 
. mean ijroportional between the abscissas measured from the vertex. [Math. T. 1852, ] 
\A Ex. C. A weight W is drawn up a rough conical hill of height h and slope a 
and the path cuts all the lines of greatest slope at an angle /S. If the friction be 
times the normal pressure i^rove that the work done in attaining the summit will be 
JF/i (l + ju-cot asecjS). [St John’s Coll., 1887.] 

static Equilibrium / 

70. Suppose that three acting at a ;point are in 

equilibrium. We may clearly turn the forces round that point 
through any angle without disturbing the equilibrium if only the 
magnitudes of the forces and the angles between them are un- 
altered. Since a force may be supposed to act at any point of 
its line of action these three forces may act at any points A, B, G 
in their respective initial lines of action. If now we turn the 
forces supposed to act at A, B, G, each round its own point of ap- 
plication, through the same angle it is clear the equilibrium will 
be disturbed unless these points are so chosen that the lines of 
action of the forces continue to intersect in some point (Art. 34). 

It is evident that instead of turning the forces round their 
points of application we may turn the body round any point through 
any angle. In this case each force preserves its magnitude 
unaltered, continues to act parallel to its original direction 
supposed fixed in space, while the point of application remains 
fixed in the body and moves with it. When equilibrium is un- 
disturbed by this rotation, it is called Astatic, 


71. Let A and B be the points of application of the forces 
P and Q. Let their lines of action intersect in 0. Then as the 
forces turn round A and B, in the plane AOB, the angle between 
them is to remain unaltered. Hence 0 
will trace out a circle passing through A 
and B. The resultant of these two forces 
passes through 0 and makes constant 
angles with both OA and OB, It there- 
fore will cut the cii'cle in a fixed point G. ^ 

This resultant is equal and opposite to the 
force called R, 



If therefore three forces P, Q, R, acting at three points A, B, (7, 
intersect on the circle circuniscrihing ABC, and he in equilibrium, 
the equilibrium will not he distui^bed hg turning the forces round 
their points of application through any angle in the plane of the 
forces. This proof is given in Moigno's Staiics, p. 228. 

If the forces P and Q are parallel, the circle of constrnctiou becomes the straight 
line AB. The point G lies on AB, and the sines of the angles AOG, BOG are 
ultimately proportional to and GB. Hence ^(7 is to GB inversely in the ratio 
of the forces tending to A and B. If the forces F, Q, besides being parallel, are 
equal and opposite, the force R acts at a point on the straight line at infinity. 

72. When two forces Pi, P^ act at given points A, B bhe 
v^point at which the resultant acts, however the forces are turned 

round, is called the centre of the forces. If a third force P 3 act at 
a third given point G, we may combine the resultant of the first 
two with this force and thus obtain a resultant acting at another 
fixed point in the body. This is the centre of the three forces. 
Thus we may proceed through any number of forces. We see that 
we can obtain a single force acting at a fixed point of the body which 
is the resultant of any number of given forces acting at any given 
fixed^ points in one plane. This single force will continue to be 
the resultant and to act at the same point when all the forces are 
turned round their points of application through any angle. This 

force is called their astatic resultant. 

■ 

73. Astatic triangle offerees. This proposition leads xis to another method 
of using the triangle of forces. Eeferring to the figure of Art. 71, we see that the 
angles ABG, AO C and BAG, BOG being angles in the same segment are equal each 
to each. If therefore P, Q, R are in equilibrium, they are proportional to the sines 
of the angles of the triangle ABG. It follows that P, Q, R are also proportional 
to the sides of the triangle ABG. Thus 

P:BG=Q: GA = R : AB. 

The points A, B, G divide the circle into three segments AB, BC, GA. If 0 be 
taken on any one of the segments, say AB, then the forces whose lines of action 
pass through A and B must act both to or both from A and B. The third force 
acts from or to G according as the first two act towards or from A and B. We 
deduce the following proposition. 

Let three forces act at the corners of a triangle ABG ; they will be in eqivilihriiivi 
if (1) their magnitudes are 'proportional to the opposite sides, (2) their lines of actioji 
meet in any point 0 on the circumscribing circle, (3) their directions obey the rule 
given above. Also the equilibrium loill not be disturbed by turning all the forces 
round their points of application through any, the same angle, hut without altering 
their magnitudes. The forces are supposed to act in the plane of the triangle. 

74 . Ex. 1. Any number of forces P, Q,R, S &g. in one plane are in equilibrium, 
and their lines of action meet in one point 0. Through 0 describe any circle 



cutting the lines of action of the forces mA^ByC^D <fec. If these points are regarded 
as the points of application of the forces, prove that the equilibrium is astatic. 

Ex. 2, If CC' is drawn i)arallel to the opposite side AB to cut the circle in C', 
prove that the forces P, R make equal angles with the sides PC", C'A, AB of the 
triangle BG'A. Thence deduce from Art. 35 the conditions of equilibrium. 

Ex. 3. If a, /? are the angles the forces P and Q make with their resultant P, 
prove that the position of the centres of the forces is given by 

CE-~ 

~cot/3 ~ cot a “ cot a + cotjS’ 

where CED is drawn from C perpendicular to AB. 

Ex. 4. Let the forces act from a point 0 towards A and B where 0 is on the 

left or negative side of AB as we look from A towards B. • If p, q are the coordinates 

of A, p', q' of B referred to any rectangular axes, prove that the coordinates of the 

central point of j-1 and B are given by 

(cot a + cot/3).T=p cot a-fy/cot/SH- (q' - q)\ 

(cota + cot/3)^ = q cofca-i-q' GOt|3- * 

If the forces P and Q are at right angles, prove also that 

(P2 + Q-) a; =pP'^ -f p'Q- + ((?' - q) Pf^?| 

(P^ + 2/ = ^ pgj- • 

These are obtained by projecting AEy EC on the coordinate axes. 

- ' ' ' Stable and Unstable Efiuilihrium 

75. Let us suppose a body to be in equilibrium in any 
position, which we may call Ay under the action of any foi'ces. 
If the body be now moved into some neighbouring position B 
and placed there at rest, it may either remain in equilibrium in 
its new position (as in Art. 71) or the body may begin to move 
under the action of the forces. In the first case the position A is 
..j called one of neutral equilibrium. In the second case the equili- 
■ bi’iiim in the position A is called unstable or stable according as 
the body during its subsequent motion does or does not deviate 
from the jiosition A beyond certain limits. The magnitude of these 
limits will depend on the circumstances of the case. Sometimes 
they are veiy restricted, so that the deviation permitted must be 
infinitesimal ; in other cases greater latitude may be admissible. 

The determination of the stability of a state of equilibrium is 
a dynamical j)roblem. We must according to this definition 
examine the whole of the subsequent motion to determine the 
extent of the deviations of the body from the position of equili- 
brium. But sometimes we may settle this question from statical 
considerations. If the conditions of the problem are such that for 
all displacements of the body from the position A within certain 



limits, the forces tend to bring the body back to that position, 
then the position may be regarded as stable for displacements 
within those limits. If on the other hand the forces tend to 
remove the body further from the position A, that position may 
be regarded as unstable. This cannot however be strictly proved 
to be a sufficient condition until we have some dynamical equa- 
tions at our disposal. Properly we should, for the present, 
distinguish this as the criterion of statical stability or statical 
instability. But for the sake of brevity we shall omit this dis- 
tinction, except when we wish to draw special attention to it. 


76 . Two equal given forces P, Q act on a body at two given points A, B, and 
are in equilibrium. They therefore act along the straight line AB. Let the body 
be now turned I’ound through any angle less than two right angles and let the 
forces continue to act at these points in directions fixed in space. It is required to 
find the condition of stabilit 3 ^ 

neferring to the figure, it is evident that the forces tend to restore the body to 
its former position if each force acts from the ])oint of application of the other. force, 
while they tend to move the body further from that position if each force acts 
towards the point of application of the other. In the first case the equilibrium 
is stable, in the second unstable. 

If the body be turned round through two right angles, the forces will again be 
in equilibrium. The position of stable eq.uilibnum will then be changed into one 
of unstable equilibrium and conversely. 
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77 . Ex. 1. A smooth circular ring is fixed in a horizontal i^osition, and a small 
ring sliding upon it is in equilibrium when acted on by two forces in the directions 
of tlie chords PA, PB. Prove that, if PC be a diameter of the circle, the forces are 
in the ratio of PC' to .dl (7. If .<4 and B be fixed points and the magnitude of the 
forces remain the same, show that the equilibrium is unstable. [Math. Tripos, 1854.] 

Ex. 2. Three giveu forces P, Q, P, act on a body in one plane at three given 
points A, B, C and are in equilibrium. When the body is disturbed, the forces 
continue to act at these points iDarallel to directions fixed in space and their 
magnitudes are unaltered. Find the condition of stability. See also Art. 221. 

In the given position of equilibrium the lines of action of the forces must meet 
in some point 0. If this point lie on the circle circumscribing ABC we know by 
Art. 71 that the equilibrium is neutral. 

Next let the point OlieioWiin the segment of the circumscribing circle contained 
by the angle ACB. Let P and Q act towards A, B while R acts from C towards O, 



Bescl'ibe a circle about OAB cutting OG in Tlien since 0 is Avitliin tlie 

circumscribing circle, C" is without that circle. By Art. 71, the forces P and Q are 
astatically eciuivalent to a force equal and oppo- 
site to li but acting at O'. Thus the whole 
system is equivalent to two equal forces acting 
at C and C' and each tending away from the 
point of application of the other. The equi- 
librium is therefore stable for all rotatory dis- 
placements less than two right angles. In the 
same way if the forces P, Q act respectively from 
A and B towards 0 the equilibrium is unstable. 

If the point 0 lie outside the circumscribing circle, but within the angle ACB, 
the point C' is within that circle. The conditions are then reversed, and therefore 
if the forces P, Q tend from 0 towards A, B the equilibrium is unstable. 

If the point 0 lie within the triangle ABC^ all the three forces must act from 0 
or all the three towards 0. By the same reasoning as before we may show that in 
the former case the equilibrium i.s stable, in the latter unstable. 



Summing up, we have the following result. If two at least of the forces in 
equilibrium act from the common point of intersection 0 towards their points of 
application B, C ; then the equilibrium is stable if 0 lie within the circle 
circumscribing ABC and unstable if 0 lie outside that circle. If two at least of the 
forces act from their points of application towards 0, these conditions are reversed. 


^ - y/ Ex. 3. A particle is in equilibrium at a point 0 on a smooth surface under the.. 
I^^action of forces which have a potential, and Oz is the common normal to the 
surface of constraint and that level surface which passes through 0, The particle 
being displaced through a small arc OP = ds, prove that the resolute F of the force 


of restitution in the direction of the tangent at P to OP is F 



Zds, where 


Z is the equilibrium pressure and p, p' are the radii of curvature of the normal, 
sections of the two surfaces made by the plane zOP. 

Let z=PN be a perpendicular on the plane of xy ; A', Y', Z' the resolved forces 
at P, and </> the angle xOB. Since ds\p is the angle the tangent at P to the normal 
section zOP makes with (IiY, we have when the squares of small quantities are 
neglected P =: - A' cos 0 - A' sin Z 'd;s\p^ 

where we may write for Z' its equilibrium value. Since z is of the second order 
A', T', at P have the same values as at jY; hence the two first terms have the same 
values for all surfaces which touch the plane at 0. But P = 0 when the surface is 
a level surface, hence these ievms ~ Zds I p\ 


It follows that when the level surface intersects the surface of constraint the 
equilibrium is stable for some displacements and unstable for others, the separating 
line being the intersection. If the level surface lies wholly on one side of the 
surface of constraint, the equilibrium is stable for all displacements or unstable 
for all. 


We suppose that the particle is constrained, either to return to its position of 
equilibrium by the way it came, or to recede further on that course. The constraining 
force F' acts perpendicularly to the section zOP, and by considering the angle of 


torsion at P, we find that its magnitude is F' — Zds sin 4> cos 0( --I — \ , 

\Pl P2 Pi P2 / 

where px, pg; pl^ p 2 the principal radii of curvature of the two surfaces. A 
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PARALLEL FORCES 


78, To find the resultant of two parallel forces. 

Let the two parallel forces be P, Q and let them act at A, B, 
which of course are any points in their lines of action. In order 
to obtain a point of intersection of the forces at a finite distance 
let us impress at A, B in opposite directions two equal forces 
of any magnitude, each of which we may represent by P, Art. 15. 
The resultants of P, P and Q, P act res|)ectively along some 
straight lines AOj BO which intersect in 0. 

Thus Ave have replaced the two given forces by two others, 
each of Avhich may be supposed to act at 0. Draw OC parallel 
to AP, BQ to cut AB in C. Consider the force acting at 0 along 
OA, We may resolve this force (as in Duchayla's proof of the 
parallelogram of forces) into two forces, one equal to P acting along 
00 and the other equal to P acting parallel to GA. In the same 
way the other force acting at 0 along OB is equivalent to Q acting 
along 00 and P acting at 0 parallel to OB, 

The tAvo forces each equal to P balance each other and may be 
removed. The Avhole system is therefore reduced to the single 
force P + Q acting along 00, 

The sides of the triangle OCA are parallel to P, P and their 
resultant. Hence = I^ same Avay We 


therefore have 


Q P P + Q* 


The resultant of the parallel forces P, Qis P ^ Q, and its line 
of action divides every straight line AB which intersects the forces 
in the inverse ratio of the forces. 


If the forces P, Q act in opposite directions the proof is the 



same, but the figure is vsoinewhat different. If Q be greater than 
P, BO will make a smaller angle with the force Q than OA makes 



with the force P. Hence 0 will lie within the angle QBC. In 
this case tlie magnitude of the resultant is Q — P and itvS line of 
action divides AB externally in the inverse ratio of P to Q. 

We also notice that, A , B being any two points in the lines of action of the 
parallel forces P, Q, the point C through which the resultant acts is the centroid 
of two particles placed at A and 1) whose masses are proportional to the forces 
which act at those point.s (Art. 53). 

79. Conversely any given force R acting at a given yoint G 
may he replaced hy tiuo p}^(^Ballel forces acting at tiuo arbitrary 
points A and B, ivhere A, B, G are in one straight line. Let us 
represent these forces by P and Q. 

Let GA = a, GB = b, and let these be regarded as positive 
when measured from C in the same direction. We then find 

P^Q.S, p.^R, 

If A and B lie on the same side of (7, a and h are positive ; in this 
case the force nearer R acts in the same direction as R, the other 
force acts in the opposite direction and is therefore negative. If 
C lie between A and B, one of the two distances a, h is negative ; 
in this case both forces act in the same direction as R. 


80. To find the resultant of any number of imrallel forces 
Pi, P. c&c. acting at any p)oints A^, A. &c. when referred to any 
axes. 

Let &c, be the Cartesian coordinates of the 

points &c. The forces Pi, P. acting at A^, A. are equiva- 

lent to a single force Pi -f Pg acting at a point G^ situated in 
A^A. such that Pi . ^iCi = P. . (Art. 78). Let (^iTyifi) be 
the coordinates of G^. Since AfJ^, A^G^ are in the ratio of their 
projections on the axes of coordinates we have 

Pi (^1 - = Ps (^-'2 - l^i) 

.•.(Pi + P2)^i=Pi^i+P.^V 



Similar results apply for the other coordinates of G^, 

The force Pi + Pg acting at Gj and a third force P3 acting at A.^ 
are in the same way equivalent to Pj -{- Po + Pj acting at a point 
C2 whose coordinates {^2V2C.d given by 

(Pi + P, + P) r. = (P: + P.) H- 

= P i^Ti + P nX2 * 4 " P 31^3 

with similar expressions for rj. and fo. 

Proceeding in this way we see that the resultant of all the 
forces is Pj +P2 4‘ ... and if coordinates of its point of 

application, we have 

(P 1 + P'2 + &C.) ^ = P i/Z/’i + P + &c. 

(Pi + P2 + &c.) 7 ] = Pi2/i + Pny. + &c. 

(Pi 4* Po 4* &c.) ^== Pi-S^i 4" Ps^s d" &c. 


These equations are usually written 
SPc'T _ SPy 

SF’ 


?=■ 




81 . It might he supposed that this proof would either fail or require some 
modification if any one of the partial resultants + P^, Pi -1-P2 + P3 & q , were zero, 
for then some of the quantities , $2 c^c. would be infinite. The final result also 
might be thought to fail if 2 P = 0 . But any proposition proved true for general 
values of the forces must be true for these limiting cases, though its interpretation 
may not be understood until we come to the theory of couples. 


We may avoid this apparent difficulty by a slight modification of the proof. 
Let us separate the forces which act in one direction from those which act in the 
opposite direction, thus forming two groups. Let us suppose the sums of the 
forces in the two groups are unequal. If we compound together first all the forces 
in that group in which the sum is greatest and then join to these one by one the 
forces of the other group, it is clear that we shall never have any of the partial 
resultants equal to zero and no point of application of any such partial resultant 
will be at infinity. If the sums of the forces in the two groups are equal, the 
centre of parallel forces is infinitely distant. 


82. The expressions for the coordinates (^yO fhe same as 
those given in Art. 51 for the coordinates of the centroid ; we 
therefore deduce the following rule. 

To find the resultant of the parallel forces Pi, P2 c&c. we select 
convenient points Ai, &c, on their respective lines of action and 
place at these points particles luhose masses are proportional to the 
forces PijPo tfeo. The line of action of the resultant passes throngh 
the centroid of these pai'tieles, its direction is parallel to that of the 
forces, and its magnitude is 2P. 


1 



Conversely, any given force can be replaced by parallel forces acting at arbitrary 
points ^ 1 , ^2 provided the forces are such that the centroid lies on the given 
force. 

This proposition is really the limiting case of Leibnitz’s theorem. If concurrent 
forces act along OA^, OAq &c. their resultant may be found by any of the methods 
considered in the last chapter. By regarding 0 as a point very distant from 
A^yAs &c., the forces acting along OA^, OAn (fee. become parallel and the cor- 
responding theorem follows at once. Thus in Art. 51 it is shown that the resultant 
of forces proportional to Fj . OA^, Po* ^^2 t^o-is a force proportional to 2)P. 00 
acting along OC 'where C is the centroid of particles P^, Po (Ssc, placed at A^ , A^ &c. 
In the limit OA, OB, 00 are all equal; hence the resultant of parallel forces 
proportional to Pj , Pg &c. is proportional to 2P and acts at C. 


83. The point {^vO determined by the equations of Art. 80 
has one important property. Its position is the same whatever be 
the magnitudes of the angles made by the forces with the coor- 
dinate axes. If then the points of application of the given parallel 
forces viz. A^, A 2 &c. are regarded as fixed in the body, the point of 
application of their resultant is also fixed in the body hoiuever the 
forces are timied round their points of application provided they 
remain parallel and nnaltered in magnitude. 

This point of application of the resultant is called the '' centre 
of parallel forces!' 


84 . Ex. 1, Parallel forces, each equal to P, act at the corners A, G, D ol 
a re-entrant plane quadrilateral and a fifth force equal to - P acts at the intersection 
H of the diagonals HCA, BHD. If the centre of the five j)arallel forces coincide 
with a corner C of the quadrilateral, prove that HC—GA. 

Ex. 2. ABC is a triangle; APX>, BPE, CPF, the perpendiculars from A, B, G 
on the opposite sides. Prove that the resultant of six equal parallel forces, acting 
at the middle points of the sides of the triangle and of the lines PA, PB, PC, passes 
tiii'ough the centre of the circle which goes through all of these middle points. 

[Math. Tripos, 1877.] 

Ex. 3. ABCD is a quadrilateral whose diagonals intersect in 0. Parallel 
forces act at the middle points of AB, BG, CD, DA respectively proportional to 
the areas AOB, BOG, GOD, DO A. Prove that the centre of parallel forces is at 
the fourth angular point, viz. G, of the parallelogram described on OE, OF as 
adjacent sides where E, F are the middle points of the diagonals AG, BD of the 
quadrilateral. [Coll. Ex., 1885.] 

Taking BD as the axis of x we find where p, p' are the per- 

pendiculars from A and G on BD. It follows that the centre of parallel forces 
lies on EG. Similarly it lies on FG. 


85. T 0 find the conditions of equilibrium of a system of parallel 
forces. 

Let the forces be P^, ... P,^; then by Ai’t. 80 they will have a 
resultant unless SP = 0. This, though a necessary condition of 
equilibrium, is not sufficient. 


We can find the resultant of ?z — 1 of the forces by Art. 80 
without introducing any forces whose lines of action are at infinity, 
because the sum of these — 1 forces is equal to and therefore 
is not zero. It is sufficient for equilibrium that the point of applica- 
tion of this resultant should be situated on the line of action of P,^. 

Let (^ 9 ?^) be the coordinates of that point of application of this 
resultant which is found in 80, then 
^ _ P^ a?! + . ♦ . + P 

Pi + . . . + P n-i 

with similar expressions for tj and Let (a^y) be the direction 
angles of the forces. 

Since ^ — ^ — the projections on the axes of 

the straight line joining the point point of application 

of the force P^, viz. {oOnyn^n)> have Z'' 

^ _ V ~ Vn _ ’ 

cos a cos cos 7 ’ 

Substituting for {^r)^) and remembering that the denominator 
of ^ is equal to — P^, this reduces to 

^Px _ 2Py __ ^Pz 
cos a cos /3 cos 7 

Joining these two equations to the condition 2P = 0 , we have 
the three necessary and sufficient conditions of equilibrium. 

If the equilibiium is to exist however the forces are turned 
round their points of application, the point of application of the 
resultant of the first n—1 forces as found by Art. 80 must 
coincide with the given point of application of the force P^. We 
have therefore 

These give %Px — 0 , 2Py = 0 , 2P^ = 0 ( 2 ). 

Joining these three equations to 2P = 0 we_ha}^_^t( 3 ^y^ 
necessary and sufficient conditions that a system of parallel forces 
should be astatically in equilibrium, 

^ 86. Ex. 1. Prove that any system of parallel forces can be replaced by three 

parallel forces acting at the corners of an arbitrary triangle ABC, 

P be any one of the forces, intersecting the plane of the triangle in a point 
Ijplibse areal coordinates are x, y, z, Art. 53, Ex. 2. We may replace P by the 
^^rallel forces Px, Py, Pz, acting at the corners, Art. 82, All the forces are 
therefore equivalent to SPa;, ZPt/, 2 P 2 acting at A, P, C, respectively. 

Ex. 2. If four parallel forces balance each other, let their lines of action be 
intersected by a plane, and let the four points of intersection be joined by six 


.( 1 ). 





straight linos so as to form four triangles ; each force will be jn'oportional to the 
area of the triangle whose corners aro in the linos of action of the other three. 

[llankine^s AjypUcd MaiJicmaticHj Art. 143.] 


\X 


87. A heavy body is sihspended froin a fixed point ivithout any 
other constraint. It is required to find the position of equilibrium. 

The body is in eqiiilibrinin under the action of the weights of 
all its elements and the reaction at the point of support. The 
weights of tlie elements form a system of parallel forces and are 
equivalent to the whole weight of the body acting vertically 
downwards at the centre of gravity. It easily follows that in 
equilihriwm., the centre of gravity nmst he vertically under the p)oint 
of siip>port. It is also clear that the pressure on the point of 
support is equal to the wiiight of the body. 

In applying this iwinciple to e.KampleH, the poHitionw of the centres of gravity of 
the elementary bodies are asBumed to be known. The positions of these points 
will be stated as they are required. If the reader is not already acquainted with 
them, lie may either assume the r(?BuUs given or refer to the chapter on the centre 
of gravity where tlicir proofs may bo found. 

Ex. 1. A uniform triaugnliir area ABC is suHX)ended from a fixed point 0 by 
three strings attached to its corners. Prove that the tensions of the strings are 
proportioiial to their lengths. 

To find the centre of gravity (/ of the triangle 
AJSCj we draw the median line AM bisecting BG in 
If. Then G lies in so that d(r= jjdil/. 

The three tensions acting along AO, BO, CO 
and the weight acting along OG are in equilihriiim. 

The resultant of the tension ^fO and the weight 
is therefore equal and opposite to that of the tensions 
BO, CO. Since each resultant acta in tlie plane of 
the forces of which it is the resultant, their common 
line of action is OM. 


0 



Draw through B and G imrallels to OC and OB, and let D be their point of 
intersection. Then, since Oil/ bisects BC, OM passes through D. Hence the sides 
of the triangle OCX) are parallel to the tensions CO, BO and their resultant. The 
tensions are therefore proportional to OG, CD, i.e. to OG, OB. 


Another in'oof may bo deduced from Art. 61. The centre of gravity of the 
triangular area coincides with the centre of gravity of three equal weights placed 
one at each corner. The components along OA, OB, 00 of the force represented 
by 3 . OG are therefore represented by the lengths of those lines. 



Ex. 2. A heavy triangle ABC is hung by the angle A, and the opposite side 
inclined at an angle a to the horizon. 8how that 2 tan a = cot ii^cot C. 

[Math. Tripos, 1865.] 


oc:: 


Ex. 3. Two uniform heavy rods AB, BC are rigidly united at B, the rods arc 
then hung up by the end A : show that BC will be horizontal if sin C=Ny2 sin 4/?, 
B and G being angles of the triangle ABC. [Coll. Ex., 1883.] 





Ex. 4. A heavy equilateral triangle, hung up on a smooth peg hy a string, the 
ends of which are attached to two of its angular points, rests with one of its sides 
vertical ; show that the length of the string is double the altitude of the triangle. 
r [Math. Tripos, 1857.] 

yX Ex. 5, A piece of uniform wire is bent into three sides of a square ABQI>^ of 
which the side AT) is wanting ; prove that if it be hung up by the two points A and 
B successively, the angle between the two positions of BC is tan“i 18. 

The distance of the centre of gravity G from B C can be shown to be equal to 
one third of AB. When hung up from A and B, AG and BG respectively are 
vertical. The angle required is therefore equal to AGB, [Math. Tripos, 1854.] 
V\ Ex. 6. A triangle ABC is successively suspended from A and By and the two 
positions of any side are at right angles to each other; prove that — 

[CoU. Ex.] 

Ex. 7. A uniform circular disc of weight nW has a heavy particle of Aveight W 
attached to a point on its rim. If the disc be suspended from a point A on its rim, 
B is the low'est point ; and if suspended from By A is the lowest point. Show that 
the angle subtended by AB at the centre is 2 sec**"' 2 (71 + 1). [Math. Tripos, 1883.] 
Ex. 8. The altitude of a right cone is h and the radius of its base is 7* ; a string 
is fastened to the vertex and to a point on the circumference of the circular base 
and is then put over a smooth peg : prove that if the cone rests with its axis 
horizontal the length of the string is + [Math. Tripos, 1865.] 

If Fbe the vertex and C the centre of gravity of the base of a cone (either right 
or oblique), the centre of gravity of the solid cone lies in F<7, so that VG = -^VC. 

9. A string nine feet long has one end attached to the extremity of a 
/ smooth uniform heavy rod two feet in length, and at the other end carries a 

h ^ light ring which slides upon the rod. The rod is suspended by means of the string 
' from a smooth peg; prove that if 6 be the angle which the rod makes with the 

horizon, then tan 0 = 3“'^-3”^. [Math. Tripos, 1852.] 

Ex. 10. A heavy uniform rod of length 2a turns freely on a pivot at a point in 
it, and suspended by a string of length I fastened to the ends of the rod hangs a 
bead of equal weight which slides on the string. Prove that the rod cannot rest in 
an inclined position unless the distance of the pivot from the middle point of the 
rod be less than [Math. Tripos, 1882.] 

Y Ex. 11. Two equal rods AB, BG of length 2a are connected by a free hinge at B ; 
'^\ the ends A and C are connected by an inextensible string of length 1: the system is 
suspended from A : prove that, in order that the angle AB makes with the vertical 
may be the greatest possible, I must be equal to [St John’s Coll., 1883.] 

As I is varied the centre of gravity G of the system moves along the circle 
described on BJU as diameter, where E is the middle point of AB, Hence the angle 
GAB is greatest when ^Kr is a tangent to this circle. 

YY 12. At the angular points A, By C oi b, light rigid frame-work, three 
heavy particles of weights TFjj, Wc are fixed and the whole is suspended 

from a point 0 by three strings OA, OB, OC; if the tensions in equilihrium be 

T T T 

T^, Tny To respectively, prove that 

determine Tj,, Tq, 

Ex. 13. 




. , and hence 

OB,Wj, OC.Wc' 

[St John’s Coll., 1886.] 

A heavy triangular lamina is suspended from a fixed point by means 
of three elastic strings attached to its angular points : the strings when unstretehed 
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are eq[uai m iengtn, out tne inoaiui oi tneir elasticities are ainerenc. 
that the tension of each is equal to the modulus multiplied by the i 
extension to the unstretohed length, prove that the strings will be equal 
be placed at a certain point on the lamina, provided the weight be not 
certain weight: prove also that the locus of its position for different int 


the weight, is a straight Hue. 


[Coll. 


A 


Ex. 14. A uniform circular disc, whose weight is lo and radius (ly ii 
by three vertical strings attached to three points on the circumference 
separated by equal intervals. A weight W may be put down auywhe 
concentric circle of radius ??ia; prove that the strings will not break 
support a tension equal to ^ (2))iTr + H''-!- ly) . [Trin . ' 

Ex. 15. A right circular cone rests with its elliptic base on a sinootl 
table. A string fastened to the vertex and the other end of the longej 
passes round a smooth pulley above the cone, so that all parts of the s 
those in contact with the pulley are vertical. If the string becom 
contracted by dampness or other causes and tend to lift the cone, 
the end of the shortest generator will remain in contact with the tab 
that the diameter of the pulley be less than three times the semi-major 
elliptic base. [Math. Tr 



88. A heavy body is placed on either a smooth In 
plane or a rough inclined plane, and its base is any ] 
area. Determine whether it will tumble over one side c 


in equilibrium. 

The weights of the particles of the body constitute a f 
parallel forces. These have a resultant whose position an 
tude may be found by the theorem of Art. 80 when the 
of the particles are known. This resultant acts vertical 
wards through a point of the body called its centre of grr 
equilibrium exists, this must he balanced by the pressur 
plane on the body. These pressures however distributed 
polygonal area must have a resultant which acts at soi 
within the polygonal area. It follows that equilibria r 
p exist unless the vertical through the centre of gravity of 
I i intersects the plane within the area of the base. 




Ex. 1. The distance between the heels of a man’s feet is and tl 
each foot is a. As the body sways, the vertical through the centre 
should always pass through the area contained by the feet, The 
therefore be turned out at such an angle that the area contained by t 
maximum. Show (1) that a circle can be described about the feet witl 


on the straight line joining the toes, (2) that its diameter is &-t- (62-j-2a2) 
Ex. 2. A heavy right cone whose height is h and semi-angle a is ; 
its base on a perfectly rough plane ; prove that the cone will tumble 
of its base if the angle 6 at which the plane is inclined to the hori^^o: 
than that given by tan ^ = 4 tan a. 


Ex. 3. A hemispherical cup of weight IV is loaded by two weights xu, lo' 
attached to its rim and is then placed on a smooth horizontal plane; show that 
the angle 0 which the principal radius of the cup makes with the vertical when the 
cup is in equilibrium is given by the equation 

W tan = 2 { (?(; - xu'f + ixoxv' cos"/3}^, 

where 2/? is the angle between the radii through the weights tu, xv', and it is assumed 
,that tbe centre of gravity of the cup is at the middle point of its principal radius. 

[King’s Coll., 1889.] 

Ex. 4. Two equal heavy particles are at the extremities of the latus rectum of 
a parabolic arc without weight, which is placed with its vertex in contact with that 
of an equal parabola, whose axis is vertical and concavity downwards. Prove that 
tbe parabolic arc may be turned through any angle without disturbing the equi- 
librium, provided no sliding be possible between the curves. 

[Watson’s Problem, Math. Tripos, I860.] 

89. There is one case in which the theorem of Art. 80 leads 
to a remarkable result. Let us suppose that the parallel forces 
P, Q are equal and act in opposite directions. According to the 
theorem the magnitude of the resultant is zero, and the point of 
application is infinitely distant. 

Two equal and opposite forces acting at two points A and B 
cannot balance each other unless these points are in the same 
straight line with the forces. Yet we have just seen that these 
two forces are not equivalent to any one single force at a finite 
distance. They therefore supply a new method of analysing forces. 
When a number of forces act on a body we simplify the system by 
reducing the forces to as few as we can. Sometimes we can reduce 
them to a single force acting at some point of the body. In other 
cases (as in the case considered in this article) the point of appli- 
cation is at infinity and the reduction to a single force is no longer 
convenient. By using a couple of equal forces, as a new elementary 
term, we obtain a simple method of expressing this infinitely distant 
force. We now have two elementary quantities, viz. a force and a 
couple. It may be possible to reduce a given system of forces 
to either or both of these constituents. With the help of both 
these, we may analyse a system of forces with greater completeness 
than with one alone. 

If we regard a couple as a new element in analysis, it becomes 
necessary to consider the properties of such an element apart 
from all other combinations of forces. Since a couple can itself be 
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inf o Iavo lorces we can deduce the propei'ties of a couple 
Inim whicli belong to a combination of forces. No new axiom 

is iH’reHsniy in iuldition to those already given in the beginning of 
tins (reainsts We proceed in the following articles to investigate 
t he rh'in(»nl a.ry propiu'ties of a couple. 

I lu’ thiMiry (jf is duo to Poinsot. In his JElevients of Statics published 

iu iHlld tliHOUHHC'H lli(! ouiiipoHitioii of parallel foi'ces and dediK^es liis iiGw tliGory 
cnupli'H. On tins tljt.'ory )jo iounds the general laws of equilibrium. 


90. I h\fiu iin)ns^ A Hystem of two equal and parallel forces 

acting in oppt)sil,i‘ directions is called a couple. 

Tin* ptu’pondituilar distance between these two forces is called 
.slimdd be noticed that the arm of a couple has length, 
hnl. lias nn definite' position in space. From any point in the 
line of judnon of oiu'. force, a perpendicular A 5 can he drawn on the 
()tln‘r fonu*. dduni A Ji is the arm. If in any case it is convenient 
to regard i/hc^ forces us acting at A and B, then we might regard 
AH, if piaqumditailar to the forces, as representing the arm in 
position as widl as in length. 

Thr pr<.<i net of the magnitude of either force into the length 
oftlu* arm is called the moment of the couple. 


(t, coit ylejs not altered if it he moved parallel 
^ tv itself , to ~ -uni/- other positiour in its own plane or. in a parallel 
])lan0f the (trni lumiaining. parallel to itself 

ijet Q be the equal forces of the givhn couple, AB its arm. 
La A'B' be equal 
and parallel to AB, 
wc shall prove that 
the (!ouple may be 
moved so that the 
same forces act at 
A\ B\ 

At each of the 
points A'y B' api>ly 
t^vo ciipial and opposite forces, each force being equal in magnitude 
to P. These are represented in the figure by P\ P", Q\ Q'\ 
Then because AB is equal and parallel to AB\ AA'BB' is a 



parallelogram and therefore the diagonals AB\ A'B bisect each 
other in some point O. The resultant of the forces P and Q" is 
2P acting at O, the resultant of P" and Q is 2P also acting at 0, 


but in the opposite direction. These two resultants neutralise 
each other. Removing them, the whole system of forces is 
^ equivalent to the couple of forces, which act at A' and JS\ 

The effect of^. a.. CQ.ii V>le is not 

" coupl e through any angle in its own p lane abo ut the middle point 
of any arm.^ 

Let the arm AB be turned round its middle point G and let it 
take any position A'B\ At each of the points A\ B' apply as 
before equal and opposite forces P\ P'\ Q\ Q'\ each force being 
equal to P. The equal forces P and P" acting at A and A' have 
a resultant which acts along OE and bisects the angle ACA\ The 
forces Q and have an equal resultant which acts along CF and 
bisects the angle BOB'. These neutralise each other and may be 
removed. The forces remaining are the equal forces P', Q' acting 





at A\ B'. These together constitute a couple, which is the same 
as the original couple except that it has been turned round G 
through the angle AGA\ 

The j^^ct of . ,a . couple is jj ot . altered , if w e re place ith ji^ 
jT dnother couple hav ing the same moment^ the plane remaining the 
same, the arms being in the same straight line and their middle 
points coincident. 


p: 

A' 


C 




B 


^5 

B* 
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Let P, Q be the equal forces, AB the arm of the given couple. 
Let A' B' be the new arm, P', Q' the new forces. Apply at each 


of the points A', F equal and opposite forces, each equal to P'. 
Then by the conditions of the proposition, P . AB = F ,A'B\ 
Hence if G be the middle point 'of both AB and A'B\ we have 
P.AG^F .A^G. 

The forces P and P" have a resultant P - P" which by Art. 78 
acts at G. In the same way Q and Q" have an equal resultant, 
also acting at C in the opposite direction. Removing these two, 
it follows that the given couple is equivalent to the couple of 
PI forces ± P' acting at A\ B\ 

94. It follows from Arts. 91 and 92 that a couple may be 
transferred without altering its effect from one given position to 
any other given position in a parallel plane. Thus by Art. 92 we 
may turn a couple round the middle point of its arm until the 
forces become parallel to their directions in the second given 
position. Then by Art. 91 we may move the couple parallel to 
itself into the required position. 

It follo^vs from Art. 93 that the forces and the aiun may also 
be changed without altering the effect of the couple, provided its 
moment is kept the same. 

Summing up these results, we see that a coujAe is to he 
^ regarded as given lulien we know, (1) the position of some plane 
I parallel to the plane of the couple, (2) the direction of rotation of 
k the couple in its plane, and (3) the moment of the coujAe. 

95. To find the residtant of any number of couples acting in 
parallel planes. 

Let Pa, Pa &c. be the magnitudes of the forces, a^, &c. the 

arms of the couples. Let us first suppose the couples all tend to 
produce rotation in the same direction. 

By Art, 94 we may move these couples into one plane and turn 
them about until their arms are in the same straight line. We 
may then alter the arms and forces of each until they all have a 
common arm AB whose length is, say, equal to h. The forces of 
the couples now act at the extremities of AB, and are respectively 
equal to P^a^jh, P^a^jb &c. All these together constitute a single 
couple each of whose forces is {P,a, + Pa + &c.)/ 6 and whose arm 
is b. This single couple is equivalent to any other couple in the 
same plane with the same direction of rotation whose moment is 



Pi^i + + &c., i.e. whose moment is the sum of the moments of 

the separate couples. 

If some of the couples tend to produce rotation in the opposite 
direction to the others, we may represent this by regarding the 
forces of these couples as negative. The same result follows as 
before. 

We thus obtain the following theorem; the 
number of couples is a couple whose ^ 

moment is the algebraic sum of the moments of the separate couples 
and ^uhose plane is parallel to those of the given couples. 

96. Measure of a couple. We may use the proposition 
just established to show that the magnitude of a couple regarded 
as a single element is properly measured by its moment. To prove 
this we assume as a unit the couple whose force is the unit of force 
and whose arm is the unit of length. The moment of this couple 
is unity. By this proposition a couple whose moment is n times 
as great is equivalent to n such couples and its magnitude is 
therefore properly represented by the symbol n. 

97. Axis of a couple. A couple may tend to produce 
rotation in one direction or the opposite according to the circum- 
stances of the couple. One of these is usually called the positive 
direction and the other the negative. Just as in choosing axes of 
coordinates sometimes one direction is taken as the positive one 
and sometimes the other, so in couples the choice of the positive 
direction is not always the same. In trigonometry the direction 
of rotation opposite to the hands of a watch is taken as the positive 
direction. In most treatises on conics the same choice is made. 
In solid geometry the opposite direction is generally chosen. 
Having however chosen one of these two directions as the positive 
one it is usual to indicate the direction of rotation of a given 
couple in the following manner. 

From any point G in the plane of the couple draw a straight 
line CD at right angles to the plane and on one side of it. The 
straight line is to be so drawn that if an observer stand with his 
feet at G on the plane and his back along GD, the couple will 
appear to him to produce rotation in what has been chosen as 
the positive direction. The straight line GD is called the positive 
direction of the axis of the couple. 


To indicate the direction of rotation of a couple it is sufficient 
to give the direction in space of CD as distinguished from LG. 
This is effected by the convention usually employed in solid 
geometry. A finite straight line having one extremity at the 
origin of coordinates is drawn parallel to CL. The position of this 
straight line is defined by the angles it makes with the positive 
directions of the axes of coordinates. 

The position of the straight line CL, when given, indicates at 
once the plane of the couple and the direction of rotation. We 
may also use a length measured along CL to represent the magni- 
tude of the moment of the couple, in just the same way as a straight 
line was used in Art. 7 to represent the magnitude of a force. 

We therefore infer that all the circumstances of a couple may 
be properly represented by a finite straight line measured from a 
fixed point in a direction perpendicular to its plane. This finite 
straight line is called the axis of the couple. 

98. To find the resultant of tiuo couples whose planes are 
inclined to each other. 



Let the two couples be moved, each in its own plane, until they 
have a common arm AB, which of course must lie in the intersec- 
tion of the two planes. In effecting this change of arm it may 
have been necessary to alter the forces of the couples, but the 
moments of the couples must remain unaltered. Let the forces 
thus altered be P and Q. 

At the point A we have two forces P and Q; these are 
equivalent to some resultant R found by the parallelogram of 
forces. At the point B there are two forces equal and opposite 
to those at A ; their resultant is equal, parallel and opposite to R. 
Thus the two couples are equivalent to a single couple, each of 


whose forces is equal to i2, and whose arm is AB, Let the length 
of AB be h. 

From any point G (which we may conveniently take in AB) 
draw Cpj Cq in the directions of the axes of the given couples^ and 
measure lengths along them proportional to their moments, viz. to 
Pb and Q6. These axes are perpendicular to the planes of the 
couples, and their lengths are also proportional to P and Q, If 
we compound these two by the parallelogram law we evidently 
obtain an axis perpendicular to the plane of the forces ± R, 
whose length is proportional to It is evident that the paral- 
lelogram Opqr is similar to that contained by the forces PQR, 
but the sides of one parallelogram are perpendicular to the sides 
of the other. 

We therefore infer the following construction for the resultant 
of any two couples. Draw two finite straight lines from any point 
G to represent the axes oj the couples in direction and magnitude. 
The residtant of these two obtained by the parallelogram laio repre- 
sents in direction and magnitude the axis of the residtant couple. 

The rule to compound couples is therefore the same as that 
already given for compounding forces. It follows that all the 
theorems for compounding forces deduced from the parallelogram 
law also apply to couples. The working rule is that if^ve repy^esent 
the couples by their axes, we may compound and y'esolve these as if 
they were forces actmg at a point. 

X 09. Ex. 1. A system of couples is represented in position and magnitude by 
} the areas of the faces of a polyhedron, and their axes are turned all inwards or all 
outwards. Show that they are in eq^uilibrium. Art. 47. Mohuis, 

Ex. 2. Four straight lines are given in space, prove that four couples can be 
found, having these for the directions of their axes, which are in equilibrium. 
Find also their moments and discuss the case in which three of the given straight 
lines are parallel to a plane, Arts. 40, 48. 

Ex. 3. Three couples are represented in position and magnitude by the areas 
\of three faces OBC, OCA, OAB of the tetrahedron OABC, the axes of the first two 
being turned inwards and that of the third outwards. Prove that the resultant 
couple acts in the plane ODB bisecting the sides BG, CA and is represented by 
four times the area of the triangle ODE. 

Beplace each couple by another^ one of whose forces passes through 0 and the 
other acts along a side of ABC. The forces represented by BC, CA and BA have 
evidently a resultant 4:DE. 

100. A force P acting at any point A may he transferred 
parallel to itself, to act at any other point B, by introducing a coupyle 





A- 


B 


lohose movient is Pp. where p is the perpendiciUar distance of J5 
from the Iwe of action AF of 1\ This couple acts to turn the body 
in the direction AFB. 

Apply at E two equal and opposite forces F\ each equal to 
P. One of these, viz. P\ ^ ^ 

is the force P transferred 
to act at E. The two 
forces P" and P then con- 
stitute the couple whose moment is Pp, 

101, Summing up the various propositions just proved on 
iorces and couples, we find that they fixll into three classes. These 
may be briefly stated thus : 

Cl]) Forces may be combined together according to the paral- 
lelogram law. 

Couples may be combined together according to the paral- 
elogram law. 

^ A force is equivalent to a parallel force together with a 
Couple. 

\ The theorems in the subsequent chapters are obtained by 
t‘ontinual applications of these thi’ee classes of propositions. It 
is therefore evident that theorems thus obtained will apply also to 
pny other vectors for which these three classes of propositions are 
true. Thus in dynamics we find that the elementary relations of 
linear and angular velocities are governed by these three sets of 
propositions. We therefore apply to these, without further proof, 
all the theorems found to be true for couples and forces. 


X02. Initial motion of tUe "body. If a single couple act on a body at rest, it 
is clear that the body will not remain in equilibrium. It is proved in treatises on 
dynamics that the body will begin to turn about a certain axis. Since a couple can 
be moved about in its own plane without altering its effect, this axis cannot depend 
on the position of the couple in its plane. The dynamical results are (1) the initial 
axis of rotation passes through the centre of gravity of the body, (2) the axis of 
rotation is not necessarily perpendicular to the plane of the couple, though this 
may sometimes be the case. The construction to find the axis is somewhat 
complicated, and its discussion w’ould be out of place in a treatise on statics. 

We may show by an elementary experiment that the axis of rotation is 
independent of the position of the couple in its plane. Let a disc of wood be 
made to float on the surface of water contained in a box. At any two points 
Af B attach to the disc two fine threads and hang these over two small pullies, 
fixed in the sides of the vessel at C and L, with equal weights suspended at 



the other extremities. Let the strings AC^ BD he parallel so that their tensions 
form a couple. Under the influence of this couple the body will begin to turn 
round. However eccentrically the points B are situated the body begins to 
turn round its centre of gravity. The body may not continve to turn round 
this axis for, as the body moves, the strings cease to be parallel. For this and 
other reasons the motion of rotation is altered. 


103 . Ex, 1. Forces P, 2P, 4P, 2 P act along the sides of a square taken in 
order; find the magnitude and position of their resultant. [St John’s, 1880.] 

Ex. 2. A triangular lamina ABC is moveable in its own plane about a point in 
itself : forces act on it along and proportional to PC, GA, BA. Prove that if these 
do not move the lamina, the point must lie in the straight line which bisects PC 
and CA. [Math. Tripos, 1874.] 

Ex. 3. Forces are represented in magnitude, direction, and position by the sides 
of a triangle taken in order ; prove that they are equivalent to a couple whose 
moment is twice the area of the triangle. 

If the sides taken in order represent the axes of three couples, prove that these 
couples are in equilibrium. 


Ex. 4. If six forces acting on a body be completely represented three by the 
sides of a triangle taken in order and three by the sides of the triangle formed by 
^.^^oining the middle points of the sides of the original triangle, prove that they will 
^ be in equilibrium if the parallel forces act in the same direction and the scale on 
; which the first three forces are represented be four times as large as that on which 
the last three are represented. [Math. Tripos.] 


\/Ex. 5. Four forces a.AB, ^.BG, 7 . CP, 5. P.4 act along the sides AB, BG^ 
CD, DA of a skew quadrilateral ABCD; show that (1) they cannot be in equilibrium, 
( 2 ) if a = / 3 = 7=5 they form a single couple whose plane is parallel to the diagonals 
AG, BD, (3) if ay = ^d they reduce to a single resultant whose line of action 
intersects the diagonals. Find also the magnitudes of the couple and resultant. 

[Coll. Ex., 1892.] 


The forces at the corners P and P have respectively resultants acting along 
some lines BE, DF cutting AC in E and F. Since the planes ABC, ADC do not 
coincide, these two partial resultants cannot act in the same straight line, and 
therefore cannot be in equilibrium. 


If the forces are equivalent to a couple, the sum of their resolved parts along 
the perpendicular from B on the plane ^IPC is zero. This requires BE to be 
parallel to ^C and gives a=/ 3 ; similarly ^=7 and 7 = 5 . The partial resultants at 
P and P are ^a. AC, and act parallel to AC and CA. The plane of the couple is 
therefore parallel to AC, similarly it is parallel to BD. The moment of the couple 
is 4a times the o,rea of the parallelogram whose vertices are the middle points of 
the sides. 


If the forces are equivalent to a single resultant the points E and F on /IC must 
coin^ej^ut E is the mean centre of - a and jS at ^ and G, while F is the mean 
centre of 5 and -7 at the same points, Art. 51, hence a'y = ^5. The partial re- 
sultants now intersect in the point E on the diagonal AC and are represented by 
(a-/ 3 ) EB and ( 7 -5) ED. The single resultant therefore passes through E and 
a point H on the other diagonal BD and its magnitude is (a - /3 + 7 — 5) . EH. 

If the quadrilateral is plane the four forces are equivalent to a single resultant 


except when a, /?, 7, 5 are equal. The forces are in equilibrium when the partial 
resultants are equal and opposite, i.e. when 


ay = ^5, a.AO + ^.OC=0, ^.7W + y.OD = 0, 


where 0 is the intersection of the diagonals. 

Ex. 0. Forces are represented in magnitude, direction, and position by the 
sides of a skew i)olygon taken in order ; show that they are equivalent to a couple. 


If the corners of the skew polygon are projected on any plane, prove that the 
resolved i)art of the resultant couple in that plane is represented by twice the area 
of tlie projected polygon. 


Ex. 7. .‘1C, BD are two non-intersecting straight lines of constant length ; 

prove that the effect of forces represented in every respect by AB, BG, GD^ DA 
is the same, so long as ^IC, BB remain parallel to the same plane, and the angle 
between their projections on that plane is constant. [Coll. Ex., 1881.] 

Ex. 8. If two equal lengths Aa, Bh, are marked off in the same direction along 
a given straight line, and two equal lengths Cc, Dd along another given line, in’ove 
that forces represented in every respect by AG, ca, CB, he,’ BD, db, DA, ad are in 
equilibrium. [Trin. Coll.] 


Ex. 9. Forces proportional to the sides 


of a closed polygon act at 


points dividing the sides taken in order in the ratios and each 

makes the same angle & in the same sense with the corresponding side ; prove that 

f VI - n 


there will he equilibrium if ; 
polygon. 


(!!LJ!aA=:4A cote. 


where A is the area of the 
[Math. Tripos, 1869.] 


Eesolve each force along and perpendicular to the corresponding side and 
transfer the latter component to act at the middle point by introducing a couple. 
Art. 100. The couples balance the components along the sides, Ex. 3. The other 
components are in equilibrium. Art. 37. 



CHAPTER IV 


FORCES IN TWO DIMENSIONS 

104 . To find the residtmt of any nitmher of forces ivhich act 
on a body in one plane, i.e. to reduce these forces to a force and a 


couple. 

Let the forces Pj, Po &c. act at the points A^, A. &c. of the 
body. Let 0 be any point arbitrarily chosen in the plane of the 
forces, it is proposed to redu ce all these forces to a sm^ 
acting at 0 and a couple. 

Let the point 0 be taken as the origin of coordinates. Let the 
coordinates of A^ &c. be {(Tiyf), (^ 22 / 2 ) Let the directions, 
of the forces make angles (Xi, oco &c. "with the positive side of the 
axis of X. 


Referring to Art. 100 of the chapter on parallel forces, we see 
that any one of these forces as P may be 
transferred parallel to itself, to act at the 
point 0, by introducing into the system a 
couple whose moment is Pp, where p is 
the length of the perpendicular ON drawn , 1 .. 

from 0 on the line of action of the force P, ff 

In this way all the given forces Pi, P 2 &c. ^ 
may be transferred to act at 0 parallel to their original directions,, 
provided we introduce into the system the proper couples. 

These forces, by Art. 44, may be compounded together so as to- 
make a single resultant force. The couples also may be added 
together with their proper signs so as to make a single couple 
whose moment is 2Pjp. 

This method of compounding forces is due to Poinsot [Elements de Statique,, 
1803 ). 
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106 . It Bhoulcl hQ noticed that the argument in Art. 104 is in no way restricted 
to forces in two dimensions. If we refer the system to throe rectangular axes 
Ox, Oy, Oz, Ijaving an arbitrary origin C), we may transfer the forces 1\ t&c. to 
the ijoint 0 by introducing the proper couples. The forces acting at 0 may be 
compounded into a single force, which we may call 11. The coui)le8 also may be 
compounded, by help of tlio parallelogram of couples, into a single couple which we 
may call Cr. Thus the forces l\ , Po d'o. can always be reduced to a single force R 
acting at an arbitrary point, together with the appropriate couple G. ‘if; 

106. To find the magnitude and the line of action of the 
resultant force we folloAv the rules given in Art. 44. The resolved 
parts of the resultant force parallel to the axes are 
Z = 2Pcosa, F = SP sin a. 

Let R be the resultant force, and let 6 be the angle which its 
line of action makes with the axis of x, then 

2 (P sin a) 


= (2P cos a)“ + (^P sin a)“, 


tan 6 : 



2 (P cos a) * 

107. To find the moinent of the resultant couple, we must 
find the value of Fp. By projecting the coordinates {xy) of A on 
ON we have p = x cos NOx — y sin NOx 

= X sin a — 2/ 

Let G he the resultant couple, estimated positive when it bends 
to turn the body from tlie positive end of Ox to the positive end 
•of Oy. Then G = 2Pp = 2 {xP sin a — yP cos a) 

= 1 {wPy - yP„), 

where Pec and Py are the axial components of P. 

108. Tile arbitrary point 0 to which the forces have been 
transferred may be called tlie base of refe)'ence, or more briefly 
the base. It need not necessarily be the origin, though usually it 
is convenient to take that point as origin. 

Let some point O', whose coordinates are be the base. The 
resultant force and the resultant couple for this new base may be 
deduced from those for the origin 0 by writing x — ^ and i/ — for 
X and y. 

The expressions in Art. 106, for the resultant force do not con- 
tain X or y. Hence the resultant force is the same in magnitude 
und direction whatever base is chosen, 

iThe expression for the resultant couple is 

G' — 2P {(^r — sin — — cos 


Thus the magnitude of the couple is, in general, different at 
different bases. 



109 . To find the conditions of equilibrium of a rigid body. 

Let the system of forces be reduced to a force JR and a couple 
G at any arbitrary base 0. Since by Art. 78 the resultant force 
of the couple (x is a force zero acting along the line at infinity, a 
finite force It cannot balance a finite couple G. If it could, we 
should have two forces in equilibrium, though they are not equal 
and opposite. It is therefore necessary for equilibrium that the 
resultant force It and the couple G should separately vanish. 

Since i? = 0 in equilibrium, we have as in Art. 44, 

2P cos a == 0, 2P sin a = 0. 


110 . 


These equations are necessary and sufficient to make It vanish. 
But we may put this result into a more convenient form. 

In order to make the residtant force It zero, it is necessary and 
sufficient that the sum of the resolved parts or resolutes of the forces 
along each of any two non-parallel straight lines should be zero. 

It is obvious that these conditions are necessaiy, for each 
straight line in turn may be taken as the axis of oc. To prove 
that the conditions are sufiScient, let one of these straight lines 
be the axis of x, and let the other be Ox. Let the angle xOx = 
Equating to zero the resolved parts of the forces along these 
straight lines we have 

2P cos a = 0, 2P cos (a — /3) = 0. 

These give A = 0^ X' = X cos 0 -}- Y sin ,S = 0. 

Unless /3 is zero or a multiple of tt, these equations give A = 0 
and F= 0, and therefore P = 0. 

The two equations of equilibrium obtained by resolving in any 
two different directions are commonly called the equations of 
resolution. 


111 . Again, it is necessary for equilibrium that = this 
gives 2Pp = 0. The product Pp is called the moment of the force 
P about 0. In order then to make (? = 0, it is necessary and suf- 
ficient that the sum of the moments of all the forces {taken with 
their proper signs) about soine arbitrary point should be zero. The 
equation of equilibrium thus obtained is usually called briefly the 
equation of moments. 



112. Thus tor torces m one plane the conaitions ot equilionum 
supply three equations, viz. two equations of resolution and one of 
moments. This will be better understood when we consider the 
different ways in which a body can move. It may be proved that 
every displacement of a body may be constructed by a combination 
of the following motions. Firstly, the body may be moved, with- 
out rotation, a distance h parallel to the axis of x. Secondly, the 
body may be moved, also without rotation, a distance h j)arallel 
to the axis of y. In this way some arbitrary point 0 of the body 
may be brought to another point 0' Avhose coordinates referred 
to 0 are any given quantities A and h. Thirdly, the body may 
be turned round this point through any given angle. The two 
equations of resolution express the fact that the forces urging the 
body in the two directions of the axes are zero, and the equation 
of moments expresses the fact that the forces do not tend to turn 
the body round the origin. 

113. As great use is made of moments of forces, it is import- 
ant that the meaning of this term should be distinctly understood. 
Suppose a force P to act at any point A along any straight line 
AB, and let 0 he the point about which we wish to take the 
moment of P. To find this moment we multiply the force P by 
the length ‘p of the perpendicular from 0 on its line of action, viz. 
AB, The product has already been defined to be the moment. 

As we are now discussing the theory of forces in one plane, the 
line AB and the point 0 are all in the plane of reference. But 
when we speak of forces in three dimensions it will be seen that 
what has just been defined is the moment of the force about a 
straight line through 0 perpendicular to the plane OAB, 

When several forces act on the body, and the sum of them 
moments is required, attention must be paid to their proper signs. 
Exactly as in elementary trigonometry we select either direction 
of rotation round 0 as the standard direction. This we call the 
positive direction. Thus in Art. 104 the direction opposite to that 
of the hands of a watch has been chosen as the positive direction. 
The moment of each force is to be taken positive or negative 
according as it tends to turn the body round 0 in the positive or 
negative direction. 

114. The three equations of equilibrium may be expressed in 
other forms besides the three given above, viz. X = 0, F = 0, (? = 0. 


Thus there will he equilibrium if the sum of the moments about 
each of any two different points {say 0 and G) is zero, and the sum 
of the resolved parts of the forces in some one direction, not perpen- 
dicular to OG, is zero. To prove this, take 0 for origin, let Ox be 
parallel to the direction of resolution and let (f, rj) be the coordi- 
nates of G. The given conditions are therefore 

(? = 0, X=0. 

These lead to (? == 0, X = 0, and F = 0, provided f is not zero. 

In the same way it may be proved that there will he equili- 
brium if the sum of the moments about three different points 0, G, O', 
not all in the same straight line, are each zero. 

115 . We may also notice that we cannot obtain more than 
three independent equations of equilibrium by resolving in several 
other directions or taking moments about several other points. All 
the equations thus obtained may be deduced from some three 
equations of equilibrium. Thus if X, Y and Q are zero it follows 
from Arts. 108 and 110 that Q’ and X' are also zero. 


116. Vaxigrnon^s Tlieorem. If a system of forces be transformed by the rules 
of statics into any other equivalent system, then (1) the sum of the resolved parts 
of the forces in any given direction, and (2) the sum of the moments of the forces 
about any given point are equal, each to each, in the two systems. 


This theorem follows easily from the results of Art. 110. Let the two systems 
be Pj, P 2 <&c. and P/, Pg' <fec. Let 0 be the point about which moments have to be 
taken, and Ox the direction in which the resolution is to be made. Then we have 
to prove (1) SPcosa = SP' oosa' and (2) G = G'. Since the two systems are 
equivalent, there will be equilibrium if all the forces of either system are reversed, 
and both systems, after this change, act simultaneously on the same body. Hence, 
resolving in the given direction and taking moments about the given point, we 
have, by Arts. 110 and 111 

S(Pcosa-P'oosa'^ = 0, G-G'=0. 

The result follows at once. 

117. We may also give an elementary proof of this theorem, derived from first 
principles. ' 


According to the rules of statics one system of forces is transformed into 
another by the use of three processes, (1) We may transfer a force from one 
point of its line of action to another ; (2) we may remove or add equal and opposite 
forces, as in Art. 78 ; (3) we may combine or resolve forces by the parallelogram of 
forces. 

It is evident that neither the sum of the resolved parts in any direction nor the 
sum of the moments of the forces about any point is altered by the first two 
processes. We shall now prove in an elementary manner that they are not 
altered by the third. 


R. S. I. 
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III, I,, i/i; 111 uirt.'ctioii aiHi iiiagmmae oy 

<'/(, (Jit ri’HpiH'.tivnly, ami lot lh«*ir n»HuUanfc 
Ji bo ropromnilo.tl by (.'D, (1) HiamuHo tho 

HUin of th« yrojo.otionK of (!A, AD on any 
KtniiKliti lino (Huy (/a:) in oqual to that of 
CD (hoo Art. Of)), it followH that tlu» kuiu 
of tlio roHolv<?fl partH of forc.oH Q 
along (;.r in <Miual to th(j roHolvod part of 
thoir roHultiuit JC (2) Jjot 0 he* tlio point 
about wliioh iiioinontH an; to bo tiikoii. 

Draw OD, DM, (h\ povpoiulioularH on tin; 
forcuw. Wo hiiv(i to prove? 

D, OL -I Q. OM r:/{, ojv ( 1 ). 

Il 0 wesro on tluj otlior aido of (,'//, aay l)(;twcon CIJ and OA, tho sign of the term 
D J)L would have to be ohangod, hoo Art. llh. }lut this clmnge is provided for by 
the law of continuity, Bijico tho i)erp(jmlioulur from any point, aH O, on a straight 
lino, as OA, ohangos Bign when 0 pasHes across the straiglit line. Such cases need 
not thoroforo Ix! HCjparately eonsiderod. 

Dividing the <!<pnition (1) by 00, wo see that it is ecpiivalent to 

Dm\ AVO^ (,) Hill JiC() = .R sin DCO (2). 

merely expresscH that tin? sum of the rewolved parts perpendicular to 
of the forcoH D, Q is e(iiuU to that of R. But if wo take the arbitrary line Gx 
. perpendicular to 00, tluH has just been proved true. 

Any system of forces Pj , Po &c. 
v 'Caii be reduced to a single force R acting at an arbitrary base 
together with a couple G. We s hall now show that they can be 
lurther reduced to either a single force or a single couple. 

The force R is zero when 

X = 2P cos a = 0, F = SP sin a ~ 0. 

When this is the case, the given system of forces reduces to a 
single couple. It is evident that this single couple must be the 
same in all respects, whatever base of reference is chosen. 

Supposing R not to be zero, we may by properly choosing the 
base of reference make the couple vanish, so that the whole system 
is equivalent to a single force P. Taking any convenient axes Oog, 
Oy, let 0' be a base so chosen that the corresponding couple G' is 
zero. If (^77) be the coordinates of O', we have by Art. 108, 

0 = 0~^F4-77Z = 0 (1). 

If then the base be chosen at any point of the straight line whose 
equation is (1), the resultant couple is zero. This straight line 
makes with Ow an angle whose tangent is Y/X ; it is therefore 
parallel to the direction of the resultant force R. Since P acts at 
the new base O', this straight line is the line of action of P. 



I ' 119 . lip ; if any set of forces be given by their 

^i^ultant force and couple, viz. R and Q, at any assumed base, we 
have the following results : 


(1) The condition that the forces can be reduced to a single 
couple is J? = 0. The condition that they can be reduced to a 
single force is that R should not be zero. 

(2) If R be not zero, the given forces can be reduced to a 
single force whose magnitude is equal to i2, and whose line of 
action is the straight line 

The' direction in which the force acts along this straight line is 
indicated by the known signs of its components X and F. 

(3) Whatever system of coordinate axes is chosen this single 
resultant must be the same in magnitude and position. We there- 
fore infer that this straight line is independent of all coordinates, 
i.e. is invariable in space. 


, , 120 . Ex. 1. Prove that a given system of forces can be reduced to two forces 

acting one at each of two given points A and n, the force at A making a given angle 
(not zero) with AB. 

V , Ex. 2. Show that a system of forces in one plane can be reduced to three forces 
which act along the sides of any triangle taken arbitrarily in that plane. Show 
also how to find these three forces. 

(1) This resolution is possible. Let P be any one force of the system, and let 
it cut some one side, as AB, of the triangle ABC in M. Then P acting at M may 
be resolved into two forces, one acting along AB and the other along CBI. The 
Jatter may be transferred to G and agaiu resolved into two other forces acting 
along CA, CB respectively. Since every force may be treated in the same way, the 
whole system may be replaced by three forces, Pj, Po, Pg acting along BC, CA, AB. 

(2) To find the forces Pj, P2, Ps* Let G^, be the sums of the moments 

of the forces of the given system about the corners A, B, C respectively. Then if 
Vii P 2 i Ih three perpendiculars from the corners on the opposite sides we 

have PiPi — P2P2“^2» -^32^3“ ^3 • 

Ex. 3. Show that the trilinear equation to the single resultant of the forces 
Pj, Pg, Pg acting along the sides of a triangle taken in order is F-^a + F^j^-hF^y^O. 
What is the meaning of this result when Fj , P2 j P3 are proportional to the lengths 
of the sides along which they act ? 

' Ex. 4. Two systems of three forces (P, Q, R), (P', Q', R'} act along the sides 
taken in order of a triangle ABC : prove that the two resultants will be parallel if 
{QR' - Q'B) sin A + (PP' - R'B) sin B + {PQ' - P'Q) sin C = 0. [Math. Tripos,. 1869.] 

Ex. 5. Four forces in equilibrium act along tangents to an ellipse, the direc- 
tions at adjacent points tending in opposite directions round the ellipse. Prove 
that the moment of each about the centre is proportional to the area of the triangle 
formed by joining the points of contact of the three other forces. 
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I’OllCES IN TWO DIMENSIONS 


[chap. IV 


Ex. 0. A rigid polygon is moved into a new position and the 

mean centres of masHcs a^, at the corners in the two positions are 

0, G\ Provo that forces roprosented in direction and magnitude by aj . 
ay . ... arc equivalent to a force represented by 2a. GG' together with a 
couple sin 6/2 (a. GA“), whore 0 is the angle any side of the polygon ... makes 
with the corroBiJOiuling side of 

Solution of Problems 

121. We shall now explain how the preceding theorems may 
be used to determine the positions of equilibrium of one or more 
rigid bodies in one plane. This can only be shown by examples. 
After some general remarks on the solution of statical problems a 
series of examples will bo found arranged under different heads. 
The object is to separate the difficulties which occur in these 
applications and enable the reader to attack them one by one. A 
commentary is sometimes added to assist the reader in applying 
the same principles to other problems. 

122. When the number of forces which act on a body is either 
three, or can be conveniently reduced to three, we can find the 
position of equilibrium by using the principle that these foi'ces 
must meet in one point or be parallel. This is proved in Art. 34. 

There are two advantages in this method, (1) the criterion thab 
the three straight lines are concurrent may often be conveniently 
expressed by some geometrical statement, (2) the actual magnitudes 
of the forces are not brought into the process, so that if these are 
unknown, no further elimination is necessary. If the magnitudes 
of the forces are also required, they can be found afterwards from 
the principle that each is proportional to the sine of the angle 
between the other two. This is often called the geometrical method. 

123. If there are more than three forces, or if we prefer to use 
an analytical method of solution even when there are only three 
forces, we use the results of Art. 109. We express the conditions of 
equilibrium (1) by resolving all the forces in some two convenient 
directions and equating the result of each resolution to zero, (2) by 
taking moments about some convenient point and equating the 
result to zero. Having thus obtained three equations, we must 
eliminate the unknown forces. Finally we shall obtain an equation 
expressing in an algebraic manner the position of equilibrium. 


1 


\ 



As we have to eliminate the unknown forces it will be con- 
venient to make one of the resolutions in the direction perpendicular 
to a force which we intend to eliminate, and to take moments about 
some point in its line of action. This force will then appear only 
in the other resolution, which may therefore be omitted altogether. 
Thus by a proper choice of the directions of resolution and of the 
point about which moments are taken we may sometimes save 
much elimination. 

124. When there are several bodies forming a system, we 
represent the mutual actions of these bodies by introducing forces 
called reactions at the points of contact. We may then regard 
' each body as if it existed singly (all the others being removed) and 
were acted on by these reactions in addition to the given forces. 
We then form the equations for each body separately. Finally we 
must eliminate the reactions, if unknowui, and the remaining equa- 
tions will express the positions of equilibrium of the several bodies. 

These eliminations are sometimes avoided by expressing the con- 
ditions of equilibrium for two bodies taken together. Afterwards we 
may form the equations for either separately in such a manner as 
to avoid introducing the mutual reaction. 

When we come to the theory of virtual work we shall have 
a method of forming the equations of equilibrium free from these 
reactions. 

/f Ex. 1. A thin heavy nnifomi rod AB rests partly within and partly loith- 

out a hemispherical smooth hoxol, which is fixed in space. Find the position of equi- 
librium. 

Let G be tbe middle point of the rod, then the weight W of the rod may be 
collected at G. This should be evident from the theory of parallel forces, but it is 
strictly proved in the chapter on centre of gravity. 

It follows from the remarks made in Art. 54, that, when two smooth surfaces 
touch each other, the pressure (if any exist) between the surfaces acts along the 
normal to the common tangent plane at the point of contact. If the rod be re- 
garded as a very thin cylinder with its extremities rounded off, it is easy to see that 
the common tangent plane at A to the rod and the sphere coincides with the 
tangent plane to the sphere. The pressure at this point therefore acts along the 
normal AO to the sphere. We obtain the same result if we regard the rod as 
resting with a single terminal particle in contact with the sphere ; it then follows 
immediately from Art. 54 that the pressure between the terminal particle and the 
sphere acts along the normal to the sphere. 

Consider next the point Gy at which the rod meets the rim of the bowl. The 
common tangent plane to the rod and the rim passes through both the rod and the 
tangent at C to the rim. The reaction is to be at right angles to both these, it 


thfirefore acts along a ntraiglit line Cl dx'awn perpendicularly to the rod in the 
vertical plane containing the rod. 

It will bo found UHcful to put tlieHe remarhs into the form of a workmg rule, 
Hinco the tangent plane at any point of a surface contains all the tangent straight 
linos at tliat point, the prossuro hotweon two synooth bodies which touch each other 
must bo normal to every lino on the two bodies which passes through the point 
of contact. To fnid the dirvetion of the reaction we select txoo lines which lie on 
the bodies and jmss through the xndnt of contact; the required direction is normal 
to both these lines. Thus, at A, any tangent to the sphere passes through the 
point of (jontact, the reaction is therefore normal to the bowl. At C both the 
rod and the rim ])aHB through the point of contact, the reaction is therefore normal 
both to the rod and to the tangent to the rim. 

liot a. bo the radius of the bowl, i lialf the length of the rod. Let the position of 
0(|uilibrium bo detonnined by the angle ACO = 0 which the rod makes with the 
liorizon. It easily follows that CAO — Oy CA =2a cos d. 


Since the rod is in G{iuilibriiun under three forces 
the geometrical method of solution. Wo 
have to expross the condition that the three 
forces meet in some point J. To clTect 
this wo C{iuate tho projections of AG and 
j-l/on tlio horizontal. Since JCVl is a right 
angle, I lies on tho circumferenco produced, 
hence AZ=:2a. I5(j[ualing tho projections, 
wo have Z cos ^ = 2ti cos 20 ^ 




If the nega/i^G sign is gi'/cn' to tho radical, cos 6 is negative and 0 is greater 
tlian a right angle. This is oxchidetr by geometrical considerations. The position 
of equilibrium is therefore given by the value of cos 0 with the positive sign 
prefixed to tho radical. 


LnJci 


viz. Ey E' and W, we use 
/ 
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Thero are however other geometrical limitations. Unless 21 is greater than 
2ii COB 0 tho rod will not bo long enough to reach over the rim of the bowl, and 
unless I is less than 2a cos 6 tbe point G at which the weight acts will fall outside 
the bowl. Unless the first condition is satisfied the rod will slip into the howl, 
and if tho second bo not true the rod will tumble out. These conditions require 
that I should lie between and 2a. If the half-length of the rod is less than 2a, 
it is easy to prove that the value of cos ^ given above is never greater than unity. 
/C^'Eor the saJee of comparisoiiy a. solution of this problem by the analytical method 
is ghmi here. We have to resolve in some directions, and take moments about 
some point. To avoid introducing the reaction E' into our equations, we shall 
resolve along A C and take moments about G. The resolution gives 

E cos d=W sin 0. 


Since the perpendicular from G on AO is a sin COI, and GG=:2a cos 6 -ly the 
equation of moments is Ea sin 20 = W {2a cos 6-1) cos 6. 

Eliminating JR, we have the same equation to find cos 6 as before. 

The reader should notice that the value of cos 0 given by the equation of 
equilibrium depends only on the lengths a and 1, and not on the weight of the 



rod. Thus all uniform rods of the same length, whatever their veeights may be, 
will rest in equilibrium in a given bowl in the same position. This result might 
have been anticipated from the theory of dimensions, for a ratio like cos $ could 
not bo equal to any multiple of a weight, though it could be equal to the ratio of 
two weights. Now the only weight which could appear in the result is W, There 
is therefore no other force to make a ratio with W. It follows that W could not 
appear in the result. 

Ex. 2. Show, by taking moments about the intersection I of the two reactions 
E, E' in example (1), that we arrive at the equation to find cos 0 without introducing 
any unknown force into the equation. Thence show that the equilibrium is stable. 

If we slightly displace the rod by increasing its inclination 6 to the horizon, 
the extremity A slides down the interior of the bowl and the rod moves a little 
outwards. The new position of I is therefore to the left of the vertical through the 
new position of G. When therefore the rod is left to itself, we see, by taking 
moments about the new position of I, that the weight acting at G will tend to 
bring the rod back to its position of equilibrium. Similar remarks apply, if the 
rod be displaced by decreasing 0. JXjti^,equUibriuiii is therefore stable. 

Ex. B. A rod AB, placed with one extremity A inside a fixed wine glass, whose 
form is a right cone, with its axis vertical, rests over the rim of the glass at C : 
show that in the position of equilibrium I sin'-^ cos 2a sin^p, where d is the 

inclination of the rod to the horizontal, a is the radius of the rim of the cone, ^ the 
complement of the semi-vertical angle, and 21 the length of the rod. 

Ex. 4. An open cylindrical jar, whose radius is a and weight nW, stands on a 
' horizontal table. A heavy rod, 

whose length is 21 and weight /g' 

IF, rests over its rim with one ^ 

end pressing against the vertical \ (7 

interior surface of the jar. Prove ^ 

(I) that in the position of equi- \ 

librium the inclination 6 of the A 

rod to the horizon is given by 

Zcos3 0=2a-; (2) that the rod jy 

will tumble out of the jar if the 

inclination be less than this — ■ ■■ : "T' 

value of d ; (3) that the jar will 

tumble over unless I cos &<:(n + 2)a. Is the position of equilibrium stable or 
unstable ? 

The rod will tumble out of the jar if G lies to the right of the vertical through I 
in the figure. The jar will tumble over D if the moment about D of the weight of 
the rod acting at G is greater than that of the weight of the jar acting at its centre 
of gravity. 

\/( Ex. 5. Prove that the length of the longest rod which can be in equilibrium 
with one extremity pressing against the smooth vertical interior surface of the jar 
described in the last example is given by 21" — ( 71 +2)^. 

Ex. 6. A heavy rod AB^ of length 21, rests over a fixed peg at C, while the end 
\ A presses against a smooth curve in the same vertical plane. The polar equation 
to the curve, referred to C as origin, is r=f(&), 6 being measured from the vertical. 
Show that the equilibrium value of 6 satisfies the equation ( 7 - - /•) tsiXid — drjdd, 

Show, by integrating this differential equation, that the form of the curve, 


when the rod rests against it in equilibrium in all positions, is (r -1) aos 0=a> 
Thence show that the middle point of the rod always lies in a fixed horizontal 
straight line, and that the curve is the conchoid of Nicomedes. 
ij If we attack this problem with the help of the principle of virtual work we 
arrive first at the result that in equilibrium the middle point must begin to move 
I horizontally. From this geometrical fact we must then deduce the other results 
given above. 

lae. Ex. 1. A uniform heavy rod PQ rests inside a smooth howl formed hy the 
revolution of an ellipse about its major axis, which is vertical. Shoio that in 
equilibrium the roil is either horizontal or passes through a focus. 

The reactions at P and Q act along the normals to the bowl. In the position of 
equilibrium these normals must intersect in a point I which is vertically over the 
middle point G of the rod. 

The following geometrical property of conics is a generalization of those given 
in Salmon^s Conics, chap. XI, on the nonnal. 

See also the note at the end of this volume. 

Let (7/1, CB be the semi-axes of the generating 
ellipse and let these be the axes of coordinates. 

Let (ry) be the coordinates of the middle point 
G of any chord PQ of a conic, and let be 
the intersection I of the normals at P and Q. 

Then if p, p' be the perpendiculars from the 
foci on the chord and q the perpendicular from 
the centre, we have 

y cP (f * 

Here p and p' are supposed to have the same sign when the two foci are on the 
same side of the chord. 

In our problem we have in equilibrium r} = y. Hence we must have either, one 
of the two p' equal to zero, or y = 0. In the first case the rod passes through a 
focus, in the second case it is horizontal. 

Ex. 2. Show that the position of equilibrium in which the rod passes through 
the lower focus is stable. 

This may be proved by finding the moment of the weight of the rod about I, 
tending to bring the rod back to its position of equilibrium when displaced. 
Another proof of this theorem, deduced from the principle of virtual work, is given 
in the second volume of the Quarterly Journal by H. G., late Bishop of Carlisle. 

Ex. 3. If the bowl be formed by the revolution of an ellipse about the minor 
axis, which is vertical, prove that the only position of equilibrium is horizontal. 

To find the positions of equilibrium we make Since the foci on the minor 

axis are imaginary, we cannot immediately derive the corresponding formula for ^ 
from that for tj by interchanging a and b. Let the chord cut the axes in L and M, 
then by similar triangles 

7j-yb^_ CV^-a^+b^ , CBP-b^ + a^ 

y (P ~ CL^ ' ’ * X CM^ 

The condition ^=x gives 5=0 since the right-hand side cannot vanish. 

Ex. 4. A uniform heavy rod PQ rests inside a smooth bowl formed by the 
revolution of an ellipse about its major axis, which is inclined at an angle a to the 




Yertical. If the rod when in equilibrium intersect the axes CA^ CB of the generating 


ellipse in L and M, prove that 


elJmi 


GlSP^c^ 


. sin a= 


cr^-c^ 


cos a, where c'^=:a^- 


CM CL 

Ex, 5. Two wires, bent into the forms of equal catenaries, are placed so as to 
have a common vertical directrix, and their axes in the same straight line. The 
extremities of a uniform rod are attached to two small rings which can freely slide 
on these catenaries. Show that in equilibrium the rod must be horizontal. 

Ex. 6. A straight uniform rod has smooth small rings attached to its extre- 
mities, one of which slides on a fixed vertical wire and the other on a fixed wire in 
the form of a parabolic arc whose axis coincides with the former wire, and whose 
latus rectum is twice the length of the rod : prove that in the position of equilibrium 
the rod will make an angle of 60° with the vertical. [Math. Tripos, 1869.] 

Ex. 7. AC, BC are two equal uniform rods which are jointed at C, and have 
rings at the ends A and B, which slide on a smooth parabolic wire, whose axis is 
vertical and vertex upwards ; prove that in the position of equilibrium the distance 
of C from AB is one fourth of the latus rectum. [Math. Tripos, 1871.] 

^ Ex. 8. Two heavy uniform rods AB, BC whose weights are P and Q are 
/ connected by a smooth joint at B, The ends A and G slide by means of smooth 
rings on two fixed rods each inclined at an angle a to the horizon. If d and (p be 
the inclinations of the rods to the horizon, show that Bo-oi (pw\^Q cot (P h- Q) tan a. 

[Trin. ColL, 1882.] 

Eesolve horizontally and vertically for the two rods regarded as one system ; 
^ then take moments for each singly about B, 


/ 




127 . Ex. 1. Two smooth rods OM, ON, at right angles to each other are fixed in 
§])ace, A uniform elliptic disc is supported in the same vertical plane hy resting on 
these rods. If OM make an angle a with the vertical, prove that either the axes of the 
ellipse are parallel to the rods, or the major axis makes an angle 6 with OM, given hy 


tan- d = 


tan- a - 
a? - tan^ a * 


Let P, Q be the points of contact and let the normals at P, Q meet in J. Let G 
be the centre, then in equilibrium either 
C and I must coincide, or Cl is vertical. 

In the former case the tangents OM, 

ON are parallel to the axes. 

In the latter case, let I) bisect PQ, 
then OJD produced passes through C ; but 
because the tangents are at right angles 
OPIQ is a rectangle, therefore OD passes 
through I. Hence 00 1 is vertical. 

These two results follow easily from a 
principle to be proved in the chapter on 
virtual work. As the ellipse is moved round, 
always remaining in contact with the rods, we know hy conics that C describes an 
arc of a circle, whose centre is 0, and whose radius is kJ [a? b'^). Hence when C is 
vertically over 0, its altitude is a maximum. When the axes are parallel to the 
rods, C is at one of the extremities of its arc and its altitude is a minimum. It 
immediately follows from the principle of virtual work that the first of these is a 
position of unstable equilibrium, and that the other two are positions of stable 
equilibrium. 



Resuming the solution, we have now to find d when GI is vertical. The- 
perpendicular from G on OM makes with the major axis an angle equal to- 
the complement of hence 

slu^ 6 + })^ coS“ 0 = 0 sin" a = (a- -I- h“) sin - a. 




The value of tan^ Q follows immediately. 

Ex. 2, An elliptic disc touches two rods Oil/, ON", not necessarily at right- 
angles, and is supported by them in a vertical plane. If [XY] be the coordinates 
of the intersection 0 of the rods, referred to the axes of the ellipse, prove that the 

. , Y (i“ - X" 

major axis is inclined to the vertical at an angle 6 given by tan * 


To prove this we may use a theorem deduced from two given by Salmon in his 
chapter on Central Conics, Art. 180, Sixth Edition. Let {XY) be a point from 
which two tangents are drawn to touch a conic at P, Q. The normals at P, Q 
meet in a point I, whose coordinates (.r?/) are given by 






1 = - 


h'^) 


a^-X^ 




The result follows, since GI must be vertical. 

V Ex. 3. An elliptic disc is supported in equilibrium in a vertical plane by resting 
on two smooth fixed points in a horizontal straight line. Prove that in equilibrium 
either a principal diameter is vertical, or these points are at the extremities of two- 
conjugate diameters. 

Let the principal diameters be the axes of coordinates. Let the fixed points 
P, Q be {xy), {x'lf), and let {^tj) be the intersection I of the normals at these points* 
In equilibrium JG must be perpendicular to PC?, hence {x - x) ^ + {y - y')v = ^- 
writing down the equations to the normals at P, Q we find 97, as is done in 
Salmon’s Conics^ Art. 180. This equation then becomes 


(x-*')(,V-?/')(5 + f) = 0. 


One of these factors must vanish. These give the three positions of equilibrium. 

That there should be equilibrium when P, Q are at the extremities of two 
conjugate diameters is evident; for PI, Q1 are perpendiculars from two of the 
corners of the triangle GFQ on the opposite sides, hence GI must be perpendicular 
to the side PQ. This is the condition of equilibrium. That there should be 
equilibrium when an axis is vertical is evident from symmetry. 



128 . Ex. 1. A cone has attached to the edge of its base a string equal in 
length to the diameter of the base, and is suspended by the extremity of this string 
from a point in a smooth vertical wall, the rim of the base also touching the wall* 
If a be the semi*angle of the cone, 6 the inclination of the string to the vertical, 
prove that in a position of equilibrium tan a tan 0 = iV* Assume that the centre of 
gravity of the cone is in its axis at a distance from the base equal to one quarter of 
the altitude. 


vX 


Ex. 2. A square rests with its plane perpendicular to a smooth wall, one corner 
being attached to a point in the wall by a string whose length is equal to a side of 
the square. Prove that the distances of three of its angular points from the wall 
are as 1, 3 and 4. [Math. Tripos, 1853.] 

By resolving vertically, and taking moments about the corner of the square 
which is in contact with the wall, we obtain two equations from which the 
inclination of any side to the wall and the tension may be found. 



SOLUTION OF PROBLEMS 
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ART. 129] 






Ex. 3. AB is a uniform rod of length a ; a string APBG is fastened to the end 
A of the rod and passes through a smooth ring attached to the other end B ; the 
end C of the string is fastened to a peg C, and the portion APB is hung over a 
smooth peg P which is in the same horizontal plane as (7 at a distance 2h from 
it If AP is vertical, find the angles which the other parts of the string 

make with the vertical, and show tliat the string must have one of the lengths 
- b^}. [King’s Coll., 1889.2 

Ex. 4. Two light elastic strings have their ends tied to a fixed point on the line 
joining two small smooth pegs which are in the same horizontal plane, so that 
when they are unstretched their ends just reach the pegs ; they hang over the pegs 
and have their other ends fastened to the ends of a heavy uniform rod ; show that 
the inclination of the rod to the horizon is independent of its length, being equal to 
tan"*^ (?/i -?/ 2 )/ 2 r/, 'where and yo are the extensions of the strings when they singly 
support the rod, and a is the distance between the pegs. Show also that the two 
strings and the rod are inclined to the horizon at angles whose tangents are in 
arithmetical progression. It may be assumed that the tension of each string is 
proportional to the ratio of its extension to its unstretched length. 

^ [Math. Tripos, 1887.] 

. ■» v\29. Ex. 1. A siAicre rests on a siring fastened at its extremities to two fixed 
Show that if the arc of co?i^fict of the sphere and plane be not less than 
the sphere may he divided into two equal portions by means of a vertical 
plane without disturbing the equilibrium. [Math, Tripos, 1840.] 

It may be assumed that the centre of gravity of a solid hemisphere is on the 


JB 



Consider the equilibrium of the hemisphere ABD and the portion AD of the 
string in contact with it. The mutual reactions of 
the string and the hemisphere may now be omitted. 

This compound body is acted on by (1) the tensions 
of the string, each equal to P, acting at A and D, 

(2) the weight W of the hemisphere acting at its 
centre of gravity (?, (3) the mutual reaction R of 
the two hemispheres. The reaction R is the re- 
sultant of all the horizontal pressures between the 
elements of the plane bases and must act at some 
point within the area of contact. The two bases 

will separate unless the resultant of the remaining forces also passes inside the 
area of contact. The arc AD being as small as possible, this separation will take 
place by the hemispheres opening out at B, for the mutual pressures are then 
confined to the single point A at the lowest point of the sphere. The hemisphere 
ABD is then acted on by the three forces, T at D, T-R a,t A, and W at G. These 
must intersect in a point I, Hence CG = CA tan iACD. This gives tan 
and tan ACD = j§. 

vT. Ex. 2, Two equal heavy solid smooth hemispheres, placed so as to look like one 
sphere with the diametral plane vertical, rest on two pegs which are on the same 
horizontal line. Prove that the least distance apart of the pegs, so that the 
hemispheres may not fall asunder, is to the diameter of the circle as 3 to \/(73}. 

[Christ’s Coll.] 

Ex. 3. An elliptic lamina of eccentricity e, divided into two pieces along the 
minor axis, is placed with its major axis horizontal in a loop of string attached 


extremities A and B of the axes. These have a resultant inclined at 45° to either 
axis. Let it cut the vertical through the centre of gravity G in the point H, The 
reaction between the semi-ellipses must pass through II, Plence the altitude of II 
above B must be less than the axis minor. If C be the centre, this gives at once 
CCr<‘ib. G-ranting that CG — iiijl^Tr, this loads to the result. 


Ex. 4. A circular cylinder resets with its base on a smooth inclined plane ; a 
string attached to its highest point, passing over a pulley at the top of the inclined 
plane, hangs vertically and supports a weight ; the portion of the string between 
the cylinder and the pulley is boriziontal : determine the conditions of equilibrium. 

[Math. Tripos, 1843.] 

Show tliat the ratio of the height of the cylinder to the diameter of its base must 
be less than the cotangent of the inclination of the plane to the horizon. 

Ex. 5. A uniform bar of length a rests suspended by two strings of lengths 
and V fastened to the ends of the bar and to two fixed points in the same 
horizontal line at a distance c apart. If the directions of the strings being 
produced meet at right angles, prove that the ratio of their tensions is al -i- cV : aV -i- cl. 

[Math. Tripos, 1874.] 

Ex. 6. A smooth vertical wall AB intersects a smooth plane BG so that the 
line of intersection is horizontal. Within the obtuse angle ABC a smooth sphere 
of weight W is placed and is kept in contact with the wall and plane by the pressure 
of a uniform rod of length I which is hinged at A, and rests in a vertical plane 
touching the sphere. Show that the weight of the rod must be greater than 

Wh cos a cos 

21 sin ^0 sin i {a - 6) cos- ^ (a - (?) ’ 

where a and 0 are the acute angles made by the plane and rod with the wall, and 
/i=AB. [Math. Tripos, 1890.] 






Ex. 7. A set of equal frictionless cylinders, tied together by a fine string in a 
bundle whose cross section is an equilateral triangle, lies on a horizontal plane. 
Prove that, if JF be the total weight of the bundle, and 7i the number of cylinders in 

a side of the triangle, the tension of the string cannot be less than 
IF ( 1\ 

or - - I , according as n is an even or an odd number, and that these values 

will occur when there are no pressures between the cylinders in any horizontal row 
above the lowest. [Math. Tripos, 1886.] 

Ex. 8. A number n of equal smooth spheres, of weight W and radius 9 -, is 
placed within a hollow vertical cylinder of radius a, less than 2r, open at both 
ends and resting on a horizontal plane. Prove that the least value of the weight 
TF' of the cylinder, in order that it may not be upset by tbe balls, is given by 
aW'= {n~l]{(i-r)W or a}F'= n (a - r) TF, 
according as n is odd or even. [Math. Tripos, 1884.] 



Ex. 9. The circumference of a heavy rigid circular ring is attached to another 
concentric but larger ring in its own plane by ?i elastic strings ranged symmetrically 
round the centre along common radii. This second ring is attached to a third in a 


t 


similar manner by 2?i strings, and this to a fourth by 3?i strings and so on. 
Supposing all the rings to have the same weight, and the strings at first to be 
without tension, show that, if the last ring be lifted up and held horizontal, all 
the other rings will be on the surface of a right cone. [Pet. Coll., 1862.] 

Ex, 10. Two spheres of densities p and <t, and whose radii are a and &, rest in 
a paraboloid of revolution whose axis is vertical and touch each other at the focus : 
prove that [Curtis’ problem. Educational Tiinesj 5460.] 

130. XSquilibrium of four repelling particles. Ex. 1. Four free particles 
situated at the corners of a quadrilateral are in equilibrium under their mutual 
attractions or repulsions; the forces along the sides AB, BG^ CD, DA being 
attractive, those along the diagonals AC, BD being repulsive. If the forces are 
proportional to the sides along which they act, prove that the quadrilateral is a 
parallelogram. 

In this case the forces on the particle yi are represented by the sides AB, ylD 
and the diagonal AG. The result follows at once from the parallelogram of forces. 

Ex. 2. If the quadrilateral formed by joining the four particles can be inscribed 
in a circle, show that the attracting force along any side is proportional to the 
opposite side, and the repelling force along a diagonal to the other diagonal. 

Ex. 3. If the quadrilateral be any whatever, prove that when the particles at 
the corners are in equilibrium 

f(AB) ^ f{BC) f{BD) __ f(AC) 

AB.OG.OD BG.OD.OA AG . OB . OD BD.OA.OC' 

where 0 is the intersection of the diagonals BD, AG, and the mutual force along 
any line, as AB, is represented hy f{AB). 

To prove this, consider the equilibrium of the particle A, 

f {AC) ^sinDAB urea DAB AD.AO DB AO 
f{AB) ~~ sin DyLO ~ DAO ' AD . AB~ DO ’ AB ' 
all the results follow by symmetry. 

Ex, 4. Whatever be the form of the quadrilateral, prove that (1) the moments 
about 0 of the forces which act along the sides are equal, and (2), 

ABf {AB)^BCf (BC) + GDf {CD) A- DAf {DA) = ACf {AC) + BDf{BD). 
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Reactions at Joints 


131. When two beams are connected together by a smooth 
hinge-joint or are fastened together by a very short string, the 
mutual action between them will be equivalent to a single force 
acting at the point of junction. In some cases the direction of 
this force is at once apparent, in other cases its direction as well 
as its magnitude must be deduced from the equations of equi- 
librium. 

There are two cases in which the direction is apparent. Firstly 
let the body and the external forces be both symmetrical about 
some straight line through the hinge. In this case the action and 




reaction between the two beams must also be symmetrically situ- 
ated. Since they are equal and opposite, they must each be 
perpendicular to the line of symmetry. 

^ let the body be hinged at two points A and B, and let 

'' it be acted on by no other forces except the reactions at A and B. 
Since the body is in equilibrium under these two reactions, they 
must act along the straight line joining the hinges and be equal 
and opposite. 

lA Ex. 1. Two equal beams AA', Bl>\ without weight, are hinged together at 
their coiiimou middle point C, and placed in a 
vertical plane on a smooth liorizontal table. The 
upper ends A, B of the rods are connected by a 
light string ADB, on which a small heavy ring 
can slide freely. Show that in equilibrium a 
iiorizoiital line through the ring D will bisect AG 
iind BG. [Coll. Ex.] 

The action at G is horizontal, because the 
system is Byniinetrical about the vertical through 
G. The action at is vertical because, when the end of a rod rests on a surface, 
the action is normal to the surface (Art. 125). The tension of the string acts along 
AD. These three forces beep the rod AA' in equilibrium. They therefore meet in 
some i3oint I. By similar triangles DG is half lA'. The result follows immediately. 

Ex. 2. If the weight of each rod in the last example be n times the weight of 
the ring, prove that in equilibrium a horizontal line through the ring will cut GA in 
a point P such that CP=(^n-\- 1) 

^ Ex. 8. Two equal heavy rods GA, GB are hinged at C, and their extremities 
A, B rest on a smooth horizontal table. A third rod, attached to their middle 
points JE, F by smooth hinges, prevents the rods CA, GB from opening out. Find 
the reactions at the binges (IJ when the rod EF has no weight, and (2) when it has 
a weight IF'. 

The reaction J? at G is horizontal by the rule of symmetry. If the weight of 
the rod EF is neglected, the reactions at E 
and F act along EF by the second rule of this 
Article. Let this be X, The reaction R' at 
A is vertical. The weight of the rod GA acts 
vertically at E. These are all the forces which 
act on the rod GA. By resolving horizontally 
-and vertically, and by taking moments about E 
we easily find that R and - X are each equal to 
TV tan a, where a is half the angle jICB. 

When the roof of a house is not high pitched, the angle AGB between the beams 
is nearly equal to two right angles, so that tan a is large. The reactions at G and E 
become therefore much greater than the weight of the beams. It is therefore 
necessary to give great strength to the mode of attachment of the beams. 

If the weight TV of the beam EF cannot be neglected, the reactions at E and F 
will not be horizontal. Let the components of the action at E on the rod EF be 




A", r when resolved horizontally to the right and vertically downwards. It will be 
noticed that they have been put in directions opposite to those in which we should 
expect them to act. This is done to avoid confusing the figure. They should 
therefore appear as negative quantities in the result. The reactions on the rod AG 
4ir6 of course exactly opposite. The equations of equilibrium are as follows : 


Hesolve ver. for EF, 
Res. ver. for the system, 
Mts. about E for A C, 
Bos. hor. for A C, 


2F-I- Tr=:0, 

2R' = W'A-2W, 
lla cos a = B'a sin a, 
A + J?=:0, 


where 2a is the length of either GA or GB, These four equations determine 


A,^, 11, li\ 

Ex. 4. Two rods AB, BG, of equal weight but of unequal length, are hinged 
together at B, and their other extremities are attached to two fixed hinges A and G 
in the same vertical line. Prove that the line of action of the reaction at the hinge 
B bisects the straight line AG. 


Ex. 5. Two uniform rods AB, AG, freely jointed at A, rest with A capable of 
sliding on a fixed smooth horizontal wire. B and G are connected by small smooth 
rings with two vertical wires in the plane ABG, If the rods are perpendicular 
prove that a ^(1 + V) = 1,JV •\-l' where I, V are the lengths of the rods and a the 
distance between the vertical wires. [Coll. Ex., 1890.] 


V ^ 132 . Ex. 1. Four rods, jointed at their extremities A, B, G, D form a parallelo- 
gram. The opposite corners are joined by strings along the two diagonals, each of 
which is tight. Show that their tensions are proportional to the diagonals along 
which they act. 

Let four particles be added to the figure, one at each corner. Let the sides 
be jointed to the particles instead of to each other, and let the strings also be 
attached to the particles. By this arrangement each rod is acted on only by 
forces at its extremities ; hence by the second rule of Art. 131 these forces act 
along the rod. We now proceed as in Art. 130, Ex. 1. The forces on the particle 
A are parallel to the sides of the triangle ABG, hence, by the parallelogram of 
forces, they are proportional to those sides. It follows that every side in the figure 
measures the force which acts along it. 

Another Solution. We may also arrange the internal forces otherwise. Let the 
rods be jointed to each other, but let the strings be attached to the extremities of 
the rods AB, CD. Since AD is now acted on only by the actions at the hinges, 
these actions act along AD (Art. 131). In the same way the reactions at B and 
C act along BC. Thus the rod CD is acted on by the tensions T, T along the 
diagonals DB and GA, and by the reactions along AD and BG. Resolving at right 
angles to the latter, we have Tsin OBC=T'sm 0GB, where 0 is the intersection 
of the diagonals. This gives T . OG~T . OB, i.e. the tensions are as the diagonals 
along which they act. 

It should be noticed that the mutual reactions on the rods obtained in the two 
solutions appear not to be the same. In the first solution, the conditions of equili- 
brium of the rod CD and the particles at C and D are separately considered ; in the 
second solution, they are treated as one body and the conditions of equilibrium of 
this compound body are found to be sufficient to determine the ratio of the tensions 
of the strings. Consider the reactions at the corner D. In the first solution there 
are two reactions at this corner, viz. those between the particle at D and the two 


rods AD, CD. These are proved to act along AD and CD] let them be called 
jRj and I'espectively. In the second solution the only reaction at the corner 
D which is considered is R^, the other reaction R 2 not being recjuired. If it had 
been ashed, as part of the question, to find the reaction at the joint D, it would 
have been necessary to state in the enunciation liow the rods were joined to each 
other and to the string. It is only when this mode of attachment is given that 
we can determine whether it is R^, R 2 or some combination of both that can be 
properly called the reaction at the corner D. 

Ex. 2. A parallelepiped, formed of twelve weightless rods freely jointed together 
at their extremities, is in equilibrium under the action of four stretched elastic 
strings connecting the four pairs of opposite vertices. Show that the tensions of 
the rods and strings are proportional to their lengths. [Coll. Ex., 1890.} 

Ex. 3. Eour rods are jointed at their extremities so as to form a quadrilateral 
ABCD, and the opposite corners A, C and B, D are joined by tight strings. If the 
tensions are represented by f{AC) and f(BD), prove that 

where 0 is the intersection of the diagonals. 

By placing particles at the four corners as in the first solution to the last 
example, this problem is immediately reduced to that solved in Ex. 3, Art. 130. 
The result follows at once. This problem is due to Euler, who gives an equivalent 
result in Acta Academicc Scientiarum h^i'perialu Petropolitanee, 1779. From this he 
deduces the result given in Ex. 1 for a parallelogram. 

Ex. 4. If the opposite sides AD, BC (or CD, BA) are produced to meet in X, 
prove that the tensions of the strings are inversely proportional to the perpendiculars 
drawn from X on the strings. 

To prove this we follow the second method of solution adopted in Ex. 1. Let 
the strings be attached to the extremities of the rods AB, CD. The reactions at D 
and C now act along AD and BC. Considering the equilibrium of the rod CD, 
the result follows at once by taking moments about X 

^ Ex. 5. Foiir rods, jointed together at their extremities, form a quadrilateral 
ABCD. Points E, F on the adjacent sides AB, BC are joined by one string and 
points G, H on the adjacent sides BC, CD are joined by another string. Compare 
the tensions of the strings. This is a modification of a problem solved by Euler in 
1779. Acta Academics Petropolitanee. The following solution is founded on his. 

Lemma. We may replace the string EF by a string joining any other two points 
E% E' taken in the same two sides AB, BC without altering any reaction except the 
one at B, provided the moments about B of the tensions of EF, E'F' are equal. To 
prove this, let the strings intersect in K. The tension T, acting at F on the rod BC, 
may be transferred to K, and then resolved into two, viz. one U which acts along 
KF', and which may be transferred to F', and another V which acts along KB and 
may be transferred to B, In the same way the tension T acting at E on the rod 
AB may be resolved into U acting at E' along E'K, and V acting at B along BK. 
Thus the equal forces T, T at E and F are replaced by the equal forces 77, U at 
E', F', i.e. by the tension of a string E'K. At the same time the mutual reactions 
at B are altered by the superposition of the two equal and opposite forces called F. 
The other forces and reactions of the system are unaffected by the change. Since T 
is the resultant of U and F, the moments of T and U about B must be equal. 


1 

I 

1 


I 

I 

fi 


By using this lemma we may transfer the strings EF, GII until they coincide 
with the diagonals AC\ BV. Let T, T' he the tensions of EF, GET. Then XJ~nT 
is the tension of AG, where n is the ratio of the perpendiculars from B on EF and 


X 



AC. Bo U'=n'T' is the tension of BD, where 71 * is the ratio of the perpendiculars 
from C on HG and BD. The ratio of the tensions along the diagonals has been 
found in Ex. 3. Usin^ that result we have 

{id og) (w od) • 

X ’ Ex. 6. Eonr rods jointed together at their extremities foi'm a quadrilateral 

ABCD. Points E, F on the opposite sides AB, CD are joined by one string, and 
points G, El on the other two sides AD, BC are joined by a second string. If the 
opposite sides AD, BC meet in X, and the sides CD, BA in Y, and p, p' are the 
perpendiculars from X, Y on the strings EF, GEE, prove that the tensions T, T' are 
connected by the equation 

Tp sin X T 'p' sin r_ 

IbTUI) AD.BC ~ ■ 

The perpendicular from X or 7 on any string is to be regarded as positive when the 
string intersects XY at some point between X and Y. 



It follows that in equilibrium one string must pass between X and Y and the 
other outside both, contrary to what is represented in the diagram. It also follows 
that, if one string as GEE produced passes through Y, either the tension of the other 
string is. zero, or that string produced passes through X. 

Let the reactions at each of the corners of the quadrilateral he resolved into 
forces acting along the adjacent sides, viz. P', P at X along DA, AB; Q', Q at B 
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Pv. s. I. 


momeiUs about I) and C rcBpectively, 

P . YD Hin r= T'. DH sin II, (/ . YG sin r = T' . CG sin G. 

ConsidGr next the equilibrium of the rod AD, taking moments about X, 
{P-~Q')XM=:Ti^, 

■where X3I is a perpendicular from X on AD. 

Substituting, and remembering that sin II, sin G, and sin A' have the ratio of the 
opiDOsite sides in the triangle XHG, we find 

DH , CY.XG - DY . CG . XII sin Ail/ XT' _ 

YDTYC' ' 's"inr‘ J/G 

Now the numerator of the first fraction on the left-hand side is minus the sum of the 
products of the aogmeuts (with their proper signs) into which the sides of the 
triangle DCX are divided by the points G, II, Y^. The equation therefore reduces to 
[GnY].DC.CX.XD sin A Afi^ -Jl' 

[Pc’A]. yp.rG •smy* jig ' 

where [GHY] and [/>>GA] represent the areas of the triangles GTIY and DCX, 
These areas are equal to hllG . p' and 4 DA. GX sin A respectively. Also AB . AM 
is twice the area of the triangle ^1 A7^, and is therefore equal to A/1 . XB sin A. Again, 
™ ~ Ad ^ jiB ^ 

sin A ~ sill Y ’ sin B ~ sin Y ’ sin B sin A sin A * 

Substituting we obtain the equation connecting T, T' given in the enunciation. 


^ Let D, E, Phe three arbitrary points taken on the sides of a triangle dPC. 
If A, A' be the areas of the triangles ABC, DEF, it may be shown that 
^ g-P . BE 

A *” abc 


To form the two products AF . BD . CE and AE . CD . BF, we start from any 
corner, say A, and travel round the triangle, 
first one way and then the other, taking on each Q 


circuit one length from each side. The sum of 
the two products bo formed, each with its proper 
sign, is the expression in the numerator. 

The signs of these factors may be determined 
by the following rule. Each length, being drawn 
from one of the corners of the triangle ABC, 
along one of the sides, is to be regarded as i^osi- 
tive or negative according as it is drawn towards 
or from the other corner in that side. Thus, 
AF being drawn from A towards B is therefore 



positive, BF being drawn from B towards A is also positive. If F were taken on 
AB produced beyond B, AF would still be positive, but BF would be negative. If 
Pmove along the side AB, in the direction AD, the area DPP vanishes and becomes 


negative when P passes the transversal ED. 


In the same way, if we draw any three straight lines through the corners of the 
triangle, say AD, BE, GF, they will enclose an area PQR. If the area of the 
triangle PQR is A", it may be shown that 


A'' __ {AF .BD.CE-AE.GD.BF f 
A (ab - GE . CD) (be - AB . AF) {ca - BF . BD) ‘ 


The author has not met with these expressions for the area of two triangles 
which often occur. He has therefore placed them here in order that the argument 
in the text may be more easily understood. 



^ 133 . Ex. 1. A series of rods in one plane, jointed together at their extremities, 

form a closed polygon. Each rod is acted on at its middle point in a direction per- 
pendicular to its length by a force wliose magnitude is proportional to the length 
of the rod. These forces act all inwards or ail outwards. Show that in equilibrium 
(1) the polygon can be inscribed in a circle, (2) the reactions at the corners act 
along the tangents to the circle, (3) the reactions are all equal. 

Let AB, BCy CD, &c. be the rods, L, M, N, drc. their middle points. Let aBp, 
^Cy, {&c. be the lines of action of the reactions at the corners B, G <&o. Since each 
rod is in equilibrium, the forces at the middle points of the rods must pass through 
a, /3, 7 , (fee. respectively. Consider the rod BG ; the triangles BM^, GM(3 are equal 
and similar, also the reactions along B/3 and C/3 balance the force along which 



bisects the angle B^C. Hence these reactions are equal. It follows that the 
reactions at all the corners are equal in magnitude. 

Draw BO, GO perpendicular to the directions of the reactions at B and C. These 
must intersect in some point 0 on the perpendicular through M to BG. The sides 
of the triangle OBG are iDerpendioular to the directions of the three forces which 
act on the rod BG, and are in equilibrium. Hence CO represents the magnitude of 
tlie reaction at C on the same scale that BG represents the force at 3T. 

In the same way if GO', DO' be drawn perpendicular to the reactions at C and 
D, they will meet in some point O' on the perpendicular through N to CD. Also 
CO' will measure the reaction at C on the same scale that CD measures the force at 
its middle point. Hence by the conditions of the question 00 = CO', and therefore 
0 and 0' coincide. Thus a circle, centre 0, can be drawn to pass through all the 
angular points of the polygon and to touch the lines of action of all the reactions. 

Ex. 2. A series of jointed rods form an nnclosed polygon. The two extremities 
of the system are constrained, by rneans of two small rings, to slide along a smooth 
rod fixed in space. If each moveable rod is acted on, as in the last problem, by a 
force at its middle point perpendicular and proportional to its length, prove that 
the polygon can be inscribed in a circle having its centre on the fixed rod. 

Let A and Z be the two extremities. We can attach to A and Z a second 
system of rods equal and similar to the first, but situated on the opposite side of 
the fixed rod. We can apply forces to the middle points of these additional rods 
acting in the same way as in the given system. With this symmetrical arrangement 
the fixed rod becomes unnecessary and may be removed. The results follow at once 
from those obtained in the last problem. 

These two problems may be derived from Hydrostatical principles. Let a vessel 
be formed of plane vertical sides hinged together at their vertical intersections, and 
let this vessel be placed on a horizontal table. Let the interior be filled with fluid 

6-^2 


■which cannot escape either between the sides and the table or at the vertical 
joinings. The pressures of the fluid on each face will be proportional to that part 
of the area of each which is immersed in the fluid, and will act at a point on the 
median line. These pressures are represented in the two problems by the forces 
acting on the rods at their middle points. It will follow from a general ijrinciple, 
to he proved in the chapter on virtual work, that the vessel will take such a form 
that the altitude of the centre of gravity of the fluid above the table is the least 
possible. Hence the depth of the fluid is a minimum. Since the volume is given, 
it immediately follows that the area of the base is a maximum. 

By a known theorem in the differential calculus, the area of a polygon formed 
of sides of given length is a maximum when it can be inscribed in either a circle 
or a semicircle, according as the polygon is closed or unclosed. (Pe Morgan’s D[ff. 
and Tut. Calculus, 1842.) The results of the preceding problems follow at once. 

We may also deduce the results from, tlie principle of virtual work without the 
intervention of any hydrostatical principles. 

We may notice tliat both these theorems will still exist if a great many con- 
secutive sides of the polygon become very short. In the limit these may be 
regarded as the elementary arcs of a string acted on by normal forces proportional 
to their lengths. If then a polygon he formed by rods and strings, and he in 
equiUbriuni binder the action of a uniform normal pressure from within, the sides 
can he hiscrihcd in a circle, and the strings will form arcs of the same circle. 

The first of these two problems was solved by N. Puss in Miimoires de VAca- 
deviie imperiale des Sciences de St Petershourg, Tome viii, 1822. His object was to 
determine the form of a polygonal jointed vessel when surrounded by fluid. 

134. Ex. Polygon of heavy rods, n uniform heavy rods AqA^, d'C., 
are freely jointed together at A-^, A., lOc. and the two extremities and 
Aji are hinged to two points which are fixed in space; it is required to find the 
conditions of equilibrium. 

At each of the joints Aq, A^ (fee. draw a vertical line upwards ; let 6q, 6^ <&c. he 
the inclinations of the rods A^Ai, A^A^ cfec. to these verticals, the angles being 
measured round each hinge from the vertical to the rod in the same direction of 
rotation. Let the weights of these rods be JF^, TFj cfec. 

First method. The equilibrium will not be disturbed if we replace the weight JF 
of any rod by two vertical forces, each equal to JTF, acting at the extremities of the 
rod. In this way each rod may be regarded as separated into three parts, viz. the 
two terminal particles, each acted on by half the weight of the rod, and the inter- 
mediate portion thus rendered weightless. Let us first consider how these several 
parts act on each other. At any joint the two terminal particles of the adjacent 
rods are hinged together. Each particle is in equilibrium under the action of the 
force at the hinge, the half-weight of the rod of which it forms a part, and the 
reaction between itself and the intermediate portion of that rod. This last reaction 
is therefore a force. Since the intermediate portion of each rod has been rendered 
weightless, the reactions on it will act along the rod, Art. 131. Let the reactions 
along the intermediate portions of the rods A^A^ <&c., be Tg, (fee., and let 

these be regarded as positive when they pull the terminal particles as if the rods 
were strings. 

To avoid introducing the force at a hinge into our equations we shall consider 
the equilibrium of the t-n^o particles adjacent to that hinge as forming one system. 



This compound particle is acted on by the half- weights of the adjacent rods and the 
reactions along the intermediate portions of those rods. The result of the argument is, 
that wamay regard all the rods as heing luithout lueight, and suppose them to he hinged 
to heavy particles placed at the joints^ the weight of each particle heing equal to half 
the suvi of the weights of the adjacent rods. 

I A system of weights joined, each to the next in order, by weightless rods or 
jstriugs and susi^ended from two fixed points is usually called b, funicular polygon. 

Consider the eciuilibrium of any one of the compound particles, say that at the 
joint A^. Resolving horizontally and vertically, we have 

T.,cos0.,-TiCOS0i=:^(T'ri-l-V„)) ^ 




The right-hand side of this equation is the same for all the rods, being equal to the 
horizontal tension at any joint, we find therefore 


cot 0., - cot 0-i cot 6.> 


• cot 


( 2 ). 


If yl,., rig be any two joints we see that each of these fractions is equal to 

4Zr-i + + Tr 3_i-fP73 ^ 

cot “ cot 


135 . Second Method. In this method we consider the equilibrium of any two 

successive rods, sayylji42, and take moments for each about the extremity 

remote from the other rod. 

Let Ao, To be the resolved parts of the reaction at the joint A^ on the rod A^A^. 
The two equations of moments give 

- A'o cos &.;> + T 2 sin ^ TTo sin ^o = 0 [ 

- Ag cos + To sin sill = 0 1 

Eliminating Tg we find 

A2(cot^2-cot0J = 4(Tri-l-TT2) (4), 

which is equivalent to equations (2) . 

136 . Let Zqj be the lengths of the rods, h, Ic the horizontal and vertical 
coordinates of A^^ referred to A^ as origin. We then have 

^ 0 cos 00 + Zj cos -f- 4 - cos — hy 

Zq sin 00 + Zi sin 01 -1- + Z^-i sin 0,,_i = /t j 

The equations (2) supply ?i- 2 relations between the angles 0o, 0i &c. and the 
weights TTo> these to (5} we have sufficient equations to 

find the angles when the iveights are known. When the angles and the weights of 
two of the rods are known, the ?i~ 2 remaining weights may he found from (2). 


137 . It is evident that either of these methods may be used if the rods are not 
uniform or if other forces besides the weights act on them. The two equations of 
raoments in the second anethod will be slightly more complicated, but they can be 
easily formed. In the first method the transference of the forces parallel to them- 
selves to act at the joints is also only a little more complicated, see Art. 79. 

138 . I'ojlnd the reactions at the joints. If wo use the second method, these are 

easily found from equations (3). But if we use the first method we must transfer 
the weights and back to tbe extremities of the rods which meet at A^. In 
the original arrangement of the rods when hinged to each other, let i?o be the action 
at the joint Ao on the rod The terminal particle of the rod A^A.^ is then 

acted on by the three forces iis, and Xn. We therefore have 

Ii.r= ~ WA 1 \ cos (6). 

The direction of the reaction is easily deduced from equations (2). Suppose 
that the rods AqA.^ are joined by a short rod or string without weight. The 

position of this rod is clearly the line of action of Treating this rod as if it 
were one of the rods of tbe polygon, wc have, if <p., be its inclination to the vertical, 

cot </> - cot cot 6^2- cot 0 ” ^ 

+ ^^^2) cot 0 = TFo cot cot $ 2 • 

139 . The suhsicUanj polygon. The lines of action of the reactions J?i, J?2 &c. 
at the joints will form a new polygon whose corners Bj, B., c&c. are vertically under 
the centres of gravity of the rods Aj/ig, AqA.j &c. The weights of the rods may be 
supposed to act at the corners of this new polygon. Each weight will be in equi- 
librium with the reactions which act along the adjacent sides of the polygon. 

If we suppose the corners *c. to be joined by weightless strings or rods 

we shall have a second funicular polygon. This funicular polygon may be treated 
in the same way as the former one, except that we have the weights Wjy W 2 &e. 
instead of 4 (T^i H- Wn ) , h {W. + W^) etc. 

140 . Let BqBiB 2 C&c. be any funicular polygon ; Wj, 1^2* t^c., the weights 

suspended from the corners B ^ , B 2 t&c. From any arbitrary point 0 draw straight 
lines Obj, parallel to the sides BqB^, -^2^3 *c. to meet any 

vertical straight line in the points b^, bg <&c. Since a particle at the point Bj^ is 
in equilibrium under the action of the weight IFj and the tensions jRg acting 




along the sides BjBq, B^Bg, it follows, by the triangle of forces, that the sides of the 
triangle Ob^ba are proportional to these forces. In the same way, the sides of the 
triangle represent on the same scale the weight JFo and the tensions acting 
along B^B^, B 0 B 3 . In general the straight lines Obj, Obg&c. represent the tensions 



acting along the sides of the funicular polygon to which they are respectively 
parallel ; while any part of the vertical straight line as hjjr, represents the sum of 
the weights at Bo, Bg and B4. 

By using this figure we may find geometrically the relations between the tensions 
and the weights. If 0^, he the inclinations of the sides B^B^, B^Bgcfec. to 
the vertical, we have ON (cot 0^ - cot 0^) = , 

where ON is a perpendicular drawn from 0 on the vertical straight line. Since ON 
represents the horizontal tension A" at any point of the funicular polygon, this 


equation gives 


= 

cot 01 “ cot 02 


w. 


COtj po COtj 

In the same way other relations may he established. 

• The use of this diagram is described in Eankine’s Applied Mechanics, Such 
figures are usually called force diagrains. We have here only considered the 
simple case in which the forces are parallel to each other. In the chapter on 
Graphics this method of solving statical problems will he again considered and 
extended to forces which act in any directions. 
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141 . Ex. 1. A chain consisting of a number of equal and in every respect 
limilar uniform heavy rods, freely Jointed at their ends, is hung up from two fixed 
points; prove that the tangents of the angles the rods make with the horizontal are 
in arithmetical progression, as are also the tangents of the angles the directions of 
the stresses at the Joints make with the same, the common difference being the k . 
same for each series. [Coll. Ex., 1881.] 

\)(^ Ex. 2. OA, OB are vertical and horizontal radii of a vertical circle, A being 
the lowest point. A string ACDB is fixed to A and B and divided into three equal 
parts in C and B. Weights ir, W being hung on at G and D, it is found that in 
the ]position of equilibrium C and JD both lie on the circle. Prove that W = W' tan 15°. 

[Trin. Coll., 1881.] 


0( Ex. 3. Four equal heavy uniform rods AB, BO, OB, DA are Jointed at their 
extremities so as to form a rhombus, and the corners A and 0 are joined by a 
string. If the rhombus is suspended by the corner A, show that the tension of the 
string is 2 IF and that the reaction at either B or B is ^IF tan JBAB, where IF is the 
weight of any rod. 


vT Ex. 4. AB, BO, OB are three equal rods freely jointed at B and 0. The rods 
AB, OB rest on two pegs in the same horizontal lino so that BO is horizontal. If 
a be the inclination of AB, and jS the inclination of the reaction at B to the horizon, 
prove that 3 tan a tan /3=1. [St John’s Coll., 1881.] 


Ex. 6. Three equal uniform rods are freely Jointed at their extremities and rest 
in equilibrium over two smooth pegs, in a horizontal line at a distance apart equal 
to half the length of one rod. If the lowest side be horizontal, then the resultant 
action at the upper Joint is and at each of the lower where IF is 

the aggregate weight of the rods. [Coll. Ex., 1882.] 

Ex. 6. Three rods. Jointed together at their extremities, are laid on a smooth 
horizontal table; and forces are applied at the middle points of the sides of the 
triangle formed by the rods, and respectively perpendicular to them. Show that, if 
these forces produce equilibrium, the strains at the joints will be equal to one 
another, and their directions will touch the circle circumscribing the triangle. 

[Math. Tripos, 1858.] 


Ex. 7, Thrco i)u.'Cuh of wire, of tlio sarao kiiul^ and of proper lengths, are bent 
into tlio form of the ilircc sqiiaroH in lilio diagrain of IDuclid I., 47, and the angles of 
the HiiuaroH wliich are in contact are hingod togothor, so that the smaller ones arc 
Hiipportod hy tlH3 larger Hquaro in a vortical piano. Hhow that in every position, 
into which the ligure can ho turned, the action, if any, between the angles of the 
Hiiialler .squaroa will beporx)uinliculartu the hypothennseof tlio right-anglod triangle. 

[Math. Tripos, 1867.] 


illx. H. Three nniforni rods, whoso weights are proportional to their lengths 
0 , b, i‘, are jointed together ho aw to form a triangle, wliich iw iilaced on a smooth 
horizontal i>hnio on its three sidoH snccosHively, its plane being vertical: prove that 
t]u3 HtnjSHOH along the .sides a, c when horizontal are proportional to 

{h H- f) coKoc ‘2/i , (c + a) cosoo 2 /h (rf. -t- b) cosoo 2C. [Math. Tripos, 1870.] 


blx. h. Three nniform rods BC, CD of lengths 2 c, 2 b, 2 c respectively rest 
Hyniinetrically on a Hiiiooth iiarabolic arc, the axis being vertical and vertex 
npw'ardH. There are hinges at B and C, and all the rods touch tho parabola. 
If ]r 1 x 3 the weight of either of the slant rods, show that its pros.sure against tho 

parabola is c<inal to TK ^ j , whore 4ff is the latiis rectum of the parabola. 


(o-|-b“)b’ 


[Coll. Ex., 188.S.] 


Ex. 10. A BCD is a quadrilateral formed by four uniform rods of equal weight 
loosely jointed together. If tho systeni he in equilibrium iii a vortical plane with 
tho rod AB siqipurted in a horizontal position, prove that 2 tan t?=tan a'^tan/ 3 , 
whore a, f-i arc tlio angles at/i and 71, and 0 is the inclination of CD to the horizon; 
also Jind tho Htrossos at C and J), and prove that their directions are inclined to the 
horizon at the angles tau"^ h (tan /3-ian 0) and tan"^ 1 (tan a^'tan 0) respectively. 

[Math, Tripos, 1871).] 


Ex. 11. Eour equal rods Aliy BCy CD, JDA, jointed at Ay By C, I), are placed on 
a horizontal smooth table to which BC is fixed, the middle points of .-ill, DC being 
connected by a .string which is tight when the rods form a square. Show that, if a 
couple act on AB and produce a tension T in the .string, its moment must be 
^T.ABJ2, [Coll. Ex., 1888. 


Ex. 12. A. weightless quadrilateral framework 713 ^ 2 ^. 5^4 ^’^sts with its plane 
vertical and the side on a horizontal plane. Two weights IF, IF' are placed at 
the corners 7 I 3 respectively, while a string connecting the two corners Ttjdg 
prevents the frame from closing up. Show that the tension 'D of the string is given 
by vT sin On sin 9^= TEcos 0^ sin 6 .^ - IF' gob On sin 0^ , 

where O^, On, O4 are the internal angles of the quadrilateral, and 71 is the ratio of 
the side on tho horizontal plane to the length of the string. 


Ex. l;h A pentagon formed of five heavy equal uniform jointed bai's is 
suspended from one corner, and the opx^osito .side is sux)ported by a string 
attiiclied to its middle point of such length as to make the pentagon regular. 
Prove that the tension of the string is equal to 4Jrcos2 where IF is the 
weight of any rod. Find also the reactions at the corners. 

Ex. 14. A regular pentagon ABGDEy formed of live equal heavy rods jointed 
together, is suspended from the joint A, and the regular pentagonal form is 
maintained by a rod without weight joining the middle points K, L of BC 
and DE. Prove that the stress at K or L is to the weight of a rod in the 
ratio of 2 cot 18° to unity. [Math. Tri^Dos, 1885.] 




Ex. 15. The twelve edges of a regular octahedron are formed of rods hinged 
together at the angles, and the opiDOsite angles are connected by elastic strings ; if 
the tensions of the three strings are X, Y, Z respectively, show that the pressure 
along any of the rods connecting the extremities of the strings whose tensions are 
Tand^ is (T+i/ -Z)/2^/2. [iVlath. Tripos, 1867.] 

Ex. 10. Any number of equal uniform heavy rods of length a are hinged 
together, and rotate with uniform angular velocity w about a vertical axis through 
one extremity of the system, which is fixed; if (?, O', 0" be the inclinations to the 
vertical of the + rods counting from the free end, and aw“ = 3«:^, 

l)rove that 

(2?i+3) tan 0" - (4?i + 2) tan d'+ (2a- 1) tan d + /c {sin 0'' + 4 sin 0'4-sin 0} = 0. 

[Math..gh‘iphsTi877.] 


• "Q. 
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^ ^ Reactdons at '^dgid connections 
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142. Let be a horizontal rod fixed at the extremity A in 
a vertical wall, and let it support a weight W at its other extremity 
B, We may enquire what are the stresses across a section at any 
point (7, by which the portion GB of the rod is supported. 

It is evident that the reaction at C cannot consist of a single 
force, for then a force acting at G would balance a force W to 
which it could not be opposite. It is also 
clear that the resultant action across the 
section G (whatever it may be) must be equal 
and opposite to the force W acting at B. Let 
us transfer the force W from B to any point 
of the section G by help of Art. 100. We see that the reaction 
across the section is equivalent to a force equal to W, together 
with a couple whose moment is W, BG, 

If the portion GB of the rod is heavy, we may suppose its 
weight collected at the middle point of GB, Let W' be the weight 
of this part of the rod. Then we must transfer this weiglit also to 
the base of reference G. The whole reaction across the section of 
the rod will then consist of (1) a force W + W' and (2) a couple h 
whose moment is W. BG BG. li 

Various names have been given to the reaction force and 
reaction couple at different times. The components of the force 
along the length of the rod and transverse to it have been called 
the tension and shear respectively. The former being normal to a 
perpendicular section of fche rod is sometimes called the normal 
stress. The magnitude of the couple has been called the tendency 
of the forces to break the rod, or briefly, the tendency to break. It 


is also called the moment offlesonre, or bending stress. See Rankine’s 
Applied Mechanics. In what follows we shall restrict ourselves to 
the case in which the rod is so thin that we may speak of it as a 
line in discussing the geometry of the figure. 

143. Generalizing this argument, we arrive at the following 
result; the action across a section at ang point G of a rod is equal 
and opposite to the resultant of all the forces which act on the rod 
on one side of that point G. 

The action across (7 on CB balances the forces on GB. The 
equal and opposite reaction on /I C across the same section balances 
those on AC. Since the forces on one side of 0 balance ‘those on 
the other side when there is equilibrium, it is a matter of indiffer- 
ence whether we consider the forces on the one side or the other 
of C jDrovided we keep them distinct. 

Thus the bending couple at C is equal to the sum of the 
moments of all the forces which act on one side of G. So also the 
shear at C is equal bo the sum of the resolved parts of these forces 
along the normal to the rod at C. 

If Ave regard the rod as slightly elastic we may explain other- 
Avise the origin of the force and couple. The weight W will 
slightly bend the rod, and thus stretch the upper fibres and com- 
press the loAver ones. The action across the. section at G Avill 
therefore consist of an infinite number of small tensions across its 
elements of area. By Art, 104 all these can be reduced to a single 
force and a single couple at a base of reference at C. 

V; 144. Ex. 1.- A rod AB, of given length Z, is supjmrted in a horizontal position 
Inj two pegs, one at each end. A heavy particle M, whose weight is IF, traverses the 
rod slowly from one end to the other. It is required to find the stresses at any point. 

Let Let B and B' be the pressures of the supports at A and 

B on the rod. These are evideutly given by 

7^7= TF. I, EZrrlFp-^q. 
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Let P be the iJoiut at Avhich the stresses are req.uired, and let AP—.v. To find 
these we consider the equilibrium of either the portion AP or the portion BP of 
the rod, "We choose the former, as the simpler of the two, because there is only 



ting on it. The shear at P is therefore equal in magnitude to 
of the stress couple is equal to lix. 

licli the stresses are required is on the other side of 31 as at P 
s more convenient to consider the equilibrium of BP'. The 
to P', and the bending moment to Ii'{L-x'). 
oup>le is generally more effective in breaking a rod than either 
sion, we shall at present turn our attention to the couple. If 
erect an ordinate PQ proportional to the bending couple at P, 
represent to the eye the magnitude of the bending couple at 
rod. In our case the locus of Q is clearly portions of two 
ented in the figure by the dotted lines. The maximum ordinate 
id is represented by either or R' (J - Q, according as we take 
or the sides A3I or i!/P of the rod. Substituting for R or R', : 
at M becomes This is a maximum when 31 is at;' 

AJB. 

i/’s in a general way that, when a man stands on a stiff plank 
a, the bending couple is greatest at the point of the plank on 
ds. Also if he walks slowly along the plank, the bending couple 
is midway between the two supports. 

•m heavy rod AB is supported at each end. If w be the weight 
rove that the bending couple at any point P will be .AP. BP. 

reral forces ffct on a rod, the diagram by which the distribution 
j exhibited to the eye can be constructed in a similar manner. 

. act at the points ^ ^od in the directions indicated 

= AiA^=a.^ and so on. Then the bending moment at 
atween and A^, is obtained by taking the moments of the 
b Aj, ^2, ^13, these being points on one side of P. Putting 
d bending moment is 

7^ — RjX P2 ~ ^2) *1” "^3 ” ^^3} * 

te PQ to represent y, it is clear that the locus of Q between A.^ 
line. 
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A, 


p moves beyond A^ we must add to this expression the moment 
— J?4(a;-a4). The locus of Q is now a different straight line. 
*mer at the point x — a^, i.e. at the top of the ordinate corre- 
ct A4, but its inclination to the rod is different. 

'ivhen cb rod is acted on only by forces at isolated pointSy the 
■,g the bending couple loill consist of a series of finite straight 
es an easy method of constructing the diagram. Calculate the 
Log the bending couples at these isolated points, and join their 
;ght lines. In this case there can be no maximum ordinate 
cl points A2 &c. at which the forces act. Hence the bending 

inium or minimum only at one of these points. 


If ilia rod is heaviu its weight is dixstribiitcd over the whole rod. The bending 
couple at P will contain not merely the moments of the forces which act at 
xiy , A .2 t%c., but also that of the weight of the portion yi^P of the rod. If w be the 
weight per unit of length, the bending couple at F will be 
y = I>It (.r - a) “ hvx-, 

for the weight of yijP will be lox, and it may be collected at the middle point of AjP. 

This is the Gcpiation to a parabola. Hence the diagrtwi will consist of a series 
of arci^ of j;ttrab(7hi.s, each intersecting the next at the extremity of the ordinate 
along which an isolated force acts. All these parabolas have their axes vertical. 
If the different sections of the rod bo of the same weight per unit of length, the 
latera recta of the parabolas will be equal. 

This expression gives the bending moment by which the forces on the left or 
negative side of any point P tend to turn the portion of the rod on the positive side 
of P in the direction of rotation of the hands of a watch. 

Suppose that any portion GD of a rod ACDB has no weight, and that no point 
of support lies between C and X). The remaining parts of the rod on each side of 
CD may have any weights and any number of points of support. The bending 
couple at any pjoint between C and I) is always proportional to the ordinate of 
some straight line. But if ?/i, y„, and y are ordinates of any straight line at G, D 
and P, and if the distances CP ami PD are li and U, it is easy to see that 

2/(^i+y=?/i'2+3/2^- 

This equation therefore must also oonneot the beu3ing couples (/, , ;/,,, and y at tlie 
points C, -D, and any intermediate point P. 

Let us next suppose that the portion GD of the rod is heavy. The bending 
couple at any point of this portion of the rod is now proportional to the ordinate of 
the parabola ?/=// -I- Bx - where yl= ~2Ra and P=2P. If and y are 

the ordinates at C, D and any point P, where CP = /i, PD=L, it is easy to prove 
that y (/j + In) = tjiln + y.Ji + iwf h {li + y . 

Thin equation coimects the hending couples at any three points of a heavy rod 
provided there is no point of support within the length considered. 

Ex. If ?/i, 7/.J, ^3 be the bending couples at three consecutive points of support 
of a heavy horizontal rod whose distances apart are 

^2 (^1 + y = Vih + Vsh + k ih + k) - > 

where P is the pressure at the middle point of support, and w is the weight of the 
rod per unit of length. 

146. Since the bending couple at any point P is the sum of the moments of the 
several forces which act on one side of P, it is clear that each force contributes its 
share to the bending couple as if it acted alone on the rod. In this way it is 
sometimes convenient to consider the effects of the forces separately. 

For example, if a heavy rod AB, supported at each end, has a weight IV placed 
at a point il/, the bending couple at any point P is the sum of the bending couides 
found in Art. 144 for the two cases in which (1) the rod is light and (2) there 
is no weight at il/. The heudhig couple is therefore given by 

, ly = IV .B31.AP + hvl .AP. BP. 

^ 147. Ex. 1. A heavy rod is supported in a horizontal position on two pegs, 
one at each end. A heavy particle, whose weight is n times that of the rod, is placed 



at a point M. If G be the middle point of the rod, show that the bending couple 
will be greatest either at some point between M and C or at M, according as the 
distance of il/ from G is greater or less than n times its distance from the nearer 
end of the rod. 


Ex. 2. A semicircular wiveAGB is rotated with uniform angular velocity about 
ja tangent at one extremity A. Show that the bending couple is zero at B, is a 
^maximum at the middle point C, vanishes at some point between G and A, and is 
again a maximum with the opposite sign at A. Show also that the maximum at A 
\ is greater than that at C. 


It may be assumed that the effect of rotation is represented by supposing the 
wire to be at rest, and each element to be acted on by a force tending directly from 
the axis of rotation and proportional to the mass of the element and its distance 
from the axis. 


3, A horizontal beam Ai?, without weight, supported but not fixed at both 
ends A and B, is traversed from end to end by a moving load W distributed equally 
over a segment of it, of constant length PQ. Show that the bending moment at 
any point X of the beam, as the load passes over it, is greatest when X divides PQ 
in the same ratio as that in which it divides AP. Show also that this maximum 
^ ^ bending moment is equal to TF. AX.BX {AB - \BQ)lAB‘^. [Townsend.] 

/ Let /lA=a, BX=b, AB — a + b, BQ^l, AP = a;, BQ^^. Let 11 be the shear at 
A, and y the bending moment. Since the weight of PA, viz. 'io[a-x), may be 
collected at its middle point we have by taking moments about A for the portion A A 
of the beam hw[a- x){a-\-sr) - y +Ba~0, similarly, taking moments for BX about P, 

Eliminating E, 21 (a + b)y— IF {ab (a. H- 6) ~ bx- - j. , 


Making y a maximum with the condition .'c + ^ = u + - I, the results follow 
-at once. 


“ \/ Ex. 4. A uniform horizontal beam, which is to be equally loaded at all points 

'f^Yoi its length, is supported at one end and at some other point; find where the 
second suxjport should be placed in order that the greatest possible load may 
be placed upon the beam without breaking it, and show that it will divide the 
beam in the ratio 1 to J2-1, [Math. Tripos.] 

Let ABG be the beam supported at A and B. Let %odx be the load placed on 
dx ; wTt, xoB' the pressures at A, B. Let I be the length of the beam, ^ = dP., then 


2^ > L We easily find P = J 


A 


Let P and Q be two points in GB and BA respectively, a;=CP, x'=AQ. By 
taking moments about P and Q respectively the bending couples y, ?/ at P and 
Q are found to be y=--i'iOx% y' = ivBx' - 

The first parabola has its maximum ordinate at B, the second has a maximum 
ordinate at a point x' = Ii which must lie between A and B. The bending couples 


at these points are numerically equal to (I - 0^ and 


o-sy 


If these are 


unequal, the support B can be moved so as to diminish the greater. The proper 
position is found by making these equal; hence = Since ^ must 

be greater than this gives ^^2 — 1. 

Ex. 5. Three beams AB, BG, GA are jointed at A, B, C, B being an obtuse angle, 
and are placed with AB vertical, and A fixed to the ground, so as to form the 


framework of a crane. Tliero is a pulley at C, and the rope is fastened to AB 
near B and passes along BG and over the pulley. If it support a weight IF, large in 
comparison with the weights of the framework and rope, find the couples which 
" tend to break the crane at A and B. [Math. Tripos.] 

' Ex. 6. A gipsy’s tripod consists of three uniform straight sticks freely hinged 
C c ^‘^S^ther at one end. From this common end hangs the kettle. The other ends of 

i) sticks rest on a smootlr horizontal plane, and are prevented from slipping by a 
jT . ' smooth circular hoop which encloses them and is fixed to the plane. Show that 

V there cannot be ecpiilibrium unless the sticks be of equal length ; and if the weights 

of the sticks be given (equal or unequal) the bending moment of each will be greatest 
at its middle point, will be independent of its length, and will not be increased on 
iucreasiiig the weight of tlio kettle. [Math. Tripos, 1878.] 



Ex. 7. A brittle rod AB^ attached to smooth hinges at A and is attracted 
towards a centre of force C according to the law of nature. Supposing the absolute 
force to be indefinitely augmented, prove that the rod will eventually snap at a 
lioint E determined by the etiuation sin ^ (a -1-/3) cos d = sin ^ (a- /3), where a, ^ 
denote the angles BAG^ ABCy and 0 the angle AEG. Math. Tripos, 1854. See also 
^..the solutions for that year by the Moderators and Examiners. 


Indeterminate Problems 


/ 


148. When a body is placed on a horizontal plane, the pressure 
cxerbed by its weight is distributed over the points of support. 
When there are more than three supports, or more than two in 
one vertical plane, this distribution appears to be indeterminate. 
Thus suppose the body to be a table with vertical legs, and let 
these legs intersect the plane horizontal surface of the table in the 
points Ai, An &c. Let the projection on this plane of the centre of 
gravity of the body be G. The weight W of the table will then be 
supported by certain pressures Pj, P 2 &c. acting at Ai, An &c. Let 
0(v, Oy be any rectangular axes of reference in this plane and let Oz 
be vertical. Let be the coordinates of Ai, A 2 &c. 

and let {xy) be those of G. Since W is supported by a system of 
parallel forces we have by Arts. 110 and 111 

Wx = -k +•.. 

These three equations suffice to determine R^, R^ &c. if there are 
but three of them and these not all in one vertical plane, but if 
there are more than three, the problem appears to be indeterminate. 
In this solution we have replaced the supporting power of the 
floor by forces jf?i, R^ &c. acting upwards along the legs. What we 
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have really proved is that the table could be supported by such 
forces in a variety of different ways. Suppose there were four legs ; 
we could choose one of these forces to be what we please, the 
others could then be found from these three equations. It is 
therefore evident that the problem of finding what forces could 
support the table must be. indeterminate. 

The actual pressures exerted by the table bn the floor are not 
indeterminate, for in nature things are necessarily determinate. 
When anything appears to be indeterminate, it must be because 
we have omitted some of the data of the question, i.e. some property 
of matter on which the solution depends. 

We notice that the elementary axioms relating to forces, which 
have been enunciated in Art. 18, make no reference to the nature 
of the materials of the body. We have found in the preceding 
Articles that the equations supplied by these axioms have in 
general been sufficient to determine all the unknown quantities 
in our statical problems. In all these problems therefore the 
magnitudes of the reactions and the positions of equilibrium of 
the bodies depended, not on the materials of the bodies, but on 
their geometrical forms and on the magnitudes of the impressed 
forces. It is evident, however, that these axioms must be insuf- 
ficient to determine any unknown quantities which depend on the 
materials of the bodies. In such cases we must have recourse to 
some new experiments to discover another statical axiom. Thus, 
when we study the positions of equilibrium of rough bodies, another 
experimental result, depending on the degree of roughness of the 
special body considered, is found to be necessary. In the same 
way the mode of distribution of the pressure over the legs of the 
table is found to depend on the flexibility of the materials. 

However slight the flexibility of the substance of the table may 
be, yet the weight W will produce some deformation however 
small. The magnitude of this will influence and be influenced by 
the reactions iig &c. The amount of yielding produced by the 
acting forces in any body is usually considered in that part of 
mechanics called the theory of elastic solids. No complete solution 
of the special problem of the table has yet been found. But when 
any assumed law of elasticity is given, it is easy to show by 
some examples, how the problem becomes determinate. Poinsot's 
Miments de Statique and Poissons TraiU de Mecanique. 



^ 149 . Ex. 1. A rectcmyxUar tahie itas the legs at the four corners alike in all 
respects and slightly covqmssible. The amount of compression in each leg is 
su 2 }posed to he proportional to the pressure on that leg. Supposing the floor a.nd the 
top of the table to be rigid^ and the table loaded in iinij given manner, find the pressure 
on the four legs. Show that when the resultant weight lies in one of four straight 
lines on the surface of the table, the table is siqiported by three legs only. [Math. 
Tripos, 1800, Watson’s problem, see also the Solutions for that year.] 


Let the two sides AB, AD be the axes of .v and y. 
act at a point G whose coordinates are (.vy). Let 
uiB=a, AD = h. Since the top of the table is rigid, 
the surface ns altered by tlie compression of the legs 
is still plane. Also, since the compression is slight, 
we shall neglect small quantities of the second order, 
and suppose the pressures at A, B, 0, D to remain 
vertical. We have the usual statical equations 


Let the resultant weight W 



1V.X = ( 2?2 -H ii,) «, Wy = (i?,j + J?4) b I 


,(i). 


Because a diagonal of the table remains straight, the middle point descends a 
space which is the arithmetic mean of the spaces descended by its two ends. It 
follows that the mean of the compressions of the legs A and C is equal to the mean 
of the compressions of the legs B and D. But it is given that the pressures are 
proportional to these compressions. Hence 


B.^= Bi>2^-jr ( 2 ). 

These four equations determine the pressures. 


If we put = we easily find that 2xlaA-2ylb = l, i.e. the table is supported ou 
the three legs A, B, D when the weight W lies on the straight line joining the 
middle points of AB, AD. Joining the middle points of the other sides in the 
same way, we obtain four straight lines represented by the dotted lines. When 
the weight JV lies within this dotted figure all the four legs are compressed ; when 
without this figure three legs only are compressed. The equations above written 
are then correct, only if we suppose that some of the reactions are negative. As 
this cannot in general be possible, we must amend the equations (1) by putting one 
reaction equal to zero. The equation (2) must then be omitted. 

Bx. 2. A and C are fixed points or pegs in the same vertical line, about which 
the straight beams ADB and CD are freely moveable. AB is supported in a hori- 
zontal position by CD and has a weight IV suspended at B. Find the pressure at C 
(1) when there is a hinge joint at D, and (2) when CD forms one piece with AB, the 
weights of the beams being in each case neglected. [Math. Tripos, 1841.] 

In the first part of the problem the action at D is a single force, in the second 
part it is a force and a couple, Art. 142. In both 
parts of the problem the action at C is a force. 

In the first part, the actions at C and D are equal 
and act along CD by Art. 131. Taking moments 
about A for the rod AD, we easily find that this 
action is equal to W. ABjAN where AN is a perpen- 
dicular on CD. 



In the second part there is nothing to determine the direction of the action 
at C. We only know it balances an unknown force and a couple. If we write 



down tliG three equations of equilibrium for the whole body, it will be seen that 
we cannot find the four components of the two pressures which act at A and G. 
The problem is therefore indeterminate. 

Ex. 3. A rigid bar without weight is suspended in a horizontal position by 
means of three equal vertical and slightly elastic rods to the lower ends of which 
are attached small rings d, B, and G through which the bar passes. A weight 
is then attached to the bar at any point G. Show that, on the assumption tJiat 
the extension or compression of an elastic rod is proportional to the force applied 
to stretch or compress it, and provided the rods remain vertical, then the rod at B 
will be compressed if G lie in the direction of the longer of the two arms AB, BG, 


and be at a greater distance from B than 


AB--\~BC'^ 


[Math. Tripos, 1883.] 


Ex. 4. ABCD is a square; six rods dJ?, BC, CD, DA, AC, BD are hinged 
together at the angular points, and equal and opposite forces, F, are applied at 
B and D in the directions DB and BD respectively. The rods are elastic, but the 
extensions or compressions which occur may be treated as infinitesimal, is the 
ratio of the extension per unit length to the tension for of the compression to the 
corresponding force) for the rod AB, and is a constant depending upon the material 
and the section of the rod. eg* similar constants for the other rods 

in the order written above. Prove that the tension of the rod BD is 

fl 1 F. [Coll. Exam. 1886.] 

\ <7j + ^?2 + Cg + </4 + 2 n/ 2 (Cfj + Cg) / 

The rods being only slightly elastic we form the ordinary equations of equi- 
librium on the supposition that the figiue has its undisturbed form, i.e. that ABCD 
is a square. We then find that the thrust along every side is the same. If the 
thrust along any side be P and those along the diagonals BD, AC he T and T, we 
have also PAy2 + T' = 0, P^y2-i- T-|-P'=0. 

We next seek for a geometrical relation between the six lengths of the figure 
after it has been disturbed by the action of the forces P, F, If the lengths of the 
sides taken in the order mentioned in the question be a- fl 4-a;), a.(l-|-y), afl + z), 
a(l-l-u), a»y2(l-fp'), a^y2(l-hp), we find that 2 {p-\- p')=x + tj when the 
squares of the small quantities are neglected. Using the law of elasticity, this 
geometrical condition is equivalent to 2 {eQT + e^T') ~{ej + e 2 -\-eQ + e^) P. 

We have now three equations to find P, T and T' in terms of F. 

150. Stiff Framework Let /ij, &c. be n particles connected together by 
•^''straight rods hinged to these particles. We shall suppose that all the forces which 
act on tbe system are applied to these particles, so that the reactions at the 
extremities of every rod are forces, both of which act along the rod. It is proposed 
to ascertain ivhether the ordinary statical equations are or are not sufficient in 
mmher to find all these reactions, i.e. to ascertain whether the problem of finding 
these pressures is determinate or indeterminate. In the latter contingency it 
is further proposed to ascertain lohcther the equations of elasticity are sufficiently 
numerous to enable us to complete the solution. 

* The reader may consult on the subject of frameworks two papers by Maxwell 
in the Phil. Mag., 1864 and the Edinburgh Transactions, 1872, also the Statique 
Graphique, by Maurice Levy, 1887. 


R. S. I. 


161 . I^et na fmt eyujiiire what number of conneGting rods could make the 
frmueumrk siif}'. ARHuniin^ % not to lie Ighh than 2, \ve start by stitloning two 
l)arLiol(!H Jj and Jy by moans of ono connooting rod. The remaining n~2 have 
to 1)0 j(iinto<l to tlioso. In order tluit a third particle d.j should be rigidly connected 
to tlieH(‘ two, it must be joined to both and thus requiring two nioi’G connect- 
ing rods. If a fourth is to be rigidly connected with those, it must be joined to 
any two out of the tliroe i)articleH already joined. Troceoding in this manner we 
SCO that for each x>articlo joined to the system two additional rods are neeeasary. 
Thus to make a si/stnii of n partleleH rigidy a framework of 2 (;i~2) + l, i.e. 2n-H, 
connecting rode h evjlicient. 

Wlmn any particle, as d.j, is joined by two rods to two other particles as A.>y 
there lunsb bo sonic eonvmition to settle on which side of the base A^A.j the vertex 
of the triangle is to be lahen. If not, there may bo more than one xoolygon 

having sides equal to the given hmgths. 

Wo must also nothu; tliut when tlie iiarticle is joined to the lixed particles 
dj, dy by two rods, ifd., Hhouhl Imppon to ho in the same straight line with 
the connection is not made luirfeotly rigid. Tlie xiartiolo d., could make an injhutely 
small dhplaeemeni pei'iiendicular to the straight lino dj/iod.., on either side of it. 
Tliis is an imaginary diH])laeement, to bo taken account of when the circuiustauees 
of tlie xirohhim reipiiro that wo should neglect .small quantities of the second order. 

If the xiarLicles are not all in the same plane, and a is not loss than Id, we start 
with tlireo particles requiring three rods to stilfeii them. Eacli additional particle 
of tlio renuiining n-ii must bo abtaoliod to throe of the i)articles already connected. 
Thus to make a sgstem of n parUeJee rigid, a framework of b (a- il) -l-Id, Le, 3n-6, 
connecting roda is snficieuL 

It is not necessary that tlie connections between the xiartiolos should be made in 
the precise way just doHcribed. All wo liavo xiroved is that the system could be 
stilTonod by 2v? - IJ or Hn - 0 rods properly placed. These may bo arranged in 
several diiTorent ways"^ so as to stilTon the system. On tlic other hand if the rods 
arc not proiicrly iilnced the system may not ho still: ; thus one part of the system 
may bo stilTonod by more than the necessary number of rods, and another part may 
not liavo a sunicient number. 

A system of particles made rigid by just the necessary number of bars is said to 
be siniplg stigf or just stijf When there are more bars than the necessary number, 
the system may ho called over stijf Whoii the number of bars is less than the 
number nocossary to stilTon the sy.stom, the framework is said to bo deformable. 
Tlie shape it will assume in equilibrium is then unknown and has to be deduced, 
along with the reactions, from the equations of equilibrium, 

163 . Wo may infer as a corollary from this that a polygon having n corners is 
ill general given when we know the lengths of 2/i-3 sides. If ni be the number of 
sides and diagonals in the polygon, there must be va-(2/i-3) relations between 
their lengths. It appears that 2/i-3 of the ni lengths are arhltranj except that 

* Tlie argument maybe summed up as follows. Taking any fixed axes, a figure 
is givou hi gwsitiou and form when we know the 2ii or 3a coordinates of its n corners. 
Theso arc the arbitrary quantities of the framework. If oxi\y its form i.s to be deter- 
ininato we refer the figure to coordinate axes fixed relatively to itself, and the 
coordinates required to determine the position of a free rigid body are now no longer 
at our disposal. Wo therefore have 2/i -* 3 or 3a - 0 arbitrary quantities according 
as tlio body is in one xfiaue or in spaoo, Art. 20C, 



they must satisfy such conditions as ivill permit a figure to he formed; for instance 
if three of the arbitrary lengths form a triangle, any two of the lengths must 
together be greater than the third. The exceptional case referred to above occurs 
when some of these necessary conditions are only just satisfied. 

If all the corners are joined, each to each, the number of lengths will be {n~l). 
There will therefore be i [n - 2) [n - 3) relations between the sides and diagonals of 
a polygon of ii corners. In the same way there will be ^{n- 3) {n - 4) relations 
between the edges of a polyhedron. 

153 . Let us next enquire hoio many statical equations loe have. Let us 
suppose the system to be acted on by any given forces whose points of application 
are at some or all of the particles. These we may call the external forces. 

Since each particle separately is in equilibrium, we may, by resolving the forces 
on each parallel to the axes, obtain 2?! or 37i equations of equilibrium according as 
the system is in one plane or in si)ace. 

However numerous the reactions along the rods may be, we can always eliminate 
them from these equations and obtain either three or six equations, according as 
the system is in one plane or in space. To prove this, we notice that, taking 
all the particles together as one system, the internal reactions balance each other. 
Kesolving then the external forces in some two directions in the plane of the 
system and taking moments about some point, we obtain* three equations of equi- 
librium free from all internal reactions (Art. 112). And it is clear that no 
resolutions in other directions and no moments about other points will give more 
independent equations than three (Art. 115). In the same way, if the system is in 
space, it will be shown that we can obtain six equations free from internal reactions 
by resolving in some three directions and taking moments about some three axes. 
On the whole then we have either 2n-3 or 37i-6 equations to find the reactions. 
In a simply stiff framework we have just this number of independent reactions. 
Thus i?i a framezvoi'k, simply stiffs without any unknown external reactions^ we have 
a sufficient numher of equations to find all the 2/i~ 3 or 371-6 reactions. 

If the framework is subject to external constraints, for example if some points 
are fixed in space, the number of bars necessary to stiffen the system is altered. 
Whether stiff or not let there be 2?i - 3 - /c or 3n -Q-k bars. It follows easily 
that the equations of statics will supply /c -{- 3 or & + 6 equations (after elimination 
of the internal reactions) to find the external reactions and the position of 
equilibrium. If these are sufficient the problem is determinate. 

154 . Although the equations in statics may be sufficient in number to de- 
termine the internal reactions, yet exceptional cases may arise. The equations thus 
obtained may not he independent^ or they may he contradictory. 

* If it is not clear that these three equations must follow from the 2n or Sn 
equations of equilibrium of the separate particles, we may amplify the proof as 
follows. If any particle is acted on by a reaction JR -^2 tending to A^, then the 
particle A^ is acted on by an equal and opposite reaction R^i tending to Aj . The 
resolved parts of jRjg and parallel to x will therefore also be equal and opposite. 
If then we add together alfthe equations obtained from all the particles separately 
by the resolution parallel to x, the sum will yield an equation free from all the i?’s. 
In the same way the resolution parallel to y or z will each yield another equation 
free from all the internal reactions. 

Next since the forces on each particle balance, the sum of their moments about 
any straight line is zero. But by the same reasoning as before the moment of 
the reaction ''vhich acts on A^ must be equal and opposite to that of the reaction 
R^i which acts on A 2 . Hence if we add all the equations obtained from all the 
particles by taking moments, the sum will yield an equation free from all the E’s. 

7—2 


As an example consider the case of three rods, A^A^, A^A.^j A^A^ jointed at 
yli, A^y A^i and let the lengths be such that 
all three are in one straight line. Let the 

extremities Aj , A,j be acted on by two opposite brr-:: ■ ^ 

forces each equal to F. Let be 

the reactions along AjA 2 , ^Jo/ig, Aj^A^ respectively. Here we have a simi^ly still 
Irnmework and we should therefore find Bufficient equations to determine the 
reactions. The equations of equilibrium for the tlireo corners are however 

which are evidently insufficient to determine the three reactions. 

The conditions under which these exceptional cases can arise are determined 
algebraically by the theory of linear equations. The 2?i-3 or 3 h- 6 equations 
to find the reactions at the corners of the framework are all linear. If a certain 
determinant is zero, one equation at least can he derived from the others or is 
contradictory to them. In the latter case some of the reactions are infinite ; this 
of course is impossible in nature. In tlie former case one reaction is arbitrary, 
and all the others can be found in terms of it and the given external forces. In 
a similar manner we can find the condition that two reactions are arbitrary. These 
conditions can be exxnessed in a more definite way, but as this part of the theory 
follows more easily from the princip>le of virtual work, we shall postpone its con- 
sideration until we come to the chapter on that subject. 

156 . Lei us next siq}pose that the system of n particles has more than the 
number of bars necessary io stiffen it. In this case there are not enough equations 
to find the reactions unless something is known about them besides what is given 
by the equations of statics. The rods connecting the particles are in nature elastic, 
and the forces acting along them are due to their extensions or compressions. 
Supposing the law connecting the force and the extension to be known, we have to 
examine whether the additional equations thus .supplied are sufficient to find the 
reactions. The framework, being acted on by external forces, will yield, and this 
yielding will continue to increase until the reactions thus called into play are of 
sufficient magnitude to keep the frame at rest. Hor the sake of brevity we shall 
suppose that the amount of the yielding is very slight. In this case we shall assume, 
in accordance with Hooke’s law, that the reaction along any rod is some known 
multiple of the ratio of the extension to the original length. This multiple depends 
on the nature of the material of which the rod is made. 

Let the framework have m rods, where m exceeds 2?t- B or 37i- 6 by k. Taking 
the case in which the framework is not acted on by any external reactions, we shall 
require 7c additional equations (Art. 153). By Art. 152 there are k relations between 


the lengths of these rods. Let any one of these be 

f(l„ l,, &o.) = 0 (1), 

where Zj, L Arc. are the lengths of the rods. Differentiating this we have 

+ ( 2 ), 


where ilij, BL &e. are partial differential coefficients, and df, dl^ &c. are the 
extensions of the sides. If R^ &c. are the reactions along the sides we may, 
by Hooke’s law, write this equation in the form 

4” AZ 2 ^ 2 ^ 2^2 "b Arc. = 0, 

where Xj, X 2 reciprocals of the known multiples. 
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It apiyears therefore that each equation such as (1) supplies one relation betiveen 
the reactions. Thus the requisite number of additional equations can he deduced 
from the thconj of elasticity. 

In the case of the three rods mentioned in Art. 154 we notice that the relation 
corresponding to (1) is + /gj - ?i 2 = where &q. It follows by difierentia- 

tion that the three reactions are equal in magnitude if ail three rods are made of 
the same material and are of equal sectional areas. 


Asiatics 

f * 156. Let a rigid body he acted on at given points Ai, A^, (Soc. by 
forces Pj, Po &c. ivhose magnitudes and directions in space are given. 
Let this body be displaced in any manner: it is required to find how 
the resultant force and couple are altered. 

Choosing any base of reference 0 and any rectangular axes Ox, 
Oy fixed in the body, we may imagine the displacement made by 
two steps. First, we may give the body a linear displacement by 
moving 0 to its displaced position Oi, the body moving parallel to 
itself; secondly, we may give the body an angular displacement, by 
turning the body round 0^ as a fixed point until the axis Ox comes 
into its displaced position. Then every point of the body will be 
brought into its proper displaced position, for otherwise the several 
points of the body would not be at invariable distances from the 
base 0 and the axis Ox. 

Since the forces Pj, Pg &c. retain unaltered their magnitudes 
and directions in space, it is clear that the linear displacement does 
not in any way affect the resolved parts of the forces, or the 
moment about 0. We may therefore disregard the linear dis- 
placement and treat 0 and Oj as coincident points. 

Consider next the angular displacement. It is clear that we 
are only concerned with the relative positions of the body and 
forces, for a rotation of both together will only turn the resultant 
force and’ couple through the same angle. Instead of turning the 
body round 0 through any given angle 6 keeping the forces un- 
altered, we may turn each force round its point of application 
through an equal angle in the opposite direction, keeping the body 
unaltered. See Art. 70. 

,, 157. We are now in a position to find the changes in the 

/ resultant force and couple. Let Ox, Oy be any axes fixed in the 
body. Let P be any one of the forces Pi, Pg &c. and let A be its 



point of application. Let a be the angle its direction makes with 
the axis of a:. Let this force be turned round A through an angle 
6 in the positive direction, so that it now acts in the direction 
indicated in the figure by AP\ 

Let X, F, G be the resolved parts of the forces, and the moment 
about 0 before displacement ; X\ Y\ G' the same after displace- 
ment. Then, as in Art. 106, 


X' = tP cos (a + 0) = X cos 0 - Fsin (9, 

Y' — SP sin (a + 0) = X sin 0 -f Fcos 6, 

G' = SP [(V. sin (a -h — 2 / cos (a + 0)} 

= G cos 0 + F sin 0, 

where (? — 2 (xPy — yP^), F = 2 {wP^^ -f- yPy). 



The symbol G represents the moment of the forces before displacevient about the 
centre O of rotation. If the angle of rotation round 0 is a right angle, 0 = ,]7r and 
G' = V. Thus the symbol V rejjreHoits the moment of the forces about 0 after they 
have been rotated through a right angle*. If it is permitted to alter slightly a name 
given by Clausius (see riiilBfag,, August 1870), V might be called the Virial of the 
foi'ces. After a rotation through an angle Q let V' be the ne^y value of the virial, 


then 


{.rcos (u-^$)+y sin (a + ^)} 
= V COB - G sin d. 


Thus it appears that the moment G is also what the virial becomes (with the sign 
changed) when the forces have been rotated through a right angle. 

We may find another meaning for the virial V. Let us suppose the components 
Py to act at O, and let their point of application be moved to N, where ON=a:. 
The work of P^ is that of Py is zero. Let the point of application be further 
moved from 17 to /i, where NA = y. The additional work of P^ is zero, that of Py is 
yPy. The sum of these two for all the forces is V. Thus V is the work of moving 
the forces from the base of reference 0 to their resj^ective points of application, the 
forces being supi^osed unaltered in direction or magnitude. 


158. If the body is in equilibrium before displacement, we 
have X = 0, 0, G = 0, Hence after a rotational displacement 

through an angle 0 we have X' = 0, F' = 0, G' = Fsin^. We 
therefore infer that the only other position in which the body can 
be in equilibrium is when 0 = tt, i.e. when the position of the body 
has been reversed in space. If the body is in equilibrium in any 
two positions Avhich are not reversals of each other, the body must 
be in equilibrium in all positions. Lastly, the analytical condition 
that there should be equilibrium in all positions is that F = 0 in 
some one position of equilibrium. 


Darboux, Sur Vequilibre astatique, p. 8. 



159 . Ex. 1. A body is placed in any position not in equilibrium, and the 
forces are such that the components A, Y are both zero. Find the angle through 
which the body must be rotated that it may come into a position of equilibrium. 

Ex. 2. If a body be in a position of equilibrium under the action of forces 
whose magnitudes and directions in space are given, show that the equilibrium 
is stable or unstable according as V is positive or negative in the position of 
equilibrium. 

1 ^ 160. Centre of the forces. It has been shown in Art. 118, 

that, provided the components of the forces (viz. X and F) are not 
both zero, the whole system can be reduced to a single resultant at 
a finite distance from the base of reference. In any position of the 
forces, the equation to this single resultant is 

i.e. (G -- f F cos 0 + (F— I'A — 77F)sin 0 = 0. 

Thus it appears that, as the forces are turned round their points 
of application, this single resultant always passes through a fixed 
point in the body, whose coordinates are given by 
G- ^F+9;Z = 0, 

V^^X^7jr = 0. 

This point is called the cen tre of the forces. The first of these 
equations represents the line of action of the single resultant when 
(9 = 0, the second represents its line of action after a rotation 
through a right angle, i.e. when (9 = i7r, 

As every force in this theory has a point of application fixed in 
the body, it will be found convenient to regard the central point as 
the point of application of the single resultant. Thus the single 
resultant, like the other forces, has a fixed magnitude, a fixed 
direction in space, and a fixed point of application in the body. 
The centre of the forces may be defined in words similar to those 
already used in Art. 82 for parallel forces. If the 'points of applica- 
tion of the given forces are fixed in the hody^ the point of application 
of their residiant is also fixed in the body, however the body is 
displaced, provided the given forces retain their magnitudes and 
directions in space im altered. This fixed point is called the centre 
of the forces. 

Taking any one relative position of the body and forces, and 
any rectangular axes, the coordinates (^t?) of the centre of the 
forces are given by 

rjB?^VY^QX, 


■where X, Y, V, G are referred to the origin as base, and B is the 
resultant of X and F. 

161 . Ex. 1. If the forces of a system are reducible to a single resultant couple, 
show tliat the centre of the forces is at infinity. 

Ex. 2. Show that, as the forces are rotated, the value of GjV at any assumed 
base O is always equal to the tangent of the angle which the straight line joining 0 
to the centre C of the forces mahes with the direction of the resultant force 11, while 
the value of G“+ is invariable and equal to 11- . CO-. 

Since the system is equivalent to a single force 11 acting at (7, it is evident that 
G — R, 02V,‘ where ON is a perpendicular on the line of action of R. Turning R 
through a right angle, we have V= H . CN. The results follow at once. 

162 . There is another method* of finding the astatic resultant of a given 
system which is sometimes useful. The body having been placed in any position 
relative to the forces which may be convenient, let two axes O.r, 0// be chosen so 
that the resolved parts of the forces in these directions, viz. X and Y, are neither of 
them zero. Consider first the resolved parts of all the forces imrallel to .r. By the 
theory of parallel forces these are equivalent to a single force, viz. A’’=SP^, which 
acts at a point fixed in the body whose coordinates are (.fj //]•), whore 

Consider next tho resolved parts parallel toy. These also form a system of parallel 
• forces and are equivalent to a single force r=2Py, which acts at ii point fixed in 
the body whose coordinates are (.r^jyo), where 

.^2 Y = 2,xPy , tjn Y = SyP^ . 

Since the axes of coordinates are arbitrary and need not be at right angles, the 
forces have thus been reduced to two forces acting at two points fixed in the body 
in directions arbitrarily chosen but not parallel. The positions of these points 
depend on the directions chosen. 

163 . Let the fixed points thus found be called A and R. In any one relative 
j)osition of the body and forces, let the two forces X and Y intersect in I, and 
let their resultant act along IP. Let IP intersect the circle described about the 
triangle ABI in G. Then, by the astatic triangle of forces, C is a point fixed in 
the body, and the resultant of X and Y may be supposed to act at C. The 
point C is therefore the centre of the forces. 

Conversely, when the resultant force and tho centre of tlie forces are known, 
that force may be resolved into two astatic forces by using the triangle of forces 
in the manner already explained in Art. 73. 

^ The method explained in this Article has been used by Darboux, Sur Veqailibre 
astatique, and by Larmor, Messenger of Mathematics. 
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164. When one body slides or rolls on another under pressure, 
it is found by exj)erience that a force tending to resist motion is 
calle d into play. In order to discover the laws which govern the 
action of this force we begin with experiments on some simple 
cases of equilibrium, and then endeavour by a generalization to 
extend these so as to include the most complicated cases. 

Let us consider the case of a box A resting on a rough table 
BG, A string DEH attached to the box at D passes over a small 
pulley E and supports a scale-pan 

H in which weights can be placed. | ^ 1 7) E 

By putting Aveights into the box A 
and varying the weight at /f, all B 
cases can be tried. Suiq^osing the 




box loaded, Ave go on increasing the Aveight at H by adding sand 
(Avhich can be afterwards Aveighed) until the box just begins to 
move. The result is that the box, Avhatever load it carries, does 
not move until the Aveight at H is a certain multiple of the 
Aveight of the box and load. Of course the experiment must 
be conducted with much greater attention to details than is 
here described. For example the friction at the pulley E must 
be allowed for. 


165. Laws of friction. The results of this experiment 
suggest the folloAviiig Liavs. 

1. The direction of the friction is opposite to the direction in 
which the body is urged to move. 

2. The magnitude of the friction is just sufficient to prevent 
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motion. Thus there is no friction between the box and the table 
until a weight applied at H begins to act on the box, and then the 
amount of the friction is equal to that weight. 

3. No more than a certain amount of friction can he called 
into 'pUmjy and when more is required to keep the body at rest, 
motion will ensue. This amount of friction is called limiting 
friction. 

4. The magnitude of limiting friction hears a constant ratio g. 
to the normal pressure between the body and the plane on which it 
rests. This constant ratio /z. depends on the nature of the mate- 
rials in contact. It is usually called the coefficient of friction. 

We do not here assert that the friction actually called into play 
is in every case equal to ya times the normal pressure, but only 
that this is the greatest amount which can be called into play. 
For smooth bodies ya = 0. For a great many of the bodies we 
have to discuss ya lies between zero and unity, 

5. The amount of friction is independent of the area of that 
part of the body which presses on the rough plane, provided that 
the normal pressure is unaltered. 

6. When the body is in motion, the friction called into play is 
found to he independent of the velocity and proportional to the 
normal pressure. The ratio is not exactly the same as that found 
for limiting friction when the body is at rest. 

It is found that the friction which must be overcome to set the 
box in motion along the table is greater than the friction between 
the same bodies ivlien in motion under the same pressure. If the 
box has remained on the table for some time under pressure the 
friction which must be overcome is greater than if the bodies were 
merely placed in contact and immediately set in motion under the 
same pressure by the proper weight in the pan H. In some 
bodies this distinction between statical and dynamical friction is 
found to be very slight, in others the difference is considerable. 
The coefficient of friction yu, for bodies in motion is therefore 
slightly less than for bodies at rest. 

It should be noticed that friction is one of those forces which 
are usually called resistances. This follows from the second of 
the laws enunciated above. When a body is pressed against a 
wall, a reaction or resistance is called into play and is of just the 


magnitude necessary to balance the pressing force. If there is ] 
pressure there is no reaction. In the same way friction acts on 
to prevent sliding, not to produce it. 


166. There is another method of determining the laws 
friction by which the use of the pulley and string is avoided ai 
which therefore presents some ad- 
vantages. Imagine the box A 
placed symmetrically on an inclined 
plane BO. Let the inclination of 
BO to the horizon be If W be 
the weight of the box we easily 

find that the normal reaction is ii = IT cos 6, and the fricti' 



F= WsinO. 


F 


Hence = tan 6. 


Let us now suppose the inclin 


tion 6 of the plane to the horizon to be gradually increased un 
the box A begins to slide. The friction F is then the limiti; 
fricbion. It is found by experiment that this inclination is t 
same, whatever the weight of the box may be. It follows th 
the ratio of the limiting friction to the normal pressure is inc 
pendent of that pressure. 


This experiment supplies us with an easy method of appro: 
mating to the value of for any two materials. Place a body 
constructed of one of these materials on an inclined plane J 
constructed of the other material. Supposing A to be at re 
increase the inclination 6 until A just begins to slide, then /x 
slightly less than the value of tan 6 thus found. Next supposi: 
the inclination of the plane to be such that the body A slid 
we might decrease it until the box is just stationary, then ya 
slightly greater than the value of tan 6 thus found. In this w 
we have found two nearly equal numerical quantities betwe 
which the coefficient of friction, viz. fiy must lie. The value of 
which makes tan 6 = fi is often called the angle of friction. 


Ex. Assuming that limiting friction consists of two parts, one i^roportiona] 
the pressure and the other to the surface in contact, show that if the least for 
which can support a rectangular parallelepiped whose edges are a, b, and c 
a given inclined plane be P, Q, and It when the faces be, ca, and ah respectiv 
rest on the plane, then (Q - P) 6c + (P - P) ca -\-{P - Q) ab = 0. [Trin. Coll., 18^ 


/p 


167. The friction couple. When a wheel rolls on a rou 
plane the experiment must be conducted in a different mann 


Let a cylinder be placed on a rough horizontal plane and let 
its weight be W. Let two weights P and P be suspended 
by a string passing over the cylinder 
and hanging down through a slit in 
the liorizontal plane. Let the plane 
of the paper represent a section of 
the cylinder through the string, let G 
be the centre, A the point of contact 
with the plane. Imagine^; to be at first 
zero and to be gradually increased until the cylinder jnst moves. 
By resolving vertically the reaction at A is seen to bo equal to 
Tr+2PH-p. By resolving horizontally we see that there can be 
no horizontal force at A. Thus the friction foi’ce is zero. Taking 
moments about A we see that tliere must be a fricti on couple at 
A whose magnitude is equal to j;?*. 

168. The explanation of this couple is as follows. The 
cylinder nob being perfectly rigid yields slightly at A and is 
therefore in contact with the plane over a small area. When the 
cylinder begins to roll, the elements of area which are behind the 
direction of motion are on the point of separating and tend to 
adhere to each other, the elements in front tend to resist 
compression. The resultant action across both sets of elements 
may be replaced by a couple and a single foi‘ce acting at some 
convenient point of reference. The yielding of the cylinder at A 
also slightly alters the position of the centre of gi'avity of the whole 
mass, but this change is very insignificant and is usually neglected. 
The cylinder is treated as if the section were a perfect circle 
touching the plane at a geometrical point A, The whole action 
is represented by a force acting at A and a couple. The resolved 
parts of the force along the normal and tangent at A are often 
called respectively the reaction and Goq friction force. In our experi- 
ment the latter is zero. The couple is called the friction couple. 

The results of experiment show that the magnitude of p 
when the cylinder just moves is proportional to the normal 
pressure directly and the radius of the cylinder inversely. We 
therefore state as another law of friction that the moment of the 
friction couple is independent of the curvature and p>'^'oportional to 
the normal pressure. The ratio of the couple to the normal 
pressure is often called the coefficient of the friction couple. The 




magnitude of the friction couple is usually very small and its 
effects are only perceptible when the circumstances of the case 
make the friction force evanescent. 

The weight p is commonly spoken of as the friction of cohesion, 
which is then said to vary inversely as the radius of the cylinder. 
But we have preferred the mode of statement given above. 

169. It should be noticed that the laws of friction are only 
approximations. It is not true that the ratio of the limiting 
friction to the pressure is absolutely constant for all pressures and 
under all circumstances. The law is to be regarded as representing 
in a compendious way the results of a great many experiments 
and is to be trusted only for weights within the limits of the 
experiments. These limits are so extended that the truth of 
the law is generally assumed in mathematical calculations. If 
we followed the proper order of the argument, we should now 
enquire how nearly the laws of friction approximate to the truth, 
so that we may be prepared to make the proper allowance when 
the necessity arises. We ought also to tabulate the approximate 
values of ya for various substances. But these discussions would 
occupy too much space and lead us too far away from the theory 
of the subject. 

170 . The experimenters on friction are so numerous that only a few names 
can be mentioned. The earliest is perhaps Amontons in 1699. He was followed by 
Muschanbroek and Nollet. But the most famous are Coulomb [Savants Strangers 
Acad, dcs Sc. dc Paris x. 1785); Xim6n6s [Teoria e pratica delle resistenze de’ solidi 
ne' loro attritl. Pisa 1782); Vince (Phil. Trans, vol. 75, 1785) and Morin [Savants 
strangers Acad, des Sc. de Paris iv. 1833). Besides these there are the experiments 
of Southern, Bennie, Jenkin and Ewing, Osborne Beynolds &c. 

171. One of the laws of friction requires that the direction 
of the friction should be opposite to the direction in which the 
body under consideration is urged to move. When, therefore, 
the body can begin to move in only one way, the direction of 
the friction is known and only its magnitude is required. But 
when the body can move in any one of several ways, if properly 
urged, both the direction and the magnitude of the friction are 
unknown. It follows that problems on friction may be roughly 
divided into two classes. (1) We have those in which the bodies 
rest on one or more points of support, at all of which the lines 
of action of the frictions are known, but not the magnitudes. 
(2) There are those in which both the direction and magnitude 
of the friction have to be discovered. 



covered when the system is bordering on motion. 

172. A particle is placed on a rough curve in two dimensions 
wider the action of any forces. To find the positions of apdlibrium. 

Let X, Y be the resolved forces in any position P of the 
particle. Let R be the reaction measured inwards of the curve 
on the particle, F the friction called into play measured in the 
direction of the arc s. Let be the angle the tangent makes 
with the axis of x. The particle is supposed to be on the proper 
side of the curve, so that it is pressed against the curve by the 
actiim of the impressed forces. Taking the figure of the next 
article, we have, by resolving and taking moments, 

X cos “f Lsill'\/r + i5^= 0, 

— X sin yfr H- Fees = 0. 

Now if fjb be the coefficient of friction F must be numerically less 
than fjiR. The i-equired positions of eejuilibrium are therefijre 
those positions at which the expression 

X cos -x/r + y sin ’xf/' 

— X sin ^ + F cos ^ 

is numerically less than /u. This expression is a function of the 
position of the particle on the curve. Let us represent it hyf(x). 




The positions of equilibrium in which the particle borders on 
motion are found by solving the equations f (x) = ± /u. Since this 
equation may have several roots, we thus obtain several extreme 
positions of equilibrium. We must then examine whether equi- 
librium holds or fixils for the intermediate positions, i.e. whether 
f if v) is < ov > fx numerically. 



_ We may sometimes determine this last x^oint in the following manner. Suppose 

/ €n extreme position, say x=xi^, to be determined by solving the equation f{x) = ij.. 
If eejuilibrium exist in the positions determined by values of x slightly leas than 
f{x) must be increasing as x increases through the value = On the contrary 
if equilibrium fail for these values of Xy f{x) must be decreasing. Thus equilibrium 
fails or holds for values of slightly greater than .Ti according as/' (.t) is positive or 
negative when .t — rPi. Let us next suppose that an extreme i^osition, say x — x^i is 
determined by solving the equation / [x) ~ - jx. If equilibrium exist in the positions 
determined by values of x slightly less than , / (») must be algebraically decreasing 
as X increases through the value x — x^ , and therefore /' [x^ is negative. 

If therefore any extreme position of equilibrium is determined by the value 


jc = ajj of the indei^endent variable, equilibrium fails or holds for values of x slightly 
greater thau ajj according as f'{xi) has the same sign as /x or the] opposite. It is 
clear that this rule may also be used in the case of a rigid body whose position in 
space is determined by only one independent variable. 

sr- ' ' 173 , Cone of friction. Thez'e is another method of finding 
• position of equilibrium which is more convenient when we 

wish to use geometry. Let e be the angle of friction, so that 
fji = tan c. At any point P draw two 
straight lines each making an angle e 
with the normal at P, viz. one on each 
side. Let these be PA, PB. Then the 
resultant reaction at P (i.e. the resultant 
of R and F) must act between the two 
straight lines PA,PB. These lines may 
he called the extreme or hounding lines 
of friction. If the forces on P were not restricted to two dimen- 
sions, we should describe a right cone whose vertex is at P, whose 
axis is the line of action of the reaction R, and whose semi-angle 
is tan"V* This cone is called the cone of limiting friction or 
more briefly the cone of friction. 

Since the resultant reaction at P is equal and opposite to the 
resultant of the impressed forces on the particle we have the 
following rule. The particle is in equilibrium at all points at 
which the impressed force acts within the cone of friction. In the 
extreme positions of equilibrium the resultant of the impressed 
forces acts along the surface of the cone. 




174. A particle is placed on a rough curve in three dimensions 
under the action of any forces. To find the p)Ositions of equilibrium. 

Let X, Y, Z be the resolved parts of the impressed forces. 
Let R be their resultant, T their resolved part along the tangent 
to the curve at the point wdiere the particle is placed. Since T 
must be less than p times the normal pressure in any position of 
equilibrium we have < fp {R" - F). If ds be an element of 
the arc of the curve, this may be put into the form 


'x^+y^+z^Y<-^, 

ds ds ds) 1 p" 




Here X, T, Z and s are functions of the coordinates x, y, z. The 
particle will be in equilibrium at all the points of the curve at 


which thiK inequality holds. If we change the inequality into 
an equality, have an equation to find the Hunting positions of 
equilibriuni. 


176. A ‘particle rests on a rough surface ‘under the action of 
muj forces. To find the positions of eqidl'ibriuni. 

Lety’('^''j l/y 0 Ho the; surface, lot Q be the normal component 
of tin; impi’essed forces at the point where the particle is placed. 
Ill (Hjiiilibriuin we must have < ya-Q't We have therefore 

{Xf,-^Vf,^Zf\y 

./.i:" 4-/y I. 4' 

Her(; Xy Y, Z and f are functions of tlu; coordinates. If Ave 
change the inecjuality into an of[uality, we have a surface which 
cuts the given surface /= 0 in a curve. This curve is the 
boundary of the positions of (vpiilibrium of the particle. ^ 

176 . Kx. 1. A IicjLvy beiul of woiglit ir can slide on a rough eii'cular wire 
Jixed ill Hpaco wiUi ifcn planu vertical A centre of vcpulHivo force is Hituatcd at one 
cxtroiiiity of the horizontal diameter, and the force on the bead when at a dintance 
r Ib pr. I'ind the liriiitiiig poHitioiiB of oquilibriiini. 

If he the angle the radius at the bead makes with the horizon, the tangential 
and normal hircos arc (I^co 8 ‘ 2 ^? - /irsiii 0 ) and (IFain -Hiir cos 0). Putting the 
ratio of the lirst to the eocond equal to retail e, we find sin - 20) = ieoay sin e, 
whore W—pa tan 7 and a is the radius. Discuss these positions. 

Ex. 2 . A heavy i:)article rests in equilibrium on a rough cycloid placed with 
its axis vertical and vertex downwards. Show that the height of the particle above 
the vertex is leas than 2<t sin" e, whore a is the ratlins of the generating circle. 

Ex. b. A rigid framework in the form of a rhombus of side a and acute angle a. 
rests on a rough jicg whose coellicieiit of friction is /n. Prove that the distance 
between the two extreme positions which the point of contact of the peg with any 
side can have is ap sin a. Hee Art. 17B. [St John’s Coll, 1890.] 


Ex. 1. Two uniform rods AB, BO arc rigidly joined at right angles at B and 
liroject over the edge of a table with in contact. Find the greatest length of AB 
that can project ; and prove that if the coellicient of friction be greater than 

the system can hang with only the end ^1 resting on the edge. 

[Math. Tripo.s, 1874.] 


Ex. 5. Tliree rough particles of masses ?/io, are rigidly connected by 
light smooth wires meeting in a point 0, such that the particles are at the vertices 
of an equilateral triangle whose centre is 0. The system is placed on an inclined 
plane of slope a, to which it is attached by a pivot through 0; prove that it will 
rest in any position if the coellicient of friction for any one of the particles be not 
less than 

— On ‘2 4 . niJ - - vum-, - inpno)^. [Math. Tripos, 1877.] 

?/ij + nin H- ^ A - J i i »• 

Ex. 0. A particle rests on the surface .^ 7/2 = c'* under the action of a constant 



force parallel to the axis of z : prove that the curve of intersection of the surface 

1 1 U,2 

with the cone -2 + “2 ~ separate the part of the surface on which equilibrium 

X z 

is possible from that on which it is impossible ; fx being the coefficient of friction. 

[Math. Tripos, 1870.] 

^j2 ^2 

Ex. 7. The ellipsoid ”2 + ^ + ^ = ^ placed with the axis of x vertical, its 
surface being rough. Show that a heavy particle will rest on it anywhere above its 
intersection with the cylinder ^ ( 1+ ^ ^ the coeffi- 
cient of friction. [Trin. Coll., 1885.] 


177 . The following problem is regarded from more than one aspect to 
’ illustrate some different methods of proceeding. 

Ex. 1. A ladder is placed loith one end on a rough horizontal Jloor and the other 
against a rough vertical wall, the vertical plane containing the ladder being pc?pe7fc- 
dicular to the wall. Find the positions of equilibrium. 

Let AB be the ladder, 21 its length, w its weight acting at its middle point C. 
Let 6 be its inclination to the horizon. See the figure of Ex. 2. 

Let E, E' be the reactions at A and B acting along AD, BD respectively ; p, g.' 
the coefficients of friction at these points. The frictions at A and B are and 
7}R', where 7 } are two quantities which are numerically less than g and g' 
respectively. In many problems y may be either positive or negative. In this 
case however, since friction is merely a resistance and not an active force, we may 
assume that the frictions act along AL and LB. We may therefore regard y as 
positive. This limitation will also follow from the equations of equilibrium. 

Ey resolving and taking moments we have 

^E — R' yR' -\-E=w 

2yR' I Gos 6 + 2R'l sin 6 =iol cos 6. 

1 “ 

Eliminating JR, R' we find tan 6 = ■■ ■ . Any positive value of tan 6 given by this 

equation, where y are less than g, g% will indicate a possible position of 
equilibrium. If the roughness is so slight that gg' <1, the minimum value of tan 6 

is given by tan d = . If the roughness is so great that gg'>l, the ladder will 
Ig 

rest in equilibrium at all inclinations. 


Ex. 2. The ladder being placed at any given inclination 6 to the horizon, find 
what weight can be placed on a given rung that the ladder may be in equilibrium. 

Let M be the rung, W the weight on it, AM—m. Let At=:tan e, /i' = tan e'. 

Geometrical Solution. If we make the angles = e, DBE = e', the resultant 
reactions at A and B must lie within these angles and must meet in some point 
which lies within the quadrilateral EFDH. 

Let G be the centre of gravity of the weights 
W and IV. If the vertical line through G 
pass to the left of E, the weight {W-\-w) 
may be supposed to act at some point P 
within the quadrilateral above mentioned. 

This weight may then be resolved obliquely 
into the two directions PA, PB. These 
may be balanced by two reactions at A and 
B each lying within its limiting lines. 



R. S. I. 


8 


The result is that there will oe equmonum u uue Ytjxoiutu oui-uusix 

left of E. 

It is evident that this reasoning is of general application. We may use it to 
find the conditions of equilibrium of a body which can slide with a point on each of 
two given curves whenever the impressed forces which act on the body can be 
conveniently reduced to a single force. We draw the limiting lines of friction at 
the points of contact, and thus form a quadrilateral. The condition of equilihrhnn 
is that the resnltant impressed force shall pass through the quadrilateral area. 

The absciss® of the points E and G measured horizontally from A to the right 
are easily proved to be respectively 

2 ^ (/Aw'cos0+^sin0) - (IFm + 2 f;?) cos g 

ja/i' + l ’ IK+w "• 

If C lie to the right of the vertical through jB, (i.e. I cos 0>x) there cannot be 
equilibrinm unless the given rung lie to the left of that vertical (la cos Q <x]. Also 
the weight TT^ placed on the rung must be snjficienthj great to bring the centre of 
gravity G to the left of that vertical (5;<.'c). 

If C lie to the left of the vertical through E, (icos 0 <.t) there is equilibrium 
whatever TT^may be if the given rung is also on the left of that vertical (?acos^<a'). 
But if the given rung is on the right of the vertical ( 7 a cos a;), the weight W 
placed on it must be sufficiently small not to bring the centre of gravity to the right 
of that vertical. 

Lastly, if the vertical through E lie to the right of B, {tan“V>4’^“- is 
equilibrium whatever W may he, and on whatever rung it may be placed. 

Another problem is solved on a similar principle in Jellett’s treatise on 
friction, 1872. 

Analytical solution. Following the same notation as in Ex, 1 we have by 
resolving and taking nfements 

ijB' -\-R=lV+w, 

2t]Rl cos d-\-2R'l sin 0 = {Trm-|-toZ.) cos 6. 

Eliminating R, R', we find 


21 (^7) cosg + ^ sin d) __ (JVm-hwl) cos d 
TF+2V 


(A). 


The condition of equilibrium is that it is possible to satisfy this equation with 
values of rj which are less than /x, (A respectively. By seeking the maximum 
value of the left-hand side we may derive from this the geometrical condition that 
the centre of gravity of JF and iv must lie to the left of a certain vertical straight 
line. But our object is to discuss tbe equation otherwise. 

Let us regard tj as the coordinates of some point Q referred to any rectangular 
axes. Then (A) is the equation to a hyperbola, one branch of which is represented 
in the figure by the dotted line. If this 
hyperbola pass within the rectangle NN' 
formed by 7 j==±fji\ the conditions 

of equilibrium can be satisfied by values 
of 77 less than their limiting values. If 
the curve does not cut the rectangle, there 
cannot be equilibrium without the assistance 
of more than the available friction. The 
right-hand side of (A) is the quantity already 


y| 


,iV 






0 ''"J 






N' 



called X. Let it be transferred to the left-hand side and let the equation thus 
altered be written ^ = 0 . We notice that z is negative at the origin. In order that 
the hyperbola may cut the rectangle it is sufficient and necessary that z should 
he positive at the point N, i.e. when ^ — The required condition of 

equilibrium is therefore that - x should be a positive quantity. 

fijj. + 1 

^’’his is virtually the same result as before and may be similarly interpreted. 

Ex. 3 . Let the ladder AB be i^laced in a given position leaning against the 
rough vertical face of a large box which stands on the same floor, as shown in the 
figure of Ex. 2. Determine the conditions of equilibrium. 

We have now to take account of the equilibrium of the box BLL'. Let W* be 
its weight. Let jR" be the reaction between it and the floor, j'JR" the friction. We 
have then, in addition to the equations of Ex. 1 , 

R"=:W'+7)Ii\ = 


Eliminating R" we find (IF' ^'>7^ + TF'^- 

We have also by Ex. 1 , ^7/ + 2^ tan ^-1 = 0 (A). 

Eliminating t?, bo as to express both t] and f in terms of one variable we find 
2 (TF' + w) tan {2W' + io) ^=0 (B). 

The conditions of equilibrium are that the two equations A and B can be 
simultaneously satisfied by values of 77, ^ less than /a, fx" respectively. 

Begarding 77, f as the coordinates of a representative point Q, these equations 
represent two cylinders. These cylinders intersect in a curve. If any part of this 
curve lie within the rectangular solid bounded by ^==t^, 7j=±/x't the 

conditions of equilibrium are satisfied. 


But instead of using solid geometry we may represent (A) and (B) by two 
hyperbolas having different ordinates 77, ^ but the 
same abscissa The frictions being resistances, we 
shall assume that they act so that 77, ^ are all 
positive. It will therefore be necessary only to draw 
that portion of the figure which lies in the positive 
quadrant. Take 03I=fx, OM'=iJtf, Let 

OB and AH represent the hyperbolas (B) and (A). 

Then we easily find 

1 {2W'^w)^x" 





/ H- 2 tan 6 ’ 


M"B = , 


[W'-hw] fx" tan 0 ’ 


The condition of equilibrium is that an ordinate can be found intersecting the 
two hyperbolas in points Q, Q' each of which lies within the limiting rectangles. 
The necessary conditions are therefore found by making an ordinate travel across 
the figure from Oilf ' to N'N". They may be summed up as follows. 


( 1 ) The hyperbola AH must intersect the area of the rectangle ON' ; the 
condition for this is that M'A<fx. 


( 2 ) If the hyperbola OB intersect M"N" on the left-hand side of N", i.e. 
if M"Bc:fx, then M'A must be <M"B, for otherwise the ordinate QQ' would not 
cut both curves within the prescribed area. But this condition is included in (1) 
ifiVI"B>/^. 

If the ladder is so placed that the inequality (2) becomes an equality while 
(1) is not broken, the frictions 77 and f attain their limiting values while ^ is 


8—2 


not limiting, tlio ladder will thoreforo bo on tho point of slipping at its upper 
oxtromity, and tho box will bo just slipping along tho piano. 

If tJic ladder is so placed that tho inequality (1) becomen an equality while 
(2) in not hrolccm, ^ and 7; have their limiting values while 5* is less than its limit. 
Tho box is thoreforo fixed and the ladder slips at both ends. 


/ 


17a. FiX. 1. A ladder AJJ rests against a smooth w'all at ii and on a rough 
horizontal piano at yl. A man whoso weight is n times that of the ladder climbs 
up it. Trove that tho frictions at A in tho two extreme cases in which the man 
is at tho two ends of tho ladder are in tho ratio of 2 /h-I to 1. 


vX Ex. 2. A boy of weight w stands on a sheet of ice and pushes with his hands 
against tho smooth vortioal side of a heavy chair of weight iliv. Show that he can 
incliiKJ his bt)dy to tho horizon at any angle greater than oot"'^2ya or cot“^2ya?i, 
according as the chair or the ])ay is the heavier, the cO(3iliciont of friction between 
the ice and boy or the ice and chair being jli, [Queens’ Coll.] 


]']x. 2. Two homispheros, of radii a and h, liave their bases fixed to a horizontal 
piano, and a plank rests symmetrically upon them. If /j. bo the coeilieient of friction 
bobween the i)lank and either hemisphore, the other being smooth, prove that, when 
the plank is on tlie point of slipping, the distanee of its centre from its point of con- 
tact witli tho smooth liomiKpliero is e<iaal to (a [St John’s Goll., 1885.] 


Ex. '1. A heavy rod rests with one end on a horizontal x^hi-ue and tho other 
against a vertical wall. To a point in tho rod one end of a string is tied, the 
other end being fastened to a pt)int in the lino of intersection of the plane and 
wall. Tho string and rod are in a vertical jdane perpendicular to tho 'wall. Show 
that, if tho rod make with the horizon an aaiglo a which is less than tho comifiemeiifc 
of 2c, then eqiiilibidum is impossible unless the string make with the horizon an 
acute angle less than a-h e, whore e is tho angle of friction both with the wall and 
the plane. [Math. Tripos, 1800.] 

Ex. 5. A ])arabolic lamina whose centre of gravity is at its focus rests in a 
vertical piano iixjon two rough rods of the same material at right angles and in the 
same vortical plane ; if 0 be the inclination of the directrix to the horizon in one 
extreme x^osition of oquilibrium, prove that tan^(a- 0) tan (a4-c-0) = tan (a-ej ; 
where c is the angle of friction, a the inclination of one rod to the horizon. 

[Trill. Coll., 1882.] 

Ex. G. Two rods AC, BG with a smooth bingo at G are placed in a given 
position with their extremities yl and B restirig on a rough horizontal plane. The 
Xdaiie of the rods being vertical, find the conditions of equilibrium. 

Lot 0, 0* ho the inclinations of tho rods to the horizon, W and TK' their weights. 
Lot (It, ^R), (IV, be the reactions and frictions at A and B, Resolving and 
taking monient.s in tho usual way, "we find 

TF+ir __ IF'+ir 

^ ~ IK tan 0' + (2 ir+ IK ') tan ~ >K' tan e+(2W'+ IV) tan &' ' 

If the value of ^ thus found is the system will slip (it A ; if it will slip 
at B. If the system slip at A only, then ^>77 ; this gives IF tan OcW' tan O', 

Ex. 7. A groove is cut in tho surface of a flat piece of board. Show that the 
form of the groove may be so chosen as to satisfy this condition, that if the board 
will just hang in equilibrium upon a rough peg placed at any one point of the 
groove, it will also just hang in equilibrium when the peg is placed at any other 
i^oint. [Math. Tripos, 1859.] 



Ex. 8. A lamina is suspended by three strings from a point 0 ; if the lamina 
be rough, and the coefficient of friction between it and a particle P placed upon it 
be constant, show that the boundary of possible positions of equilibrium of the 
particle on the lamina is a circle. [Math. Tripos, 1880.] 

Let ON be a perpendicular on the lamina. Let D be the centre of gravity 
of the lamina, G that of the lamina and particle. Then in equilibrium OG is 
vertical and NG is the line of greatest slope. The angle NOG is equal to the 
inclination of the plane to the horizon and is constant because the equilibrium 
is limiting. The locus of is a circle, centre N, Since DP : DG is constant the 
locus of P is also a circle. 

Ex. 9. Spheres whose weights are TF, TF' rest on different and differently 
inclined planes. The highest points of the spheres are connected by a horizontal 
string perpendicular to the common horizontal edge of the two planes and above it. 
If fji, fi' be the coefficients of friction and be such that each sphere is on the point of 
slipping down, then [Math. Tripos.] 

Consider one sphere : the resultant of T and juB balances that of IF and B. By 
taking moments about the centre T~iiB, Hence, by drawing a figure, B-W. 
Thus T=iiDV and the result follows. 

Ex. 10. A uniform rod passes over one peg and under another, the coefficient 
of friction between each peg and the rod being fx. The distance between the pegs 
is and the straight line joining them makes an angle /3 with the horizon. Show 
that equilibrium is not possible unless the length of the rod is >& {1 -f (tan /3)//x}. 

[Coll. Ex.] 

y' Ex. 11. A uniform rod AGB^ length 2a, is supported against a rough wall by a 
string attached to its middle point C : show that the rod can rest with C at any 
point of a circular arc, whose extremities are distant a and a cos e from the wall, 
where e is the angle of friction. [Take moments about C7.] 

Ex. 12. Two uniform and equal rods of length 2tt have their extremities 
rigidly connected, and are inclined to each other at an angle 2a. These rods rest on 
a fixed rough cylinder with its axis horizontal, and whose radius is a tan a. Show 
that in the limiting position of equilibrium the inclination d to the vertical of the 
line through the point of intersection of the rods perpendicular to the axis of the 
cylinder is given by sin® a sin 0 = cos {0 - ej sin e, where tan c is the coefficient of 
friction. [Coll. Ex.] 

Ex. 13. Three equal uniform heavy rods AB, BG^ CD, hinged at B and C, are 
suspended by a light string' attached to D from a point E, and hang so that the 
end A is on the point of motion, towards the vertical through E, along a rough 
horizontal plane (coefficient of friction /4 = tan e) : show that 

cos (a - e) __ cos (/3- ej _ cos (7 - e) _ ytt cos [d - e) 
cos a ~ 3 cos /3 ~ 5 cos 7 ~ 6 cos B ’ 

where a, (3, 7 are the inclinations of the rods to the horizon beginning with the 
lowest, and 0 that of the string. [Coll. Ex., 1881.] 

Take moments about B, C, D, E in succession for the rods AB, AB and BC, 
and so on. Subtracting each equation from the next in order, the results follow at 
once. 

Ex. 14. A sphere rests on a rough horizontal plane, and its highest point is 


joined to a peg fixed in the plane by a tight cord parallel to the plane. Show that, 
if the plane be gradually tilted about a line in it perpendicular to the direction 
of the cord, the sphere will not slip until the inclination becomes equal to tau"i 2 /a, 
where /a is the coefficient of friction. [Math. Tripos, 1886.] 

Ex. 15. A uniform hemisphere, placed with its base resting on a rough inclined 
plane, is just on the point of sliding down. A light string, attached to the point of 
the hemisphere farthest from the plane, is then pulled in a direction parallel to and 
directly up the plane. If the tension of the string be gradually increased until 
the sphere begins to move, it will slide or tilt according as 13 tan 0 is less or 
greater than 8, where 0 is the inclination of the plane to the horizon. The centre 
of gravity of the hemisphere is at a distance from the centre equal to three-eighths 
of the x*adiu 0 . [Coll. Ex., 1888.] 

Ex. 10. A circular disc, of radius whose centre of gravity is distant c from 
its centre, is iDlaced on two rough pegs in a horizontal line distant 2« sin a apart. 
Show that all positions will be possible positions of equilibrium, provided 
a sin a sin (X^ -i- Xg) > c sin (2a =?: Xj i Xg) , 

where Aj, \ are the angles of friction at the two pegs. [St John’s Coll., 1880.] 

Ex. 17. A number of equally rough particles are knotted at intervals on a 
string, one end of which is fixed to a point on an inclined plane. Show that, all 
the ijortions of the string being tight, the lowest ijarticle is in its highest possible 
position, when they are all in a straight line making an angle sin^i (tan X/tan a) 
with the liue of greatest slope, X being the angle of friction and a the inclination 
of the plane to the Jjorizon. Show also that, if any portion of the string make 
this angle with the line of greatest slope, all the portions below it must do so too. 

[Math. Tripos, 1880.] 

Ex. 18. A rough paraboloid of revolution, of latiis rectum 4a, and of coefficient 
of friction cot j8, revolves with uniform angular velocity about its axis which is 

vertical : prove that for any given angular velocity greater than (< 7 / 2 a)i cot or less 

than (<7/2a)4 tan a particle can rest anywhere on the surface except within a 
certain belt, but that for any intermediate angular velocity equilibrium is possible 
at every point of the surface. [Math. Tripos, 1871.] 

Let be the weight of the particle. It is known by dynamics that we may 
treat the paraboloid as if it Avere fixed in space, provided we regard the particle as 
acted on by a force mco^r tending directly from the axis, where r is the distance of 
the particle from the axis, and w the angular velocity of the paraboloid. 

We may prove that the ordinates in the limiting positions of equilibrium are 
given by {2a(a- - g) 7j ■j-2a^g=:0. That a belt may exist, the roots of this 

quadratic must be real. 

Ex. 19. A rod rests partly within and partly without a box in the shape of a 
rectangular parallelepiped, presses with one end against the rough vertical side of 
the box, and rests in contact with the opposite smooth edge. The weight of the 
box being four times that of the rod, show that, if the rod be about to slip and the 
box about to tumble at the same instant, the angle the rod makes with the vertical 
is JXq-^ cos-1 cos X), where \ is the angle of friction. [Math. Tripos, 1880.] 

Ex. 20, A glass rod is balanced partly in and partly out of a cylindrical tumbler 
with the lower end resting against the vertical side of the tumbler. If a and p are 


the greatest and least angles which the rod can make with the vertical, prove that 

the angle of friction is ^ tan“i ^ . [Math. Tripos, 1875.] 
sin^acosa + sin-^/3cos/3 ^ ^ 

Ex. 21. A heavy rod, of length 2Z, rests horizontally on the inside rough 
surface of a hollow circular cone, the axis of which is vertical and the vertex 
downwards. If 2a is the vertical angle of the cone, and if the coefficient of friction /x 
is less than cot a, prove that the greatest height of the rod, when in eciuilibrium, 

1 i. V • 7 (l + cos^ a + sina V(sin2 a + 4^2)^ ^ 

above the vertex of the cone as I cot a \ „ ■— 7 r: a 

( 2 (l-/>t2tan-a) J 

[Math. Tripos, 1S85.] 

Ex. 22. A heavy uniform rod AB is placed inside a rough curve in the form 
of a parabola whose focus is S and axis vertical. Prove that, when it is on the point 
of slipping downwards, the angle of friction is ^ (SAB - SBA). [Coll. Ex., 1889-] 

Ex. 28. A rod ilfiV rests with its ends in two fixed straight rough grooves OA^ 
OB, in the same vertical plane, which makes angles a and jS with the horizon : prove 
that, when the end ill is on the point of slipping down AO, the tangent of the 

inclination of il/iV to the horizon is ^ . [Math. Tripos, 1876.] 

2 sin (/3 + e) sin (a ~ e) 

Ex. 24. A uniform rectangular board ABGD rests with the corner A against 
a rough vertical wall and its side BC on a smooth peg, the plane of the board being 
vertical and perpendicular to that of the wall. Show that, without disturbing the 
equilibrium, the peg may be moved through a space /a cos a (a cos a + Z> sin a) along 
the side with which it is in contact, provided the coefficient of friction (^a) lie 
between certain limits a being the angle BC makes with the wall, and a, h the 
lengths of AB, BC respectively. Also find the limits of jU. [Math. T., 1880.] 

Ex. 25. An elliptical cylinder, placed in contact with a vertical wall and a 
horizontal plane, is just on the point of motion when its major axis is inclined at an 
angle a to the horizon. Determine the relation between the coefficients of friction 
of the wall and plane ; and show from your result that, if the wall be smooth, and 
a be equal to 45°, the coefficient of friction between the plane and cylinder will be 
equal to where e is the eccentricity of the transverse section of the cylinder. 

[Math. Tripos, 1883.] 

' Ex. 26. A rough elliptic cylinder rests, with its axis horizontal, upon the ground 
and against a vertical wall, the ground and the wall being equally rough ; show that 
the cylinder will be on the point of slipping when its major axis plane is inclined at 
an angle of ir/4 to the vertical if the square of the eccentricity of its principal 
section be 2 sin e (sin e + cos e), where e is the angle of friction. [Coll. Ex. , 1885.] 

Ex, 27. Three uniform rods of lengths a, h, c are rigidly connected to form 
a triangle ABC, which is hung over a rough peg so that the side BC may rest 
in contact with it ; find the length of the portion of the rod over which the peg 

may range, showing that, if cosec C + tan^ (C -B), where C>B, the 

triangle will rest in any position. [Math. Tripos, 1887.] 

Ex. 28. A waggon, with four equal wheels on smooth axles whose plane 
contains the centre of gravity, rests on the rough surface of a fixed horizontal 
circular cylinder, the axles being parallel to the axis of the cylinder ; investigate 
the pressures on the wheels, and prove that the inclination to the horizontal of the 
plane containing the axles is tan~i {tan a {w-iv')IW}, where %o, w' are the weights 


on tho two axlos, W that of the whole waggon, and 2a is the angle between the 
tangent planoa at the points of contact. [Math. Tripos, 1888.] 

Ex. 29, Three circular cylinders A, li, C, alilce in all respects, are placed with 
tlioir axes horizontal and their centres of gravity in a vertical i)lane ; A is fixed, li 
is at tho same level, and C at a lower level touches thorn both, tho common tangent 
planes being inclined at 45*^ to the vertical. B and C are anpportod by a perfectly 
rougli ondlcHS strap of suitable length passing round the cylinders in tho plane 
containing the centres of gravity. Show that equilibrium can be secured by making 
tho strap tight enough, provided that the coelllcient of friction between the cylinders 
is greater than 1 - l/v^2 ; and find how slipping will Ih'st occur if the strap is not 
(piito tight ouougli. [Math. Tripos, 1888.] 

Ex. 30. Two uniform rods AB, BC, of equal length, are jointed at B. They 
are at rest in a vortical plane, equally inclined to the horizon, with tlioir lower ends 
in contact with a rough horizontal plane. Prove that, if they he on the point of 
slipping both at A and 0, tbe frictional couple at the joint is Wa (sin a - 2/a cos a), 
where IV is tho weight of each rod, a the inclination of each rod to the horizon, 
2a tho length of each rod, and tlie coefiicieni of friction. [St John’s Coll., 1890.] 

Ex. 31. kdIx uniform rods, each of length 2a, are joined end to end by five 
smooth hinges, and they stand on a rougli horizontal plane in equilibrium in 
tho form of a symmetrical arch, three on each side ; prove that the span cannot be 
greater than 2a>^2 (l + Vi + \/iV)' if coefiicient of friction of the rods and plane 
be [Coll. Ex,, 1880.] 

Consider only half the arch. The reaction at the highest iioint is horizontal, 
and equal to half the weight of one rod. Take moments (1) for the upper, (2) for 
the two upper, (3) for all three rods. We find that their inclinations to the vertical 
are Jtt, tan-^^i, tan"^^. The result follows easily. 

179. Friction between wheel and axle. Ex. 1. A (ji(j is so constructed that 
when the shafts ai'c horizontal the centre of (jra,vity of the (jiy ami the shafts is over 
the axle of the loheels. The yig in this position rests on a perfecthj rough ground. 
Find the direction and magnitude of the least force xohich, acting at the extremity 
of the shaft, will just move the gig. 

When an axle is made to fit tbe nave of a wheel, the relative sizes of the axle 
and hole are so arranged that the wheel can turn easily round the axle. The axle 
is therefore just a little smaller than the hole. Thus the two cylinders touch along 
some generating line and the pressures act at points in this line. Even if the axle 
were somewhat tightly clasped at first, yet by continued use it would be worn away 
80 that it would become a little smaller than the hole. 

It is possible that the axle may be so large that it has to be forced into the hole. 
Wlien this is the case, besides the pressures produced by the weight of the gig, 
there will be pressures due to the compression of the axle. These last will act 
on every clement of the surface of the axle and their magnitudes will depend 
on how much tbe axle has to be compressed to get it into the hole. If the axle 
and hole are not perfectly circular, these pressures may be unequally distributed 
over the surface of tbe axle. When these circumstances of the problem are not 
given, the pressures on the axle are indeterminate. 

Let X, Y be the required horizontal and vertical components of the force applied 
at the extremity S of the shaft. 



Consider the equilibrium of the wheel. Since it touches a perfectly rough ground 
at A, the friction at this point 
cannot be limiting. Let H and F 
be the reaction and friction. It is 
evident that the friction F must act 
to the left, if it is to balance the 
force X which is taken as acting 
to the right. 

The axle Avill touch the circular 
hole in which it works at some one 
2 )oint B. At this point there will 
be a reaction B' and a friction F\ 
which is limiting when the gig is on the point of motion. Thus F'=iJi.R\ The 
resultant of JR! and must balance the resultant of R and F and the weight of 
the wheel. It therefore follows that the point B is on the left of 0, i.e. behind the 
axle. Let Q be the angle ACB, let a and b be the radii of the wheel and axle. 
Taking moments about A we have 

R'a sin 6 — jiR' {a cos 6 -b). 

Putting jLL=tan €, this gives sin (e - ^ sin e. 

Since h is less than a, we see that d is positive and less than e. 

Consider next the equilibrium of the gig. The forces R' and /xF' act on the gig 
in directions opposite to those indicated in the figure. Let W be the weight of the 
gig, then resolving and taking moments about G we have 

~ sin 0 + fxR' cos 6, 

Y= - R' cos 0 - /JiR' sin 6 + IF, 

Yl=fji,R'b, 

where I is the length of the shaft. These equations give X and Y. 

Ex. 2. A light string, supporting two weights W and TP, is placed over a wheel 
which can turn round a fixed rough axle. Supposing the string not to slip on the 
wheel, find the condition that the wheel may be on the point of turning round the 
axle. If a, b be the radii of the wheel and axle, and /x=tan e, prove that 
{W-W')a = {lV-j- IP) & sin 6, 

Ex. 3. A solid body, pierced with a cylindrical cavity, is free to turn about 
a fixed axle which just fits the cavity, and the whole figure is symmetrical about 
a certain plane perpendicular to the axle. The axle being rough, and the body 
acted on by forces in the plane of symmetry, find the least coefficient of friction 
that the body may be in equilibrium. 

The circular sections of the cavity and axle are drawn in the figure as if they 
were of different sizes. This has been 
done to show that the reaction and 
friction act at a definite point, but in 
the geometrical part of the investigation 
they should be regarded as equal. 

Let the plane of symmetry be taken 
as the plane of xy, and let its intersection 
0 with the axis be the origin. Let A, T, G 
be the components of the forces, and let 
these urge the body to turn round the 
axis in a direction opposite to that of the hands of a watch. 





The axle will toiicli the cavity along a gonorating liiic% let B be its point of 
intorscction with tlic i)lane of xij. Let 0 be the angle BOx. Let 11 and F be 
the normal reaction and the friction at B ; when the body borders on motion we 
have 

By resolving and taking inoincnts we find 

Jl (cos 0 -i* fx sin 0) -y X = 0, 

7^ (sin 0- fx cos 0) -I- r= 0, 

■ ixlia ~y(r = 0 , 

whore a is tlie radius of the cavity. Xhitting jix -- tan e, wo deduce from these eiiuations 
tan (0-e) = yfX, {X- -h r~) cos- e . 

Tliose dotormine the point 7f and the reaction Jl. The least value of the cocllicient 
of friction is then given by 

-i' r-) a‘^ sin" e = G'K 

180. I«erama. If a lamina he moved from any one ‘position 
to any other in its onni pla.ne, there is one 2)oint rigidly connected to 
the lamviKh whose jwsition in sjxwe is unchanged. The lamina may 
therefore be brought from its first to its last position by fixing this 
point and rotaMng the lamina about it through the proj)er angle. 

Lot xi., B be any two points in the lamina in its first position;. 
A\ Jl tlieir povsitions in the last position. Then if xi, B can be 
brought into the positions A\ Jl by rotation about some point 
fixed ill space, the Avhole lamina will be brought from its first to 
its last position. Bisect AA\ BB^ at 
1‘iglit angles by the straight lines LI, 

MI. Then IA=^IA\ and IB = IB'. 

Also, since AB is unaltered in length 
by its motion, the sides of the triangles 
AIB, A' IB' are equal, each to each. It 
follows that the angles AIB, A'lB' are 
equal, and therefore that the angles AIA' and BIB' are equal 
If then we turn the lamina round I, as a point fixed in space^ 
through an angle equal to AIA', A will take the position A'y 
and B will take the position B'. Thus the whole body has been 
transferred from the one position to the other. 

If the body be simply translated, so that every point moves 
parallel to a given straight line, the bisecting lines LI, MI are 
parallel, and therefore the point I is infinitely distant. 

If the angle AIA' is indefinitely small, the fixed point I of 
the lamina is called the instantaneous centre of rotation. 



181. Frictions in unknown directions. We are now 

prepared to make a step towards the generalization of the laws 
of friction. Let us suppose a heavy body to rest on a rough hori- 
zontal table on n supports. Let these points be -dj,,. and 
let the pressures at these points be P], P^,...Pn* We shall also 
suppose the body to be acted on by a couple and a force applied at 
some convenient base of reference, the forces being all parallel to 
the table. To resist these forces a frictional force is called into 
play at each point of support. The directions and magnitudes of 
these frictional forces are unknown, except that the magnitude of 
each is less than the limiting friction, and the direction is opposed 
to the resultant of all the external and molecular forces which act 
on that point of support. If the pressures Pj,...Pn are known, 
there are thus 2?i unknown quantities, and there are only three 
equations of equilibrium. The frictions at the points of support 
are therefore generally indeterminate. 

By calling the frictions indeterminate we mean that there are 
different ways of arranging forces at the points of support which 
could balance the given forces and which might be frictional 
forces. Which of these is the true arrangement of the frictional 
forces depends on the manner in which the body, regarded as 
partially elastic, begins to yield to the forces. Suppose, for 
example, a force Q to act at a point B of the body, and to be 
gradually increased in magnitude. The frictions on the points 
of support nearest to B will at first be sufficient to balance 
the force, but, as Q gradually increases, the frictions at these 
points may attain their limiting values. As soon as they begin 
to yield, the frictions at the neighbouring points will be called 
into play, and so on throughout the body. 

When the external forces are insufficient to move the body as 
a whole, the directions and magnitudes of the frictions at the 
points of support depend on the manner in which the body yields, 
however slight that yielding may be. Even if the external forces 
were absent, the body could be placed in a state of constraint 
and might be maintained in that state by the frictions. Thus the 
frictions depend on the initial state of constraint as well as on 
the external forces. It is also possible that the body, though 
apparently at rest, may be performing small oscillations about 
some position of stable equilibrium. This might cause other 
changes in the frictions. 


uy uiiis wtj iiiQjcLn onat log leasD uimmuT]ion oi raugnness or one 
leasb increase of the forces will cause the body to move. We may 
enquire what is the condition that these forces may be just great 
enough to move the body, or just small enough not to move it. 

When the body is just beginning to move, the arrangement of 
the frictional forces is somewhat simplified. We sujppose the 
body to be so nearly rigid that the distances between the 
several particles do not sensibly change. Thus their motions 
are not independent, but are sensibly governed by the law proved 
in the lemma of Art. 180. The directions of the frictions, also, 
being opposite to the directions of the motions, are governed by 
the same law. 

It will be seen from what follows that, when a rigid body turns round an 
instantaneous axis, the friction at every point of support acts in the direction which 
is most effective to prevent motion. If, therefore, the frictional forces thus arranged 
are insufliciont to prevent motion, there is no other arrangement by which they 
can effect that result. 

If the body move on a horizontal plane, no matter how 
slightly, it must be turning about some vertical axis; let this 
vertical axis intersect the plane in the point I. There are then 
two cases to be considered, (1) the point I may not coincide with 
any one of the points of support, and (2) it may coincide with 
some one of them. 

Let us take these cases in order. The position of I is un- 
known ; let its coordinates be rj referred to any axes in the plane 
of the table. The points Ai,,..An are all beginning to move each 
perpendicular to the straight line which joins it to the point I. 
The frictions at these points will therefore be known when I is 
known. Their directions are perpendicular to lA^, lA^, &c., and 
they all act the same way round /. Their magnitudes are fiiP^ 
&c., if yttt, yWa, &c. are the coefficients of friction. Since the 
impressed forces only just overbalance the frictions, we may regard 
the whole as in equilibrium. Foi^ming then the three equations of 
equilibrium, we have sufficient equations to find both t] and 
the condition that the body should be on the point of motion. 
It may be that these equations do not give any available values 



of 7), and in such a case the point I cannot lie away from one of 
the points of support. 


183. Let us consider next the case in which I coincides with 
one of the points of support, say Ai. The coordinates f , 97 of / are 
now known. Just as before the frictions at . ,An are all known, 
their directions are perpendicular to AiA^, AjA^, &c. and their 
magnitudes are ftoPti, &c. Since Ai does not move, the friction 
at A I is not necessarily limiting friction. It may be only just 
sufficient to prevent from moving. Let the components of 
this friction parallel to the axes o) and y be and F^. Forming 
as before the tliree equations of equilibrium, Ave have sufficient 
equations to find Fj, Fj and the required condition that the body 
may be on the point of motion. If, however, the values of F-^, F^ 
thus found are such that F^^ + F^^ is greater than the 

friction required to prevent A^ from moving is greater than the 
limiting friction. It is then impossible that the body could begin 
to turn round A^ as an instantaneous centre. We can determine 
by a similar process whether the body could begin to turn round 
A^) and so on for all the points of support. 


184 . We shall now form the Cartesian equations from which the coordinates 
7 ] and the condition of limiting equilibrium are to be found. These however are- 
rather complicated, and in most cases it will be found more convenient to find the 
position of I by some geometrical method of expressing the conditions of equi- 
librium. 


Let the impressed forces be represented by a couple L together with the- 
components X and Y acting at the origin. Let the coordinates of Ao c&c. 
be (a:j?/i), (*'^22/0)5 &c. Let the coordinates of I he Let the distances lAjy 

IA2 &o. be r^, ?'2 <&c. Let the direction of rotation of the body be opposite to that- 
of the hands of a watch. Then since the frictions tend to prevent motion, they act 
in the opposite direction round I. 


The resolution of these frictions parallel to the axes will be facilitated if we turn 
each round its point of application through an angle equal to a right angle. We 
then have the frictions acting along the straight 
lines lA^, JA^ all towards or all from the 
point I. Taking the latter supposition, their 
resolved parts are to be in equilibrium with X 
acting along the positive direction of the axis 
of y and Y along the negative direction of x. 

We find by resolution 
J-x 

f j. —\j I 

.( 1 ). 







Tho equation of momeuts must be formed without changing the directions of the 
frictions. Taking moments about I, we have 

:i:fj.Pr^-Y^--X7}-L = 0 (2). 

If tho iiistantaneoiiB centre I coincide with Jj, the equations are only slightly 

altered. Wo write (xjl/j) for and -i'V for — - and and 

finally omit the term AiiVi in the moment. 

185. The SMCinimum Method. There is another way of discussing these 

equations which will more clearly explain the connection between the two cases. If 
tho body is just beginning to turn about some instantaneous axis, it would begin to 
turn about that axis if it were lixed in space. Let then I be any point on the plane 
of xy and let us enquire whether the body can begin to turn about the vertical 
through I as an axis lixed in apace. Supposing all the friction to be called into 
play, tlio moment of the forces round I, measured in the direction in which the 
frictions act, is - Xy - L. 

If, in any position of J, u is negative, tho moment of the forces is more powerful 
than that of tho frictions ; the body will therefore begin to move. If on the other 
hand u is positive, the moment of the frictions is more powerful than that of the forces, 
and the body coxxld be kept at rest by less than the limiting frictions. Let us find 
tho position of I which makes n a miiiimuin. If in this position w is positive or 
zero, there is no point I about which the body can begin to turn. 

To make u a minimum we equate to zero the differential coefficients of u with 
regard to tj. Since ?■“=(;»;- the equations thus formed are exactly 
the equations (1) already written down in Art. 184. 

The statical meaning of these equations is that the pressures on tho axis which 
has been fixed in space are zero when that axis has been so chosen that u is a 
miniinum. If this is not evident, let 11^. and Ry be the resolved pressures on the 
axis. The resolved parts parallel to the axes of the impressed forces and the 
frictions together with llj, andPy must tlien be zero. But the equations (1) express 
the fact that these resolved parts without Rj. and Ry are zero. It evidently follows 
that both R^ and Ry are zero. 

That this position of I makes u a minimum and not a maximum may be shov^ii 
analytically by finding the second differential coefficients of it with regard to ^ and 
7 ]. The terms of the second order are then found to be 

2mP{(77-2/) d’n}^l2r^, 

where the 2 implies summation for all the points &c. Since each of these 

squares is positive, u must be a minimum. 

It appears therefore that the axis about which the body will begin to turn may be 
found by maJdng the viovient {viz. u) of the forces about that axis a minimum ; and 
the condition that the forces are only just sujjicient to 7)iove the body is found by 
equating to zero the least value thus found. 

186. The quantities ?i, ro, t&c. are necessarily positive, and therefore not 
capable of unlimited decrease. Besides the minima found by the rules of the 
differential calculus, other maxima or minima may be found by making some one 
of the quantities 7q, ro, &c. equal to zero. 

SujDpose u to be a minimum when ?’i = 0, i.e. when the point I coincides with Ay, 
Take Ay as the origin of coordinates. Let I receive a small displacement from 


the position and let its coordinates become ^=?jCOS^i, 7 ? = sin . Let the 
coordinates of be (rg^o), &g. The value of when the first power only of 

the small quantity 9q is retained, becomes 

u - + /XgPy -I ro - 7i cos (^i - (^g) } + &g, + 7?’;^ cos - X7\ sin ~ L. 

The condition that il should be a minimum is that the increment of u should 
be positive for all small displacements of I. This will be the case if the coefficient 
of r^, viz. yu^Pj - yLtgPg cos - &c. + 7 cos - X sin , 

is positive for all values of 0]^. We may write this in the form 
jUiFi + A cos 0^ + P sin 0^ , 

where A and B are quantities independent of 0^ . It is clear that if this is positive 
for all values of 0^, must be numerically greater than (A^ + B^)i. 

We notice that since yf = - /x„Pg cos 0^ - &c. + 7, 

P - /Xgpg sin 0g - &c. - X, 

the quantities A and - B are the resolved parts parallel to the axes of the external 
forces and of all the frictional forces except that at A-^. If P be the friction at the 

point Ai, the resultant pressure on the axis will be (yl2 + p2)^ + P. This can be 
made to vanish by assigning to the friction F a value less than the limiting friction. 
See Art, 183. 

It appears therefore that, if 7oe include all the 2 ^ositions of I which make the 
inomcnt u a vimimiimy viz. those which do, as luell as those iohich do not coincide 
loith a i)omt of sui^ioort, that iwsition in lohich u is least is the imition of the 
instantaneous axis. 


187 . It will be observed that, if the lamina is displaced round the axis through 
I through any small angle d0, the 'work done by the forces and the frictions is ud6, 
where d6 is measured in the direction in which the frictions act. To make u a 
minimum is the same thiny as to make this loork a minimum for a given angle of 

, displacement. 

188 . Ex. 1. A triangular table with a point of support at each corner A, B, C 
is placed on a rongh horizontal floor. Find the least couple which loill move the 
table, 


It may be shown that the pressure on each point of support is equal to one third 
of the weight of the triangle. The limiting frictional forces at A, B,C are therefore 
each equal to ^pAV. 

Let the tidangle begin to turn about some point I not at a corner. Since 
the frictions balance a couple, these frictions when rotated through a right angle so 
as to act along AI, BI, Cl must be in equilibrium. Hence J must lie within the 
triangle. Also, the frictions being equal, each of the angles AIB, BIC, CIA must 
be = 120°. If then no angle of the triangle is so great as 120°, the point I is the 
intersection of the arcs described on any Uoo sides of the triangle to contain 120°. 
The least couple which will move the triangle is therefore ^yul7(XI+Pi’+ (71). 

The triangle might also begin to turn about one of its corners. Suppose I 
to coincide with the corner (7. Botating the frictions as before, the magnitude of 
the friction at C must be just sufficient to balance two forces, each equal to 

Q 

acting along AC and BG. The resultant of these is clearly 2 cos ^ • Unless 
the angle C is > 120° this resultant is >^yalFand is therefore inadmissible. Thus 


the table ca7mot turn I'oimd an axia at any corner unless the angle at that corner is 
greater Hum 120°. If the corner is C, the magnitude of the least couiDle is 
{CA -H C7J). 

This statical problem might also be solved by finding the position of a point I 
such that the sum of its distances AI, BI^ Cl (all multiplied by the constant 
from the corners is an absolute minimum. 

Ex. 2, Eour equal heavy particles A, B, G, D are connected together so as to 
form a rigid quadrilateral and placed on a rough horizontal plane. Supposing the 
prosRui'CB at tlic four i)articlcs arc equal, find the least couple which will move the 
system. 

The instantaneous centre I is the intersection of the diagonals or one of the 
cornerB according as that intersection lies inside or outside the quadrilateral. 

Ex. 3. A heavy rod is placed in any manner resting on two points A and B of 
a rough horizontal curve, and a string attached to the middle ijoiut C of the chord 
is pulled in any direction so that the rod is on the point of motion. Prove that the 
locus of the intersection of the string with the directions of the frictions at the points 
of supi)ort is an arc of a circle and a part of a straight line. Find also how the 
force must ho api:)liod that its intersection with the frictions may trace out the 
remainder of the circle. 

Firstly let the rod be on the point of slipping at both A and and let F, F' be 
the frictioiiH at the two i)oints. Then F, F' are both known, and depend only on 
the weight and on the position of the centre of gravity of the rod. Supposing the 
centre of gravity to be nearer B than A, the limiting friction at B will bo greater 
than that at A. Since there is equilibrium, the two frictions and the tension must 
meet in one point ; let this be P. Then since AC=CBy it is evident that CP is half 
the diagonal of the parallelogram 
whoso sides are ylP, BP, Hence, by 
the triangle of forces, yjP, BP and 
2PC will represent the forces in those 
directions. Hence AP : PB ;; F ; F\ 
and thus tlio ratio ^iP :PB is constant 
for all directions of the string. The 
locus of P is therefore a circle. 

Let the point C be pulled in the direction PC, so that the line CP in the figure 
represents the produced direction of the string. 

The string CP cuts the circle in two points, but the forces can meet in only one 
of these. It is evident that the rod muf?t he on the point of turning round some one 
point J. This point is the intersection of the perpendiculars drawn to PA, PB at A 
and B, Now the frictions, in order to balance the tension, must act tmoards P, and 
therefore the directions of motion of A and B must be/?- 07 a P, This clearly cannot 
be the case unless the point I is on the same side of the line AB as P. Therefore 
the angle PAB is greater than a right angle. Thus the point I cannot lie on the 
dotted part of the circle. 

Secondly. Let the rod be on the point of slipping at one point of support only. 
Supposing as before that the centre of gravity is nearer B than A, the rod will slip 
at A and turn round P as a fixed point. Thus the friction acts along QA and the 
locus of P is the fixed straight line QA. 

But P cannot lie on the dotted part of the straight line, for if possible let it be 
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at U, Then if AB represent F, BB must be less than F'^ because there is no slipping 
at B. But, because B lies within the circle, the ratio AB : BB is less than the ratio 
AF : PR, i.e. is less than F : P', and therefore BB is greater than P'. But this is 
contrary to supposition. 

Thus the string being produced will always cut the arc of the circle and the part 
of the straight line in one point and one point only. The frictions always tend to 
that point when the rod is on the point of motion. 

In order that the locus of P may be the dotted part of the circle it is necessary 
that the frictions should tend one from P and the other to P and the tension must 
therefore act in the angle between FA and FB produced. By the triangle of forces 
AFB we see that the tension must act parallel to AP, and be proportional to it. 

Ex. 4. A lamina rests on three small supports A, P, G placed on a horizontal 
table ; one of these, viz. C, is smooth and the other two, A and P, are rough. A 
string attached to any point P, fixed in the lamina, is pulled horizontally so that the 
lamina is on the point of motion. If the position of the centre of gravity and the 
coefficients of friction are such that the limiting frictions F and F' at A and P are 
in the ratio PP : /IP, prove that the locus of the intersection P of the string and 
the frictions P, P'is (1) a portion of the circle circumscribing ABB, (2) a portion of 
a rectangular hyperbola having its centre at the middle point of AB and also cir- 
cumscribing APP, (3) a portion of two straight lines. 

Let AB — h, BB = a, then Fb=Fa. 

Draw LAV, HBB' perpendiculars to AB, If the lamina slip at one point only 
of the supports A, P, the point P lies on these perpendiculars. 

If the lamina slip at both A and P, we find, by taking moments about P, that 
sin PAP = sin PPP. The angles 
FAB andPPP are therefore either 
supplementary or equal. The locus 
of P is therefore the circle circum- 
scribing the triangle ABB, and a 
rectangular hyperbola also circum- 
scribing ABB, The first locus 
follows also from the triangle of 
astatic forces considered in Art. 71. 

The second locus may be found by 
taking AB as axis of .t and equating 
the tangents of the angles FBA 
and FAB - y, where y is the difference of the angles BAB and BBA, 

To determine the branches of these two curves which form the true locus of P 
we consider the relative positions of P and the instantaneous centre I. These two 
points lie at opposite ends of a diameter of a circle drawn round ABF, Hence, if F 
lie outside the perpendiculars LL', HH', I also must lie outside. The frictions 
cannot then balance the tension T unless the straight line FB passes inside 
the angle AFB, Similarly, if P lie between the perpendiculars, FB must be 
outside the angle AFB. 

The straight lines LV, HR', BA, BB divide space into ten compartments. 
Several of these compartments are excluded from the locus of P by the rules just 
given. It will be convenient to mark (by shading or otherwise) the comjDartments 
in which P can lie. We then sketch the circle and the hyperbola and take only those 
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branchoH whicli lie on a marked compartmont. The figures are different according 
aH J) lies hetwoen or outHidc tlie lines />//, ////'. 

Ex. f). If in tlio last oxamplo the limiting frictions are in any ratio, the locus of 
the iutors{3ction of the string and frictiojiH in a portion of a curve of the fourth 
degree and of two straight lines. The proper x>ortions, as before, are those branches 
, wj^ioh lie ill the marked compartmouts. 

^ , 189 . Ex. 1. A ujiiforni slnuuht rod AJi is jp^aced on a rourpi taJde, and all its 

elements are equally supported hy the table. Find the least force 'lohicli, acting at one 
. /• extremity A 2 nn' 2 )endi(mlar to the rod^ will move it. 

Lot 1 1)0 tlie length of the rod, w its weight jior unit of length. Each element dx 
of the rod i)reHH(‘s on the table with a 
weight wdx. The limiting frieiion at 
this element is thoroforo fxwdx. If I ho 
the centre of instautaneons rotation, the 
friction at each element acts pc^rixeidi- 
cular to the straight lino joining it to /, 
and all these are in equilibrium with 
the imxu’ossed force P at A, 

The point I must lie in the length of tho rod. For suppose it were on one side 
of the rod, the?), rotating (tis already oxiilaiuod) the frictions through a right angle 
so that they all act towards ./, these should he in equilibrium with a force P acting 
parallel to the rod. But tliis is impossiblti unloss I lie in the length of the rod. 

Next, let I ho on the rod, and l(‘t The friction at any element JI or H' 

acts perpendicular to the rod in the direction shown in the figure. The resultant 
frictions on AI and Jll are theriifore and fxw {l-z}. These act at the centres of 
gravity of A I and BI. Besolving and taking i noin exits about A, we have 

fJLWZ - fJLW = fJ-VJ - Z ^) . 

Tho last O(iuation gives and the first shows that P=|wTK (^y2- 1), where 

W is the weight of tho rod. / 

Ex. 2. Show that tho rod could not bc^gin to turn about a point I on the left of 
A or on the right of B. 

Ex. .-3. If the pressure of an elemoiit on tho table vary as its distance from the 
extremity A of the rod; and P, (li bo the forces applied at yl, P respectively which 
will just move tho rod, prove that tho ratio of P to Q is 2 (4/2 - 1). 

Ex. 4. Two uniform 0{iually rough rods ABf BG-, smoothly hinged together 
at P, are placed in tlio same straight line on a rough horizontal table, and the 
extremity A is acted on by a force P in a direction perpendicular to the rods. 
If P is gradually increased until motion begins, show that the rod AB begins to 
move before BC or both begin to move together according as 2 {sj^ - 1) W' is 
greater or less than TK, where IT, IK' are the weights of the rods AB, BG 
respectively. If both rods begin to move together, prove that the instantaneous 

2^2 lY' 

centre of rotation of AB is at a distance z from A where -^ = l + 2(^2 — 1) and I 

is the length of AB. 

Ex. 6. A heavy rod AB ixlaeed on a rough horizontal table is acted on at 
some point C in its length by a force P, in a direction making an angle a with the 
rod, and the force is just sullicioiit to produce motion. If the instantaneous centre 
lie in a straight lino drawn tlii’ough P perpendicular to the rod and be a distance 
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from A equal to hvice the length AB, prove that tan a = 2 (2 - -s/3) /a/3 log 3. Pind 
the ]}ositioii of G, 

yf".' 

Ex. 6. A hoop is laid upon a rough horizontal plane, and a string fastened 
to it at any point is pulled in the direction of the tangent line at the point. 
Prove that the hoop will begin to move about the other end of the diameter through 
the point. [Math. Tripos, 1873.] 

Let A be the point, AB the diameter through A. If we rotate each force round 
its point of application through a right angle the frictional forces will act towards 
the centre J of rotation Art, 184. The i^oint I is therefore so situated that the 
resultant of the frictional forces (regarded as acting towards I from the elements 
of the hoop) is parallel to the diameter AB. It easily follows that J must lie 
on the diameter AB. 

Let us next consider the equation of moments. The point I must be so situated 
in the diameter AB that the moment about A of the frictions at all the elements of 
the hoop is zero. This condition is satisfied if I is at the end B of the diameter 
AB, for then the line of action of the friction at every element passes through A. 

It is, perhaps, unnecessary to prove that no point, other than B, will satisfy this 
condition. It may however be shown in the following manner. If possible let 
I lie on AB within the circle. Whatever point F is taken on the hoop the angle 
IFA is less than a right angle. Since the friction at P acts in a direction at right 
angles to IP, it will become evident by drawing a figure that the friction at every 
element tends to produce rotation round A in the same direction. The moment 
therefore of the frictions about A could not be zero. lu the same way we can prove 
that I cannot lie outside the circle. .J 

Ex. 7. A uniform semicircular wire, of weight TV, rests with its plane horizontal 
on a rough table, AB is the diameter joining its ends, and C is the middle i^oint of 
the arc ; a string tied to C is pulled gently in the direction CA. and the tension 
increased until the wire begins to move. Show that the tension at this instant is 
equal to 2 ^j2//,W/7r, [The instantaneous axis is at B.] [St John’s Coll,, 1886.] 

Ex. 8. A uniform loiece of wire, in the form of a portion of an equiangular 
spiral, rests on a rough horizontal plane ; show that the single force which, applied 
to a point rigidly connected with it, will cause it to be on the point of moving 
about the pole as instantaneous centre, is equal to the weight of a straight wire 
of length equal to the distance between the ends of the spiral, multiplied by the 
coefficient of friction. Show how to find the point. [Math. Tripos, 1888.] 

Ex. 9. Three equal weights, occupying the angles P, C of an equilateral 
triangle, are rigidly connected and placed upon a rough inclined plane with the base 
AB of the triangle along the line of greatest slope, and the highest weight A is 
attached by a string to a point O in the line of the base produced upwards ; if the 
system be on the point of moving, prove that the tangent of the inclination of the 
plane is (2+^/3) /x/s/3, where yu is the coefficient of friction. [Math. Tripos, 1870.] 

Suppose I not at a corner, the three frictions are then equal. Since A can only 
move perpendicular to OA, I must lie in OAB. Unless I lie between A and B and 
at the foot of the perpendicular from G on AB, the three frictions will have a 
component perpendicular to AB, Taking moments about J, we find the result given 
in the question. Next suppose I to be at the corner A. The frictions at B and G 
when resolved perpendicular to AB are then too great for the limiting friction at A. 
This supposition is therefore impossible. 
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Ex. 10. A three-legged stool stands on a horizontal plane, the coefficient of 
friction being the same for the three feet ; a small horizontal force is applied to 
one of the feet in a given direction, and is gradually increased until the stool begins 
to move ; show that this force will he greatest ^Yhen its direction intersects the 
vertical through the centre of gravity of the stool. 

Show also that if the force when e(iual to twice the whole friction of the foot on 
which it acts, applied in a direction whose normal at the foot passes between the 
two other feet, causes the foot to begin to move in its own direction, the centre of 
gravity of the stool is vertically above the centre of the circle inscribed in the 
triangle formed by the feet. [Math. Tripos.] 

Ex. 11. A flat circular heavy disc lies on a rough inclined plane and can turn 
about a pin in its circumference ; show that it will rest in any position if 
32^>97r tani, where i is the inclination of the plane to the horizon. The weight 
is supposed to be equally distributed over its area. [Pet, Coll., 1857.] 

Let TF he the weight of the disc. The origin being at the pin the friction at any 
element rdddr is fiTF cos i . rdddrf'ira^. Taking moments about the pin the result 
follows by integration. 

Ex. 12. A right cone, of weight TT'^ and angle 2a, is placed in a circular hole cut 
in a horizontal table with its vertex downwards. Show that the least couple which 
will move it is ixWr cosec a, where r is the radius of the hole. 

The pressure Bds on each element ds of the hole acts normally to the surface of 
the cone, hence, resolving vertically, jEds sin a = TF. The limiting friction on each 
element is fj^EdSy hence, taking moments about the axis of the cone, the result follows. 

Ex. 13. A heavy particle is i^laced on a rough inclined plane, whose inclination 
is equal to the limiting angle of friction ; a thread is attached to the particle and 
passed through a hole in the plane, which is lower than the particle but not in the 
line of greatest slope ; show that, if the thread be very slowly drawn through the 
hole, the jjarticle will describe a straight line and a semicircle iu succession. 

[Maxwell’s problem, Math. Tripos, 1866.] 

Let IV be the weight resolved along the line of greatest slope, F the friction, 
then E= TF. As the particle moves very slowly, the forces F\ TV and the tension T 
are always in equilibrium. As long as the hole 0 is lower than the particle, T is 
infinitely small and just disturbs the equilibrium. The particle therefore descends 
along the line of greatest slope. When the particle P passes the horizontal line 
through O, T becomes finite. Hence T bisects the angle between F and TF. The 
path is therefore such that the radius vector OP makes the same angle with the 
tangent (i.e. F) that it makes with the line of greatest slope- This, by a difierential 
equation, obviously gives a semicircle having 0 for one extremity of its horizontal 
diameter. 

Ex. 14. If, on a table on which the friction varies inversely as the distance 
from a straight line on it, a particle is moved from one given point to another, 
so that the work done is a minimum, the path described is a circle. [Trin. Coil.] 

This result follows at once from Lagrange’s rule in the Calculus of Variations. 

190 . Ex. 1. Two heavy particles A, A', placed on a rough table, are connected 
by a string without tension and very slightly elastic. The particle A is acted on 
by a force P in a given direction AO making with A' A produced an angle /3 less 
than a right angle. As P is gradually increased from zero, will A move first or 
will both move together? 



Let F, F' be the limiting frictions at A, A', Suppose P to increase from zero ; 
while P is less than F it is entirely 
balanced by the friction at A. The 
string, however nearly inelastic it may 
be, has no tension until A has moved. 

Let P be a little greater than F ; take 
AL to represent P and draw LMiU' ^ 

I)arallel to AA' ; with centre A and 
radius F describe a circle cutting LMM' 
in ilf and M', then FM represents the tension of the string. Of the two inter- 
sections il/, Jli', the nearest to L is chosen, for this makes the friction at A act 
opposite to P when P=:F, 

As P gradually increases M travels along the arc CII. The equilibrium of the 
particle A becomes impossible when LMM' does not cut the circle, i.e. when Jli" 
reaches H. The particle A' borders on motion when the tension LM becomes 
equal to P'. Now IIK—F cot Hence the particle A moves alone if Pcot/3<P' 
hut both move together if F cot |3>P'. 

When the limiting frictions P, F' are equal, and jS is less than half a right 
angle, both particles move together. One friction acts along AA' and the other 
makes an angle ^ with the force P. Also P=2Pcos/3. 

In this solution the point M' has been excluded by the principle of continuity, 
though statically A would be in equilibrium under the forces represented by 
ALj LM'y M'A. If the string A A' had a proper initial tension, hut balanced by 
frictions at A and A' together with an initial force P along AC, then ill' would 
be the proper intersection to take. v 

Ex. 2. Two weights A and B are connected by a string and placed on a 
horizontal table whose coefficient of friction is (x. A force P, which is less than 
IxA^-fxBj is applied to A in the direction PA, and its direction is gradually turned 
round an angle 0 in the horizontal plane. Show that if P he greater than 
^a/a^h-P^ then both A and P will slip when cosd={At2(P^-A”)-{-P"}/2^PP, but 
if P be less than ixsJA'^^-B^ and greater than ^uA, then A alone will slip when 
Bm^=yaA/P. [Math. Tripos.] 

Ex. 3. The n particles A^, Aj , . . . , A^_i , of equal weights, are connected together , 
/ each to the next in order, by n - 1 strings of equal length and very slightly elastic. 
These are placed on a rough horizontal plane with the strings just stretched but 
without tension, and are arranged along an arc of a circle less than a quadrant. 
The particle A,j_i is now acted on by a force P in the direction A,i_iA,^, where A,^ 
is an imaginary ( 9 i-l-l)th particle. SuiDposing P to be gradually increased from 
zero, find its magnitude when the system begins to move. 

Let us suppose that any two consecutive particles A,^ and both border on 
motion. Let he the angle the friction at makes with the chord A^+^A^. 
Let be the tension of the string A„^A^+i. Let jS be the angle between any 
string and the next in order. Let F be the limiting friction at any particle. 

Resolving the forces on the particles A„j and A^^^ perpendicularly to A^^_^Aj^ 
and A,^+iA ^+2 respectively, we find 

sin ^=F sin + /3) , sin ^ = P sin . 

Resolving the same forces perpendicularly to the frictions on the two particles, 
we have sin 0,^ = T^^-i sin (<Pm + = ^m sin i<Pm+i + P) • 



Comparing the first two equations, we see that jS and are either equal 
or supplementar 3 ^ The other two equations show that the second alternative 
makes — 2\^_j . Both these alternatives are statically possible, and thus forces 
which might be friction forces could be arranged at the several particles in many 
ways BO that equilibrium would be preserved. 

Wo shall take the alternative which agrees with the supposition that the strings 
are initially without tension. When P is less than F the friction at A^_-^ acts in 
the direction opposite to P, and all the tensions are zero. When P has become 
greater than P, the string slightly stretched and the tension 

is called into play. The friction at acts opposite to this tension, and all the 
other tensions are zero. Thus, as P continually increases, the tensions and frictions 
are one by one called into play. Supposing the tensions to be initially zero, we 
shall assume that the tensions produced by P are such that thoir magnitudes 
continually increase from the string with zero tension up to the string 
Any other supposition would lead to the result that by pulling a string at one end 
we could produce, after overcoming the resistances, a greater tension at the other 
end. Since then must be greater than we have = 

Suppose that all the particles from Ap to border on motion and that 
= 0 ; we have then 0p = 0, = /3, and in general 

0P+K = kP , sin ^ P sin (k + 1) /3. 

Since P,i-.i==P, we see that the force P required to make all the particles from 
Ap to border on motion is 

P = P sin (71 “ p) p . cosec jS. 

When P becomes greater than the value given by this equation, a tension in the 
string Ap_-^Jp will be called into play. The tension of ApApj^^ required to move Ap 
without is Pcosecp, while that required to move both is Psin 2p . cosec p. 
Since the latter is less than the former tension, the friction at Ap^i will become 
limiting before Ap begins to move. Thus we see that, as P continues to increase, 
the successive particles border on motion, but no one begins to move without the 
others. 

If 9ip be less than a right angle, we conclude that all the particles begin to move 
together, and that the force required to move them is P=Psiii 77 p cosec p. 

If 77p be greater than a right angle, we have shown that, without destroying the 
equilibrium, P can increase up to Psinpp. cosec p, where pp is less and (P“i-l)p 
greater than aright angle. We have then = When P becomes greater 

than this value, the particle will begin to move alone. For the tension 
required to move is P cosec p, and the tension is then Pcotp. Since 
this is less than P sin ppcosec p, the system is not bordering on 

motion. 



CHAPTER YI 


THE PRINCIPLE OF VIRTUAL WORK 
/ii- 

191 . In a former cfaapter the principle of virtual work has 
been established for forces which act on a particle. It is now 
proposed to consider this principle more fully, and to apply it to a 
system of bodies in two and three dimensions. 

The principle itself may be enunciated as follows. Let any 
mimher of forces Fi, P.. act at the points Ai, A 2 &c. of a system 

of bodies. These bodies are connected together in any 'manner so as 
either to alloio or exclude relative motion, and they therefore exert 
mutual actions and reactions on each other. Let the system be 
slightly displaced so that the points Ai, A 2 Sc. assume the neighbour- 
ing positions Af A 2 Sc. Let djh, dp2 Sc. be the projections of the 
displacements A^Af A2A 2 Sc. on the directions of the forces P^, P2 
Sc. respectively, and let dW — P-^dpi + P2dp2 4- Sc, Then the system 
is in equilibrium if dW = 0 for all displacements consistent with them 
geometrical connexions betiueen the bodies of the system. * ■ 

Also the system is not in equilibrium if one or more displacements 
can he found for which d W is not equal to zero. 

Strictly speaking we should say, not that dW is zero, but that 
dW, in the language of the differential calculus, is a small quantity 
of the second order. This will be understood in what follows. 

192. These displacements are to be regarded as imaginary 
motions which the system might, but does not necessaiuly, take. 
The principle of virtual work supplies a test, whether a given 
position of the system is one of equilibrium or not. We first 
consider what are the possible ways in which the system could 
begin to move out of the given position. If for any one of these 
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the sum 'tPdp is zero, then the system, will not begin to move in 
that mode of displacement. In this way all the possible displace- 
ments are examined, and if 'EPdp is zero for each and every on^e^^ 
the ^iven position is one of equilibrium. 

These small tentative displacements of the system are called 
virtual displacements. The product Pdp is called, sometimes the 
virtual moment, and sometimes the virtual work of the force P. 
The sum XPdp is called the virtual moment or virtual work of all 
the forces. 

193. A proof of the principle of virtual work for forces acting 
on a single particle has been already given in Chap. II. No satis- 
factoiy method has yet been found by which the principle for 
a system of bodies can be deduced directly from the elementary 
axioms of statics. Lagrange has made a brilliant attempt which 
will be discussed a little further on. 

There is another line of argument which may be adopted. 
The system is regarded as composed of simpler bodies, each acted 
on by some of the forces, and connected together by mutual 
actions and reactions. Thus Poisson regards the system as a 
collection of points in equilibrium connected together as if by 
flexible strings or inflexible rods without weight. To avoid 
making any assumptions concerning the molecular structure of 
bodies, we shall regard the system as made up of rigid bodies of 
such size that the elementary laws of statics may be applied to 
them. 

The principle will first be proved for the simpler body, assuming 
the composition and resolution of forces. The principle will there- 
fore be true for the general system, provided we include amongst 
the forces Pi, Pa &c. all the mutual actions and reactions of the 
bodies of the system. 

Lastly, these actions and reactions are examined, and it will be 
proved that they do not put in an appearance in the general 
equation of virtual work. It follows that the principle may be 
used as if Pi, Pa &;c. were the only forces acting on the system. 

The chief objection to this mode of proof is that the mutual 
actions and reactions must be sufficiently known to enable us 
to prove that their separate virtual works are either zero or cancel 
each other. 
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In this mode of proof -vve have in part followed - the lead of 
Fourier. See Journal Poly technique ^ Tome ii. 

To prove the converse theorem we shall examine how a system 
could begin to move from a position of rest. We shall show that 
every such displacement is barred if for that displacement the 
virtual work of the forces is zero. 

. “^^94. Proof of the principle for a free rigid body. We 

"loegin by proving that the virtual work of any system of finite 
forces Pi, Po &G, is equal to that of their resultants 'provided the 
•points of ap)plication of all the forces are connected by invariable 
relations. See Art. 19. 

The general process by which these resultants are found may 
be separated into three steps; (1) we may combine or resolve 
forces acting at a point by the parallelogram of forces; (2) we 
may transfer a force from one point A of its line of action to 
another B\ (3) we may remove from or add to the system, 
equal and opposite forces. By the repeated action of these steps 
we have been able in the preceding chapters to change one set of 
forces into another simpler set, which we called their resultant. 
See Art. 117. 

It has been proved in Art. 66 that the virtual work is not 
altered by the first of these processes. We shall now show that 
the virtual work of a force is not altered by the second process. 
It follows that the sum of the virtual works of two equal and 
opposite forces introduced by the third process is zero, and cannot 
affect the general virtual work of all the forces. 

Let A'B' be the displaced position of AB. Draw A'if, B'N 
perpendiculars on AB. Let F be the force whose point of appli- 
cation is to be transferred from A to B. Before and after the 

A B' 

A i — I -> 

M F B N F 

transference its virtual works are F . AM and F . BN respectively. 
Since A'B' makes with AB an infinitely small angle whose cosine 
may be regarded as unity, we have MN equal to A'B\ Hence, if 
the distance between the tioo points of application remain unaltered, 
i.e. AB=^A'B\ we have BN— AM. It immediately follows that 
F.AM^F.BN. 


'■.riiuH in all changcB of forcea into other forcea consistent with 
the principles of statics, the work of tlie foi'ces due to any given 
small displaccincut is unaltered. 

195. Wo may now apply this result to a system of forces 
Pi, Py (Sec. acting on a free rigid body. 

All these forces can bo reduced to a force R acting at an 
arbitrary point 0, and a couple G, Art. 105. By what precedes 
the virtual work of the forces Pj, Py &c. due to any displacement 
is c(]ual to the virturd work of M and (?. 

If the forces Po &c. are in equilibrium, both li and G 
are zero, A.i*t. 109. Hence the virtual Avurk of Pj, Pu &c. for any 
displacement is zero. 

ConverH(3ly, if the virtual work of Pi, Po &c. is zero for all 
displacements, then the virtual work of R and G is zero. We 
shall noAV sliow that this requires that R and Q should each 
be zero. First lot the body bo moved parallel to itself through 
any small spaco Sr in the direction in which R acts. The virtual 
work of the force R is RSr. Let AB be the arm of the couple 
and let the forces act at A and B. Since equal and parallel 
displacements AA\ BB' arc given to A and P, Avhile the forces 
acting at A and B are equal and opposite, it is evident that 
the Avorks due to tlio two forces cancel each other. The Avork 
of the co\iplc fr is therefore zero. Hence the sum of the works 
of R and G cannot vanish unless R = 0. 

Next lot the body be turned through a small angle Sco round a 
perpendicnlar drawn through 0 to the plane of the couple, and 
let this rotation be in the direction in Avhich the couple urges 
the body. Let 0 bisect the arm AB and let the forces of the 
couple bo ± Q. Each of the points A and B receives a displace- 
ment equal to -^ABBco in the direction of the force acting at that 
point. The sum of the works due to these tAvo forces is therefore 
AB.QSco, i.e. GSq), Since the point of application of R is not 
displaced, the virtual work of R (even if R were not zero) is 
zero. Hence the sum of the virtual Avorks of R and G cannot 
vanish unless G = 0. It immediately follows that the body is in 
equilibrium. 

196. On the forces which do not put in an appearance 
in the equation of virtual work. When the body is not free 
but can move either under the guidance of fixed constraints or 



under the action of other rigid bodies it becomes necessary (as 
explained in Art. 193) to determine what actions and reactions 
do not appear in the general equation of virtual work. We cannot 
, make an exhaustive list, but we may make one which will include 
those cases which commonly occur. 

^ I. Let two particles A, B of the system act on each other hy 
^ ' means of forces along AB, then if the distance AB remain invari- 
able for any displacement, the virtual works of the action and the 
reaction destroy each other,' For example, if tfie' points A, B are 
connected by an inelastic string, the tension does not appear in 
the equation of virtual work. 

This follows at once from Art. 194, for the force at A may 
be transferred to B, The two equal and opposite forces acting at 
B have then the same displacement. Hence their virtual works 
are equal and opposite. 

II. If any body of the system is constrained to turn round a 
p)oint or an axis fixed in space, the virtual ivork of the reaction at 
this point or axis is zero. This is evidently true, for the displace- 
ment of the point of application of the force is zero. 

III. Let any p)oint A of a body be constrained to slide on a 
y^mrface fixed in space. 

If the surface is smooth, the action R on the point A of the 
body is normal to the surface. Let A move to a neighbouring 
point A', then A A' is at right angles to the force. The work by 
Art. 68 is therefoi*e zero. 

If the surface is rough, let F be the friction. This force acts 
along AA, and its work is - F .AA\ This is not generally zero. 


IV. If any body of the system roll without sliding on a fixed 
surface, the work of the reaction is zero. 

If this is not evident, it may be proved as follows. In the figure the body 
rolls on the fixed surface MABN and takes a neighbouring position D'BE\ 
The plane of the paper represents a section of the surfaces drawn through 
their common normal at /i, and contains 


the elementary arc AB of rolling. In 
this displacement the point A of the body 
begins to move along the common normal 
and arrives at A', If we replace the 
curves DAE, MAB by their circles of 
curvature, we know (since the arcs AB, 
A^B are equal) that A A' : AB'^^ is half the 



sum of the opposite curvatures. Assuming 



these cnrvaturoB to bo liuitc, it follows that Ayl' is of the same order of small 
(inantities as i.c. JA' is of the second order of small quantities. Hence, when 
wo retain oiily terms of the first order, as in the principle of -virtual work, wo may 
treat the rolling body as if it were turning round a point yl fixed (for the instant) in 
space. It follows therefore from the result of the last article that, when a body 
rolls on a fixed surfacOj which may be either rough or smooth, the virtual work of 
the reaction is zei*o. 

V. If the surface on which the body rolls is another body 
of the system, the surlace is moveable. But we may show that, {/ 
hath bodies are included in the same equation of virtual worhj the 
mutual action' does not a 2 )pear in that equation. 

To prove this wo notice that we may construct any such 
displacement of the two bodies (1) by moving the two bodies 
together until the body MABN assumes its position in the given 
displacomeut, and then (2) rolling the body DAE on the body 
MABNj now considered as fixed, until DAE also reaches its final 
position. During the first of these displacements the action and 
reaction at A. are er^ual and opposite, while their common point of 
application A has the same displacement for each body. Their 
virtual works are therefore equal and opposite, and their sum is 
zero. Dui-ing the second displacement the body DAE rolls on a 
fixed surface, and the virtual work of its reaction is zero. See 
Art. 65. 

197 . Worltc of a bent clastic string. If the points are connected by an 
Elastic string, it mjiy be necessary to know what the work of the tension is when the 
length is increased from Z to i + dl. Wc shall show that, whether the string connecting 
yi and Ji is straight, or bent by imssing through smooth ruigs fixed or moveable or over 
a smooth surface, the work is —Tdl. 

For the sake of greater clearness we shall consider the cases separately. 

(1) Lot the string be straight. Eeferhng to the figure of Art. 194, the virtual 
work of the tension at A is + T . AM, The positive sign is given because the tension 
acts at A in the direction AIS and the displacenient xLM is in the same direction, 
Art, 62. The w^ork of the tension at B is ~ T, BN. The sum of these two is 

i.e. '-Tdl, 

If the action between /I and I? is a push li, instead of a pull T, the same argu- 
ment will apply hut we must write -E for T, so that the virtual work is Edl, 

If tlie action between A and B is due to an attractive or repulsive force F the 
rcsiilt is still the same ; the virtual works are ~ Fdl or -\-Fdl according as the force 
F is an attraction or a repulsion. 

(2) Suppose the string joining yl and B is bent by passing through any number 
of small smooth rings C, D Ac. fixed in space. 

Taking two rings only as sufficient for our argument, let these be G and D. Let 
A, B be disifiaced to A', B', and let A'M, B'N be ^perpendiculars on AC a.ndI)B, The 


whole length I of the string is lengthened hy BN and shortened by AM, hence 
dl=BN- AM. The tension T being the same throughout the string, the work at A 



is T. ABI, that at is - T. BN. Exactly as before, the whole work is the sum of 
these two, i. e. - Tdl. 

(3) Suppose the rings C, D &e., through which the string passes, are attached 
to other bodies of the system. The rings themselves will now be also moveable. 

Supposing all these bodies to be included in the same equation of virtual work, 
the system is acted on by the following forces, viz. T Q.i A along AC, T at G along 
CA, T at <7 along CD, T at D along DC and so on. By what has just been proved, 
the work of the first and second of these taken together is - Td [A C), the work of the 
third and fourth is - Td [CD) and so on. Hence, if I be the whole length of the 
string, viz. C + CD + &g., the whole work is -- Tdl. 

In all these cases we see that, if the length of the string is unaltered by the dis-j 
placement, the tension does not appear in the equation of virtual work. I 

(4) Let the string joining A and B pass over any smooth surface, which either is 
fixed in space, or is one of the bodies to be included in the equation of virtual work. 
Each elementary arc of the string may be treated in the manner just explained. 
The work done by the tension is therefore as before equal to - Tdl. 

In order not to interrupt the argument, we have assumed that the tension of 
” a strinu is unaltered by passing over a smooth pulley or surface. Ifo prove this, 
let us suppose the string to pass over any arc BC of a smooth surface. Any element 
PP' of the string is in equilibrium under the action of the tensions at P, P' and 
the normal reaction of the smooth surface. The resolved part of these forces along 
the tangent at P must therefore be zero. Let T, T' be the tensions at P, P', 
the angle between the tangents at these points, and let ds be the length of PP\ 
Supposing the pressure per unit of length of the string on the surface to be finite 
and equal to R, the pressure on the arc PP' is Rds. The resolved part of this 
along the tangent at P is less than Rds sin d^p, and is therefore of the second 
order of small quantities. The difference of the resolved parts of the tensions is 
T - T' cos d-p, which, when small quantities of the second order are neglected, 
reduces to T-T'. Since this must be zero, we have T=T. Taking a series of 
elements of the string, viz. PP', P'P" (fee., it immediately follows that the tensions 
at P, P', P" cfec. are all equal, i.e. the tension of the string is the same throughout 
its length. If the surface were rough, this result would not follow, for the frictions 
must then be included in the equation of equilibrium formed by resolving along the 
tangent. We may also prove the equality of the tensions by applying the principle 
of virtual work to the string BC. Slidiug the string without change of length along 
the surface, we have T. BB' = T'. GO'. Hence T = T'. ^ 

When the surface is a rough circular pulley which can turn freely about a 
smooth axis, and the string lies in a plane perpendicular to the axis, we can prove 
the equality of the tensions by taking moments about the axis. Let the string be 
ABCD and let it touch the cylinder along the arc BC. Let 1\ 'f' be the tensions 


01 AB, CD, r the radius oi tlie cylmder. Taking moments about the axis, we have 
Tr^Tr, TTiis gives ^=2". 

198. In the preceding arguments Ave have tacitly assumed 
tliat the pressures Avhich replace the constraints are finite in 
magnitude. If this Avere not true it is not clear that the virtual 
Avork Avould he zero. It is not enough to make a product P . d]} 
vanish that one factor viz. dp should be zero, if the other factor P 
is infinite. Such cases sometimes occur in our examples Avhen Ave 
treat the body under consideration as an unyielding I'igid mass. 
Eut in nature tlie changes of structure of the body cannot be 
neglected when the forces acting on it become very great. The 
displacements are therefore different from those of a rigid body. 

199. Converse of the principle of virtual work. We 

shall noAv prove the con Averse pjunciple of virtual Avork for a system 
of bodies. The system being p>l^oed at rest in some position, it 
is given that the ivorh of the external forces is zero for all small 
displacements tvhich do not infringe on the constraints. It is 
re(juired to prove that the system is in equilihrinm. 

If the system is not in equilibrium it Avill begin to move. Let 
us then examine all the AAarys in which the system could begin to 
move from its iXAsition of rest. Some one Avay having been selected, 
it is clear that by introducing a sufficient number of smooth con- 
straining curves we can so restrain the system that it cannot 
move in any other Avay. Thus if any point of one of the bodies 
Avould freely describe a curve in space, we can imagine that point 
attached to a small ring Avhich can slide along a rigid smooth Avire, 
Avhose form is the curve Avhich the point would freely describe. 
The point is thus prevented from moving in any other Avay. The 
reaction of this smooth curve has been proved to have no virtual 
AVork. It is also clear that these constraining curves in no Avay 
alter the Avork of the external forces during the displacement 
-of the body. 

In order to prevent the system from moving from its initial 
position it will noAV only bo necessary to apply some force F to 
some one point A in a direction oj)posite to that in Avhich A Avould 
move if F did not act. The forces of the system are now in equili- 
brium Avith P. Let the system receive an arbitrary virtual dis- 
j)laceinent along the only path open to it. In this displacement 
let the j)oint A come to A'. Then the Avork of the forces plus the 



work of F is zero. But it is given that the work of the forces is 
zero for every such displacement, hence the work of F is zero. 
But this work is -F.AA', and since A A' is arbitrary it im- 
mediately follows that F must be zero. Thus no force is required 
to prevent the system from moving from its place of rest along any 
selected path. Tlie system is therefore in equilibrium. Treatise 
on Natural Philosophy, Thomson and Tait, 1879, Art. 290. 

200. Initial motion. Let us imagine a system to be placed at rest, and yet 
not to be in equilibrium under the action of the given external forces. We shall 
show that the system loill so begin to move * that the loorh of the forces in the initial 
displacement is positive. 

The proof of this is really a repetition of the argument already given in Art. 199. 

If the system begin to move from the position of rest in any given way, we constrain 
it to move only in that way. If F be the force acting at A which will prevent 
motion, we find as before that the work of the forces plus that of F is zero. But F 
must act opposite to the direction in which A would move if F were not applied, 
hence its work is negative ; and the w^ork of the impressed forces in this displacement 
is therefore positive. 

201. It follows from this result, that it is sujfcient to ensure equilibrium that 
the loork of the forces should be negative instead of zero for all displacements, for then 
there is no displacement which the system could take from its state of rest. If 
however the work of the forces is negative for any one displacement, it must be 
positive for an equal and opposite displacement, i.e. one in which the direction of 
motion of every particle is reversed. To exclude therefore ail displacements which 
make the work positive, it is in general necessary that the work should be zero for 
all displacements. 

In some special cases of constraint it may happen that one displacement is\ 
possible while the opposite is impossible. It is then not necessary that the work | 
should be zero for this displacement. For yxample, a heavy particle placed inside a • 
cone with the axis vertical is clearly in equilibrium, yet the work done in any \ 
displacement is negative and not zero. j 

202. Method of using the principle. Let us suppose 
■i/^that points A^, A^i &c. of a system are constrained to move on 
fixed surfaces. We have then two objects, (1) to form those 
equations of equilibrium which do not contain the reactions, (2) 
to, find the reactions. To effect the former purpose we give the 
system all necessary displacements which do not separate Ai, Ag, 
&c. from the constraining surfaces, and equate the sum of the 

* Dynamical proof. When a system starts from a position of rest, it is proved 
in dynamics that the semi vis viva after a displacement is equal to the work done 
■ by tile external forces. Now the vis viva cannot be negative, because it is the sum 
of the masses of the several particles multiplied by the squares of their velocities. 

It is therefore clear that the system cannot begin to move in any way which makes 
the virtual work of the forces negative. 


ing reaction and still equating the sum of the yirtual wor 
zero we have an equation to find that reaction. 

203 . To deduce the equations of equilibrium from the pru 
of work. 

The equations of equilibrium of a system are really equi\ 
to two statements, ( 1 ) the sum of the resolved parts of the i 
in any direction for each body or collection of bodies in the sj 
is zero, ( 2 ) the sum of the moments about any or every str 
line is zero. 

The equations of equilibrium of a system in one plane have been ot 
in Chap, iv., Arts. 109 — 111. The corresponding equations of a system in 
will be given at length in a later chapter. But to avoid repetition they are in 
in the following reasoning. See also Arts. 105 and 113. 

We have now to deduce these two results from the princij 
work. As before, let Pi, &c. be the forces, Ai, An &c. 
points of application, («!, /3i, 71 ), (oto, /Sg, 70 ) &c. their dire 
angles. Let the body or collection of bodies receive a 1 
displacement parallel to the axis of so through a small spac- 
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Then if A be moved to A', AA^ = doc, (Fig. 1 ), and the proje< 
AN on the line of action of P is dx cos a. Hence, by the prin 

of work, Pi cos tti dx + P^oos azdx = 0 . 

Dividing by dx, this gives the equation of resolution, viz. 

Pi cos + Pg cos ttg + . . . = 0. 

In this equation all the reactions on the special body consid 
due to the other bodies are to be included. 

To find the sum of the moments of the forces about any stra 


line, say the axis of z, let ns displace the special body considered 
round that axis through an angle cfo). 

First let the forces act in the plane of xy, and let pi, be 

the perpendiculars from the origin on their respective lines of 
actions. Thus in Fig. 2, OM —p. The displacement AA' of A due 
to the rotation is OA . doo. The projection of this on the line of 
action of P is OA dco sin 0AM, i.e. pdco. Hence by the principle 
of work PiPi dco + P 2 P 2 dco-h - .. — 0. 

Dividing by dco, we have the equation of moments, viz. 

Pjjpi -h P2P2 + . . . = 0 . 

Next, let the forces act in space. We first resolve each force 
parallel and perpendicular to the axis about which we take moments. 
The resolved parts of P are respectively P cos 7 and P sin 7. The 
displacement AA' of its point of application due to a rotation 
round z is perpendicular to the axis of z. The work of the first of 
these components is therefore zero. The second component is 
parallel to the plane of xy, and its work is found in exactly the 
same way as if it acted in the plane of xy. If p be the length of 
the perpendicular from 0 on the projection on xy of its line of 
action, the work is P ^inypdco. We therefore find as before 
Pi sin 7ipi + Pa sin 72^2 + . . . = 0, 

^ . which is the usual equation of moments. 

204. Combination of equations. The equations of equilibrium of each of 
the bodies forming a system^ having been found by resolving and taking moments, 
we can combine these equations at pleasure in any linear manner. Por example we 
might multiply by X an equation obtained by resolving parallel to some straight 
line X, and multiply by ix another equation obtained by taking moments about some 
straight line z. Adding the results, we get a new equation which may be more 
suited to our purpose than either of the original ones. 

We shall now show that this derived equation might be obtained directly from 
the principle of work by a suitable displacement. Suppose both the equations 
combined as above to be equations of equilibrium of the same body. Let these be 
written in the form XP cos a = 0, SPp=0. 

If we displace the body parallel to x through a small space dx and rotate it 
round z through an angle do, the work of any force P due to the whole dis23lacement 
is, by Art. 65, equal to the sum of the works of P due to each displacement. The 
equation of work obtained by this displacement is therefore 
(SP cos a) dx + ^ZPp) do— a. 

If then we take dx : do in the ratio X : /x, the derived equation follows at once. 

If the equations to be combined are equations of equilibrium of different bodies, 
these different bodies are to be displaced, a linear displacement corresponding 

10 


R. S. I. 


AS in lorraing me equiiiioiiB oi eqiiiiiorium oy lesoiving auu taiiiug moinenus 
we suppose the constraints removed and replaced by corresponding reactions, so in 
forming these work equations the same suijpositiou must be made. 

It further appears that, if avg can eliminate any unknown reactions from the 
equations of equilibrium by choosing the multipliers X, /x t&c. properly and adding 
the equations, then the same resulting equation can always be obtained (equally free 
from the same reactions) from the principle of work by giving the system a suitable 
displacement or series of displacements. ^ 


y 


^ 205. Examples on Virtual Work, Ex. 1. A Jkit semicircular hoard loith its 

plane vertical and curved edtje U 2 nvards rests on a smooth horizontal plane^ and is 
pressed at two given 2 unnts of its circumference hy two beams ivhich slide in smooth 
vertical tubes. Find the ratio of the weights of the beams that the board may he ui 
cguilihrium. [Math. Tripos, 1853.] 

Let IF, be the Aveights of the beams Alf A'B' ; <p, <(>' the angles Avhich the radii 
CVl, CA* make with the horizontal diamotor 
Cx. Let ii be the radius of the sphere, h the jj 

distance between the tubes. If y' be the 
altitudes above Gx of the centres of gravity 
of the rods, Ave have by the piinciple of 
Avork, -Wdy^W'di/ = 0. 

The negative sign is used because the p’s are 
measured upwards oi^imsite to the direction 
in Avhich the Aveights are measured. Since 
y and if diiler from a sin (p and a sin <!>' by 
constants, viz. half the lengths of the rods, wo find ^ 
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W cos (pd(f) + W' cos y)'dy)’ = 0. 

But by geometry a cos cos = 

DiHerentiating the latter equation, and eliminating dy > ; d(p\ we find 

ircot<;6=lF'cot 0', 

which gives the required ratio. 

y Ex. 2. Three heavy rods, Avhich can slide freely through three vertical tubes 
fixed in space, rest Avith one extremity of each on a smooth hemisphere. The 
hemisphere rests with its plane face on a smooth horizontal plane. If C7.^’ be any 
horizontal line through the centre (7, d,,, Oq the angles Avhich the planes 

through Cx and the loAver extremities of the rods make with a horizontal plane, 
and Wif W^i 11^3 the AVeights of the rods, prove that in equilibrium STF cot d = 0. 

\/ Ex. 3. Eight rods perfectly similar and uniform are jointed together in the 
form of an octahedron, and being suspended from one of the angles are supported 
by a string fastened to the opposite angle, the string being elastic and such that the 
Aveight of all the rods together would stretch it to double its natural length, viz. that 
of one of the rods. Prove that in the position of equilibrium the rods Avill be 
inclined to the vertical at an angle cos“if. [Coll. Ex., 1889.] 



Let the eight rods be AE, BE, CE, BE ; AF, BF, CF, DF ancl let EF be the 
elastic string. Let TV be the weight of any rod, 

2tt its length, and d the inclination to the vertical. 

The octaliedron being in its position of equili- 
brium, let the system receive a symmetrical 
displacement so that the angle 0 is increased by ^ 
do. Taking E for origin, the depth of the centre 
of gravity of any one of the four upper rods is 
a cos 6, the virtual work of the weights of these 
rods is therefore iWd (a cos 6). The depth of the 
centre of gravity of any one of the four lower 
rods is 3a cos 9, the virtual work of their weights 
is 4TFd (3a cos 6). 

Since the unstretched length of the string is 2a and its stretched length is 
JL7^'=4a cos the tension is, by Hooke’s law, T=E (4a cos ^-2a)/2a, where E is 
the weight which would stretch the string to twice its natural length, i.e. E=:8TF. 
The virtual work is - Td (4a cos 0), Art. 197. Adding all these several virtual works 
together we have IGTFd (a cos 6) - Td (4a cos 6} =0. Substituting for T we easily find 
that cos d = 

Ex. 4. Show that the force necessary to move a cylinder of radius ?* and weight 
IF up a plane inclined at angle a to the horizon by a crowbar of length I, inclined at 

(S to the horizon, is ^ i * [Math. Tripos, 1874.] 

Ex. 5. A smooth rod passes through a smooth ring at the focus of an ellipse 
whose major axis is horizontal, and rests with its lower end on the quadrant of the 
curve Avhich is furthest removed from the focus. Show that its length must be at 
least fa+^a Ay(l-f8e‘‘^), where a is the semi-major axis and c the eccentricity. 

[Math. Tripos, 1883.] 


E 



Ex. 6. An isosceles triangular lamina with its plane vertical rests vertex 
^ ' downwards between two smooth pegs in the same horizontal line ; show that there 

. if will be equilibrium if the base make an angle sin“'^ (cos^a) with the vertical; 2a 

C tJo being the vertical angle of the lamina, and the length of the base being three times 

the distance between the pegs. [Math. Tripos, 1881.] 


Ex. 7. Three rigid rods AB, BC, CD, each of length 2a, are smoothly jointed 
at B, C. The system is placed so that the rods AB, CB are in contact with two 
smooth pegs distant 2c apart in the same horizontal line, and the rods AB, CB 
make equal angles a with the horizon. Prove that the tension of a string in AB 
which will maintain this configuration is JTFcosec a sec- a {3c/a- (3-1-2 cos^ a)}, 
where TF is the weight of either rod. [St John’s Coll., 1890.] 

Ex. 8. Four rods, equal and uniform, rest in a vertical plane in the form of a 
square with a diagonal vertical and the two upper rods resting on two smooth pegs 
in a horizontal line. Show that the pegs must be at the middle points of the rods, 
and find the actions at the hinges. [Coll. Ex., 1884.] 

Ex. 9. Three equal and similar uniform heavy rods AB, BG, CB, freely jointed 
at B and G, have small smooth weightless rings attached to them at A and B : the 
rings slide on a smooth xDarabolic wire, whose axis is vertical and vertex upwards, 
and whose iatus rectum is half the sum of the lengths of the three rods : prove that 
in the position of equilibrium the inclination 6 of AB or CB to the vertical is given 
by the equation cos 9 - sin 0 -f sin 20 = 0. [Coll. Ex., 1881.] 
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Ex. 10. A smooth hemispheincal bowl of radius r is fixed with its rim horizontal. 
A uniform heavy rectangle ylJi CP rests Avith two points B on the internal sux'face 
of tho howl, and its sides AD, BC resting on, and reaching beyond, the edge of the 
bowl. If 0 ho its inclination to the horizontal, show that 
‘1 (?•“ - h''^) co8^ 20 coB^ d = 0, 

whore AJi — 2bf J>6' = 2«. [Coll. Ex., 1891.] 

Ex. 11. n equal uniform rods, each of weight TF' and length I, are jointed 
so as to form symmetrical generators of a cone whose semi^vertical angle is a,, 
the joint being at the vertex of the cone. The rods are placed with their otlier ends 
in contact with the interior of a sphere whoso radius is r, so tljat the axis of the 
cone is vertical, and a Aveight H*' is liung on at the joint. SIioav that 

cos2 a= (?iTF'h-2]F)“, 

and find the action at the joint on each rod. [Coll. Ex., 188d:.] 

Ex. 12. A conical tent resting on a smooth floor is made of an indefinitely great 
numbor of equal isosceles triangular elements hinged at the vertex, and kept in 
shape hy a heavy circular ring placed on it as a necklace. Show that in equilibrium 

the semi-vertical angle of the cone is 8in“i 

respectively the Aveiglits of the cone and the ring and r, h are in like manner the 
radius of the ring and the slant side of the cone. [St John’s Coll., 1886.] 

Ex. 13. A smooth fixed sifiiere supports a zone of very small equal smooth 
spherical particles, and the whole is prevented from slipping oil tho sifiiere by an 
elastic ring occui)ying a horizontal circle of angular radius a. Show that in the 
position of equilibrium the tension of the baud is T, Avhere 2tT=:^1V tan a, and IF is 
the Avholo Aveight of the ring and particles together. [St John’s Colh, 1885.] 

It may be assumed that the centre of gravity of such a zone is half Avay betAveen 
tho bounding planes. 

The iDorh function. 

206. Coordinates of a system. Our^eneral object in statics 
is to find the positions of equilibrium 6? a system. To solve this 
problem Ave require some quantities which when given will deter- 
mine the position of the system in space. Thus the position of a 
particle in geometry of two dimensions is defined Avhen we know 
its coordinates x, y. In the same Avay if a body is free to move in 
the plane of xy, its position is fixed Avhen we know the coordinates 
X, y of some point in it and also the angle 6 some straight line fixed 
in the body makes with the axis of x. These three quantities, viz. 
X, y and are called the coordinates of the body. 

If the body is in space we define its position by giving (1) the 
coordinates x, y, z of some point A fixed in the body, (2) the tAvo 
angles some straight line AB fixed in the body makes Avith the 
axes of X and y. If no more than this is given, the position of the 
body is not fixed, for it could be turned round AB as an axis. We 



therefore require (3) the angle some plane drawn through AB and 
„ fixed in the body makes with some plane fixed in space. These | 
six quantities, or any other six which fix the place of the body, are | 
called its coordinates. | 

If the body be under constraint the case is a little altered. 

' Thus suppose the extremities of a rod of given length are constrained 
to rest on two given curves in a vertical plane; its position is defined 
simply by its inclination to the horizon or by the abscissa of one 
extremity. Either of these, or any other quantity which defines 
the position of the rod, is called its coordinate. 

207, In the general case of a system of bodies, my quantities 
which, when given, determine the positions of all the members of the 
system are called the coordinates of that system. Just as the 
Cartesian coordinates of a point are connected by one or more 
equations when the point is constrained to lie on a given surface 
or curve, so the coordinates of a system are connected by equations 
when the system is subject to constraints. By help of these equa- 
tions we can eliminate as many coordinates as there are equations, 
and thus make the position of the system depend on a smaller 
number of coordinates. There being now no equations of constraint, 
these remaining coordinates are independent of each other. 

Let us suppose that the system is referred to independent 
coordinates. Since each may be varied without altering the others, 
there are as many ways of moving the system as there are co- 
ordinates. Any small displacement, indicated by varying simul- 
taneously several coordinates, may be constructed by varying first 
one of the coordinates and then another, and so on. The member 
of independent coordinates is therefore called the number of degrees 
of frpdom of the system. 

^^*^208. The work function. Let a system of bodies be placed 
^ in any position, and let it receive any indefinitely small displace- 
ment which the constraints imposed on the system permit it to 
take. Let X, F, Z be the components of any force P, and let {xyz) 
be the rectangular Cartesian coordinates of its point of application. 
The work of P is the same as that of its components, so that the 
general expression for the work is 

^Pdp = S {Xdx + Ydy + Zdz) (1), 

where the 2 implies summation for all the forces of the system. 


Let the independent coordmaCes or the system he C 7 , 9 , y <s;c. 
Then since these determine its position, the coordinates x, y, z 
of every point of each body can be expressed in terms of 6, (j> &c. 
Thus X, y, z and X, Y, Z are all known functions of d, </> &c. 
Substituting, the equation (1) takes the form 

'EPdp = + &c (2), 

where <E> &c. are all known functions of the coordinates 0, ^ &(^ 

209, The coefficients 0, <I>, t£’c. have somciiincs an elementary statical meaning/ 
Suppose for example that the change in the coordinate 6 (the others remaining 
constant} had the effect of turning the body about some straight line through the 
angle dd. Then BdO is the worlc of the forces when this displacement is given to 
the body. But, by Art. 203, this work is Bfd6, where M is the moment. It follows 
that 0 is the moment of the forces about the straight lino. 

Again, suppose that the change of some abscissa 0 had the effect of moving the 
body parallel to the axis of then by the same article, 0 is the resolved part of the 
forces parallel to that axis. 

210. In most cases the expression for the woi'h is found to be 
a perfect differential of some quantity which we may call W. For 
example, suppose the force P which acts on the point {xyz) to be 
due to the repulsion of some centre of force (7, i.e. let P be a force 
whose line of action always passes through a point 0 fixed in space. 
If r be the distance from G to the point of application, the work of 
such a force for any small displacement is Pdr, If then the 
magnitude of P is some function of the distance r, the part 
contributed by such a central force to the expression ^Pdp is a 
perfect differential. 

To take another case, let a force T acting between two points 
Ay A' which move with the system be caused by such an elastic 
string as that described in Art, 197 or in any other way, so only 
that the force is some function of the distance between A and A\ 
The work of such a force is + I'dr, and as T is a function of ?•, this 
again is a perfect differential. 

The system may be under the action of a variety of central 
forces, attracting many points of the system ; or again there may 
be any number of actions between different sets of points, yet in 
all these cases the share contributed by each force to the virtual 
work is a perfect differential. 

These two typical cases represent the forces which in most 
cases act on the system. The external forces are generally central 
forces, and the internal forces either do not appear in the equation 



of virtual work or appear as forces between one point and another 
such as those just described. 

211. Since the expression (2) in Art. 208 represents the work 
of the forces due to any general small displacement, the integral of 
that expression when taken between any limits is the work of the 
forces as the system makes a finite displacement, i.e. as the system 
moves from any position I. to another II. The lower limit of the 
integral is found by giving the coordinates 6, <f) &c. their values in 
the position I., and the upper limit by giving the same coordinates 
their values in the position II. 

When the expression (2) is a perfect differential, this integration 
can be effected without knowing the route by which the system 
travels from the one position to the other. The integral IT is a 
function of the upper and lower limits, and will thus depend on the 
initial and final position of the system and not on any intermediate 
position. It follows that the loork due to a displacement from one 
given position to another is the same^ whatever route is taken hy 
the system^ provided ahuays none of the geometrical constraints 
are violated, 

j| When the forces are such that the expression XP dp is a perfect f i 
I differential, they are said to form a conservative system. 

Suppose we select any one position of the system of bodies as a 
standard, and let this position be defined by the values of the 
coordinates 9 == 6j, ch = (hu &c. Then taking this stanidard position \ j 

as the lower limit of the integral and any general position as the 
upper limit, we have 

W=SlPdp = F{e, (/), &c,)-F{e^, cjy,, &c.); 
when it is not necessary to make an immediate choice of a standard 
position we write the integral in its indefinite form, viz. 

W==F{d, (j,, &c.) + a. 

The function W, particularly when used in the indefinite form, is 
often called force function, or work f unction. 

Sometimes the upper limit is made the standard position and 
the general position the lower limit. If this standard is deter- 
mined by the values 9^9^,^ = (^ 2 , &c. ; the integral becomes 
V=F{e„ ^c)-F{9, &c.). 

This is usually called the potential energy of the forces with 
reference to the position defined hy = 


If the two standards of reference were identical, we should have 
Tf == — F. But both these standards are seldom used in the same 
problem. In every case that standard of reference is generally 
chosen which is most suitable to the particuhir problem under 
discussion. We notice that W +V is the work of the forces as the 
system moves along any route from the position 
position {02, 4^2, &c.), and these being fixed, the sum is constant 
for all positions of the system of bodies. 


I ■ 


212. Maximum and Minimum. Suppose the system to be 
In a position of equilibrium. We then have dW -==^0 for every 
virtual displacement, so that TF* is a maximum, a minimum, or 
stationary. The last alternative represents the case in which the 
evanescence of the first differential coefficients does not indicate a 
true maximum or minimum. 

We have therefore another method of finding the positions of 
equilibrium of a system. We regard the work function as a known 
function of the coordinates, 6, </>, &c, of the system, say 

w^F{e, + a 

To find the positions of equilibrium we use any of the rules given 
in the differential calculus to find the values of 9, <j>y &c. which 
make W a maximum or minimum. 


! 213 . If the coordinates 6, 0, d:c. are all independent, we make the differential 

coeiricient of IK with regard to each of the variables equal to zero. This is equiva- 
lent to giving the system the geometrical displacements indicated by varying 6, 0, 
&c, in turn, and equating the virtual work in each case to zero. Bat the process is 
analytical instead of geometrical, and this has sometimes great advantages. 

When we cannot express the position of the system by independent coordinates, 
we may yet reduce the problem to the solution of equations by using Lagrange’s method 
of indeterminate midtipliers. Let the n coordinates 9^92, &c. be connected by the m 
geometrical relations 

( 01 , 02 , &c.)=0, f,, ( 01 , 02 , &c.) = 0, &o. = 0, 

so that n-ni of the coordinates are indepeudent. Differentiating and using the m 
multipliers Xj , Xg, &c. we have 


'Vde de'^^dff^ 




^^0 = O , 


where S implies summation for 0i, 0^, c&c. Since there are vi multipliers at our 
disposal we choose these so that the coefficients of the differentials of the dependent 
coordinates are zero. The remaining 0’s being independent we can make each vary 
separately and it then follows from the equation that the corresponding coefficient 
is zero. The coefficient of every dO being zero, we obtain n equations of the form 


dJF 


- 4* X 


+ ... -U. 


d9 ^ d9 ' - do 

Joining these to the m given geometrical relations we have m-\-n equations to find 
the n coordinates and the vi multipliers. 



214. Stable and Unstable equilibrium. It should be 
noticed that it is necessary and sufficient for equilibrium that the 
work function TTis a maximum, a minimum, or stationary. There 
is however an important, distinction between these cases. 

Suppose the system is in equilihriimi in such a position that 
W is a true maximum, i.e. W is decreased if the system is moved 
into any neighbouring position which is consistent with the con- 
straints. Let the system be actually placed at rest in any one of 
these neighbouring positions. Not being in equilibrium in this 
new position it Avill begin to move. By Art. 200 it must so move 
that the initial work of the forces is positive, i.e. it must so move 
that W increases. The system therefore tends to approach closer 
to its original position of equilibrium. The original position is 
therefore said to he stable. 

Suppose next the system is in equilibrium in such a position 
that W is a true minimum, i.e. W is increased if the system is 
moved into any neighbouring position. Let the system be placed 
at rest in one of these neighbouring positions, then, by the same 
reasoning as before, it Avill begin to move on some path Avhich will 
take it further off from its original position of equilibrium. The 
equilibrium is then said to he ^cnstable. 

Lastly, suppose the system is in equilibrium in such a position 
that W is neither a true maximum nor a true minimum, i.e. W 
’ is decreased when the system is moved into some neighbouring 
positions and increased when the system is moved into some others. 
By the same i-easoning as in the two preceding cases the equili- 
brium is stable for some displacements and unstable for others. 
According to the definition given in Art. 75 this state of equilibrium 
is to be regarded as on the ivhole unstable. 

215. We have only considered how the system begins to move, 
and not whether it may afterwards approach or recede from the 
position of equilibrium. As explained in Art. 75, this is a dynam- 
ical problem. The general result however agrees with what has 
been proved above. 

216. Instead of using the work function we may use the 
potential energy. Since their sum W + V is constant, bhe general 
results are just reversed. When the system is placed at rest in 
any position other than one of equilibrium, it begins to move so 


that the i:)otential energy decreases. In a position of eqnilibrinm 
the potential energy is a maximum, a minimum, or stationary. 
The equilibrium is stable or unstable according as the potential 
energy is a true minimum or maximum, 

217. We have supposed in what precedes that none of the 
neighbouring positions are also positions of equilibrium. It is 
of course possible that W should be constant for two consecutive 
positions of the system of bodies, and yet (say) greater than when 
the system is moved into any other neighbouring position. In 
such a case the equilibrium is neutral for the displacement from 
one of the consecutive positions to the other and stable for all other 
displacements. Various cases may occur. For example, the equi- 
librium may be neutral for more than one or for all displacements 
from a given position of equilibrium; or again W maybe constant 
for all positions defined by some relations between the coordinates, 
and yet (say) a maximum for all displacements from this locus. 
We then have a locus of positions of equilibrium, each of which is 
stable for all displacements which do not move the system along 
the locus. 

In a system with two coordinates 6, we could regal'd W as 
the ordinate of a surface whose x and y coordinates are 9 and <p. 
Every geometrical peculiarity connected with the maximum and 
minimum ordinates of such a surface has a corresponding statical 
peculiarity in the positions of equilibrium of the system. 

^ 218. Altitude of the centre of gravity a maximum or 

minimum. There is one important application of the theorem on 
virtual work of which much use is made. Let gravity be the only 
external force acting on the system. Let js 2 &c. be the altitudes 
above any fixed horizontal plane of the several heavy particles, and 
B the altitude of their centre of gra\ity. If &c. he the masses 

of these particles, we have zXm = If ^ be a constant, so that 

mg represents the weight of the mass m, the virtual work of the 
weights is d W = — Xmgdz — — gXmdz. 

The work function is therefore If = - zg%m+ G. 

This is a true maximum or a true minimum, according as z is at 
the least or greatest height. 

We deduce the following theorem. Let a system of bodies be 
under the influence of no forces but their weights, together with such 



mutual reactions as do not appear in the equation of virtual worJCy 
and let it be supported by frictionless reactions with other fixed 
surfaces, or in some other way by forces tuhich do not a 2 :)pear in the 
eqitation of virtual luork ; the p)ossible positions of equilibrium may 
be found by making the altitude of the centre of gravity of the 
system above any fixed horizontal plane a maximum, a minimum, or 
y, stationary , The equ ilibrium will be stable or xinstable according as, 
'fhe altitude of the centre of gravity is or is not a true minimum. 


r ^ 219. Alternation of stable and unstable positions. Suppose 

constraints are such that the system moves with one degree of 
freedom. Then as the system moves through space the centre of 
gravity will describe some definite curve. The positions in which 
the ordinate is a true maximum and a true minimum must evidently 
occur alternately. It follows that the truly stable and truly un- 
stable positions of equilibrium occur alternately. 

'' 220. Analytical method of determining the stability of 
' a system.. To show how this theorem may be used to find positions 
oTequilibrium in an analytical manner, let us suppose, as an example, 
that the system has one degree of freedom. We first choose some 
convenient quantity by which the position of the system is fixed, 
and which is therefore called its coordinate. Let this be called 9. 
Then the value of 9 when the system is in equilibrium is the 
quantity to be found. Let z be the altitude of the centre of 
gravity of the system above some fixed horizontal plane. From 
the geometry of the question we now express z in terms of 6. The 
required value of 9 is then found by making dzIdO = 0. To deter- 
mine whether the equilibrium is stable or unstable, we differentiate 
again and find d^zIdO^. If this second differential coefficient is 
positive, when ^^Tas^e value just found, the equilibrium is stable. 
If negative, the equilibrium is unstable. If zero we must examine 
the third and higher differential coefficients of 0 , following the 
rules given in the differential calculus to discriminate whether a 
function of one independent variable is a maximum or minimum. 


If the coordinate 6 cannot vary from 6 = — oc to 6 = + go , it 
may itself have maxima and minima. It must be remembered 
that these values of 9 may lead to maxima and minima values of z 
other than those given by the ordinary theory in the differential^^ 
calcidus. 


^ 221 . Examples. Ex. 1, A uniform licainj rod AB rests against a smooth 
vertical wall and over a smooth 2>cg C. Find the jposition of equilihrium, and deter-' 
mine whether it is stahle or unstable. 

Let the length of the rod be 2« and let the distance of G from the wall be h. 
Let the inclination of the rod to the wall be 6. Taldng 
the liorizontal through C for the axis of x, we find for 
the altitude z of the centre of gravity 
z = a cos 0 -b cot 6, 
dzjdO— - a sin (sin 
d'-zjdO'^ = - a cos 0 ~ 2h (sin 0)"'^ cos d. 

Putting dz/ do = 0f we find that in the position of 
equilibrium sin’^d = ?;/«. Since (FzjdO^ is negative 
the cqnilibriiiin ia unstable. 

Ex. 2. A fruatum of a right cone is suspended from a smooth vertical wall by a 
string, having one extremity attached to a point in its base, and the frustum is in 
equilibrium with one point of the base in contact with the wall. If the length I of 
the string is equal to the diameter of the base and the centre of gravity is at a 
distance kl from the base, show that the tangent of the inclination of the string to 
the vertical is '^k. Is the equilibrium stable? 

Ex. 3. A body is ke^jt in equilibrium by three forces P, Q, U acting at certain 
points yl, Ji, C in it. When the body is disturbed the forces continue to act at these 
points parallel to directions fixed in space and their magnitudes are unaltered. If 
h, c be the distances of A, P, G from 0, the point of intersection of the three lines 
of action when the body is in equilibrium, show that the equilibrium is stable, 
neutral, or unstable, for displacements in the plane of the forces, according as 
Fa-\- Qh-^- lie is positive, zero, or negative; a, c being counted positive if drawn 
from 0 in the directions of the forces. [Coll. Ex., 1892.] 

An elementary solution of this problem has been given in Art. 77. To use the 
test given l)y the principle of work we turn the body round O through an angle 9 
and place it at rest in thi.s new position. The work done in returning to its old 
position is X versin 6 where X^Fa-h Qh-^-Bc. If X is positive, the equilibrium is 
stable by Art. 200 or 214. 

222 . Ex. A heavy body can move in a vertical plane in such a manner that 
txoo of its pohitSj viz. A and B, are con- 
strained to slide, one on each of tivo equal 
and similar smooth curves whose equations 
are respectively x=f{}j) and x- -f{y}, y 
being vertical. The perpendicular on the 
chord AB drawn from the centre of gravity 
Ij G bisects AB in E. Show hoio to find the 
I iwsitions of equilibrium, and determine 
S' lohi'ther the position in xohicli AB is horizontal is stahle or not. 

Let AB^'2a, GE = h. Let 9 be the inclination of AB to the horizon and (xy) the 
coordinates of G. Then since the points A, B lie on the given curves we find 
/i sin 0 + fl cos O^f {y ~h cos d-{-a sin 9) ) 

X -hh sin 0 ~a cos 9= -f{y-h cos ^ - u sin ( 

Eliminating a*, we have 

2a cos 9=f(y - h cos d + a sin 9)+f{y — h cos ^ - a sin 9) 




( 2 ). 



Differentiating tliis and putting dijldd = 0, we find 

- 2tt sin 6 =/' (?/ - h cos 0 + a sin 6) (h sin 0 + a cos 0) j 

+/' (y - /icos 0 -a sin 0) (/i sin 0 - a cos 0) | * 

Joining this equation to (1) and (2) we have three equations to find x, y, 0. It is 
clear that (3) is satisfied by 0 = 0, this therefore is one position of equilibrium. 

To determine if this horizontal position is stable, we differentiate (2) tioice to 
find cV^ylcld^. We easily find after reduction 




.(4). 


The position of equilibrium is stable or unstable according as the right-hand side is 
negative or positive. 

We may obtain a geometrical interpretation for the equation (4) in the following 
mann^’ '’ The straight line AB being in its horizontal position, let n be the length 
of the normal to the curve at either A or B intercepted between the curve and the 
axis of y. Let p be the radius of curvature at A or B, estimated positive when 
measured from the curve in the direction of 7i, and let be the inclination of the 
tangent at A or B to the axis of y. We know by the differential calculus that if 
x~f (y) be the equation to a curve, tan (y), while n and p are given by 

«=*{!+ (/'{2/))2}i ; 

remembering that a and y-h are the equilibrium coordinates of A we find 




~h. 


.(5J. 


ap tan xp 

The horizontal position of equilibrium is therefore stable or unstable according as 
the right-hand side of this equation is positive or negative. 

If in the position of equilibrium dhjjdd'^ should be zero, the equilibrium is said 
to be neutral to a first approximation. We must then continue our differentiations 
of (2) to ascertain if y is a true maximum or minimum, or neither. We find that 
(Vhjlde'^=0, and 


_ -a + (3/i^ - 4fl“) f" (y - li) + {y - h) + (y - /Q _ , 

dd^ ~ f (y - li) 

The equilibrium is therefore stable or unstable according as the right-hand side 
is negative or positive. If this again vanish we proceed to higher differential 
coefficients. ' - 


223 . Ex. 1 . A prism whose cross section is an equilateral triangle rests with 
two edges on smooth planes inclined at angles a, /3 to the horizon. If 0 be the 
angle which the plane containing these edges makes with the vertical, show that 

tan e= 2 V3 8in «sin^ + smj_a + p) _ 

^/3 sm (a-'jS) 

Ex. 2. The form of a bowl of revolution is such that every rod resting horizon- 
tally in it is in neutral equilibrium to a first approximation. Show that the 
differential equation to the generating curve is (dxjdijf=2\ogalx where y is vertical. 
Show also that the equihbrium is stable or unstable according as the length of the 

rod is less or greater than 2a/ea, where e is the base of hlapier’s logarithms. 

Ex. 3. A uniform square board is capable of motion in a vertical plane about a 
hinge at one of its angular points ^ a string attached to one of the nearest angular 


points, and iiassnig over a puiloy vortically above the hinge at a distance from it 
equal to a side of the square supports a weight whose ratio to the weight of the 
board is 1 Eintl tho positions of equilibrimn, and determine whether they are 

respectively stable or unstable. [Math. Tripos, 1865.] 

Kx. 4. The extremities of a rod without weight are capable of sliding on a 
smooth fixed vertical wire bent into the form of a circle. A weight is suspended 
from tho extremities of tlie rod by two .strings, wliicli pass through a small smootli 
fixed ring, vertically below the centre of the circle. Show that the weight will be in 
stable equilibrium when tho rod passes through the middle point of the polar of the 
ring witli re.spect to the circle. [Math. Tripos, 1859.] 

Ex. 5. A uniform regular tetrahedron has three corners in contact with the 
interior of a fixed huiiiisphcrical bowl of such magnitude that the completed sphere 
would circumscribe the tetrahedron ; prove that every position is one of equilibrium. 
If P, Q, U be tho pressures on the bowl, and IP the weight of the tetrahedron, pirove 
that n + ~2 (QP-i-PP + PQ)=:3]r“. [Math. Tripos, 1869-] 

Ex. (b A right cone rests with its curved surface in contact with two smooth 
equal cylinders who.so axes are parallel, in tlio same horizontal plane, and distant d 
apart, and who.so cross sections are circles of radii e. Show that the cone can rest 
in equilibrium with its axis in a plane perpendicular to tlie axes of the cylinders 
and inclined at an angle 0 to the vertical given by id cob 0= Sreos^ a-i-la cos ct, 
whore 2a is the vertical angle of the cone and r is the radius of its base ; and 
dotenniiie whether the position is one of stable equilibrium. [Math. Tripos, 1890.] 
Ex, 7. A conical plug of height h and semi-vertical angle a is at rest in a 
•circular hole of radius a. Show that the vertical i}osztion of equilibrium is one of 
stability or of instability according as ICa is greater or less than Bit sin 2a. 

[St John’s Coll., 1887.] 

224 . Ex. One end A of a strain Jit AB rests against a smooth vertical 
wall, and the other B rests on an unJcnoiun curve. If I he the length of the beam, li 
the altitude of the centre of gravity, find the form of the curve that the relation 
icli-X^~C“ may hold in the position of equilibrium whatever values I and h inay 
.have. [Boole’s problem.] 

Let (0, y') (.T, y) be the coordinates of A and B. Then 

2h-y + y' ( 1 ), + --h]"=l^ ( 2 ). 

Wo notice that a curve could be found such that a rod of given length I could 
rest on it in equilibrium in the manner described in the question. Such a curve is 
found by inaldng the altitude h constant. 

The curve is therefore the ellipse (2) where h and I have any constant values which 
.satisfy the given relation. The envelope of all these ellipses must also satisfy the 
mechanical problem, because the envelope touches every ellipse and the reaction will 
suit either curve. The envelope found in the usual way is the parabola x^=4:cy. 

We might find this parabola without using the theory of envelopes. Since in 
equilibrium d7i = 0 when I is constant, we have by differentiating (2) 
xdx + 4 (?/ - h) dy = 0. 

But (2) is satisfied when h and I both vary ; .’. {y - h) [dy - dh) — ldl, 

also since 4c /i - 7" = C“, 2cdh — Idl. 

Eliminating the differentials we find 2 [h - y) = c. Joining this to the given relation 
we can express h and Z in terms of y. Substituting these in (2) the required 
relation between x and y is found. It reduces to the parabola already found. 



226. Ex. A heavy body can move in a vertical plane in such a manner that 
two straight lines CA, CB fixed in it are 
constrained to slide on two equal and 
similar curves fixed in space. The equa- 
tions to the curve are 2 }=f (w) and (/=/ (to'), 
where j;, q are the perpendiculars drawn 
from the origin on the tangents, and w, co' 
are the angles Avhich these perpendiculars 
make with opposite sides of the axis of x, y 
being vertical as before. The centre of 
gravity G lies in the bisector of the angle C 
at a distance U from either of the straight 
lines CA^ GB, Show how to find the incli- 
nation of (70 to the vertical when the body 
is in equilibrium, and determine whether the position in which CG is vertical is 
stable or unstable. 

Let a be the angle CG makes with either CA or GB, and 6 the inclination of CG 
to the vertical. Let y be the altitude of G. We first show by geometrical con- 
siderations that y sin 2a = (p - h) cos (0 - a) + (gr - h) cos (6 -b a). 

Remembering that =/ (0 + a) and q=/(a-0) we have, by equating dyjdd to zero, 
an equation to find 

In the position in which CG is vertical ^ = 0, hence j^-q. Differentiating a 
second time, we have 

sin 2a d'^y / , d-jp\ dp . 

-r-w^=G ^ j ^ 

We may obtain a geometrical interpretation of this value of dhjidd’^. The body 
being in the position in which CG is vertical, the straight line GA will touch one 
of the curves in some point P. Let p be the radius of curvature of the curve at P, 
^ the horizontal abscissa of P. We may then show that 

dhj 

The equilibrium is stable or unstable according as the value of d-yfdd- is positive or 
negative. If the value is zero, we must differentiate a second time. 

226. Examples of atoms. Some good examples of the method of using the 
work function to determine questions of stability are supplied by Boscovicb’s theory 
of atoms. Almost all the following results are enunciated by Sir W. Thomson in 
an interesting ]paper contributed to Nature, October 1889. 

It is enough for our present purpose to say that Boscovich supposed matter to 
consist of atoms or points between which there is repulsion at the smallest distance, 
attraction at greater distances, repulsion at still greater distances, and so on, ending 
with attraction according to the Newtonian law for all distances for which this law 
has been proved. Boscovich suggested numerous transitions from attraction to 
rei^ulsion and vice versa, but for the sake of simplicity, we shall here consider 
problems which involve only one change from repulsion to attraction. 

Suppose then that the mutual force between two atoms is repulsive when the 
distance between them is less than p, zero when it is equal to p, and attractive when 
greater than p. With this supposition we shall consider the stability of the equih- 
brium of some groups of atoms. 


G 



227 . Ex. 1. Three imrticles, whose masses are in, in'' repel each other so 
that the force between in and m' is F= - mm' where n is an even integer. 

Tlie particles are in equilihriuin when placed at the corners oi an equilateral triangle 
ciich of wlio.so Aides is equal to p. Show that tlje equilibrium is stable. 

The tenu of the work function W corresponding to F is j-Fci!r= - ('J* -2?)^* 

AVhen the atoms are disidaced, let the three sides of the triangle bejp-ha;,p + 2/, 

We have hy Art. 211, n {C - )V):=iin'}}i''x^ + in''inif'^imn'z\ 

The equilibrium is stable or unstable according as W is a maximum or a minimum, 
i.c. according as tlic right-hand side is a minimum or a maximum. But, since n is 
oven, the right-hand side is a minimum when x, y, z are each zero ; for these values 
make the right-hand side zero jind all others make it greater than zero. The 
equilibrium is therefore stable. 

We have taken the law of force to be a single power of r-j), hut it is clear that 
the same reasoning will apply if tho law of force is expressed by several terms with 
dilferent odd powers. Even greater generality may be given to the law, for it is 
suiHciont that the lowe.st power should be odd. 

In just the same way we may prove that a group of four particles placed at the 
corners of a regular tetrahedron, each of whose edges is equal to p, is a stable 
arrangement. 

Ex. 2. Three equal atoms A, B, C are placed in equilibrium in a straight line. 
Supposing the force of repulsion to be - p where n is even, determine 

if the conliguration is stable or unstable. 

It is clear that in the position of equilibrium the distances AB, BC are each less 
than tho critical distance p, while AC is greater than p. Let AB and JBG be each 
equal to a. As wo are only concerned with 
relative diaplacomcnts, let A be fixed. Let 
B'i C be the displaced positions of C ; let A. 

{xy) bo the coordinates of B' referred to B, 
and {x'y') those of C' referred to C7. If r=AB'j we have 

r= {{a-hx)--i- - a + x + — 

(?• - p)” =((i- pY^ -f 71 (a - (^x + n — ^ (a - P>Y^‘~“x'^ + c&c. 

If we rei)lace (xy) by (.i;' - x, if -y), this expression gives the value of [r" -pY^ where 
r"~B'C\ If instead we replace {xy) hy (x'y') and write 2a for a, the expression 
gives tho value of (?■' -p)^, where r'=AG's 

Taking all these expressions, we have aa before 



a (C - IV) = ()■ - + (r' -?)"■ + (»■" -i>)“ 

^ < o 

. = 71 (a -27) ’^-1 \x' + + 11 (a - + [x' - x)^} 

- 1 - 11 f2a -27)”“i I x' + H- n (2a -p)’^'~V2 + cfec., 

where all the constant terms have been absorbed into one constant, viz. G, 

To find tho position of equilibrium, we make W a maximum or a minimum, i.e. 

we put ^^=0, ^=0, ‘^ = 0. '^=0- Thesegive (a-p)’'-i + (2a-p)"-' = 0. 



Hence, since ?i- 1 is odd and lies between a and 2a, we find - {a-;?) = 2a -j; and 
therefore a~^p. This result might have been more simply obtained by equating 
the forces on the particle A due to the repulsion of B and the attraction of C. 

To distinguish whether W is a maximum or a minimum, we examine the terms 
of the second order. We find that those on the right-hand side are 

~n{p~ -H n (v " 

It is clear that this expression cannot keep one sign for all values of .r, y, x', if 
for the terms with (y, y') are negative and those with (.t, x') positive. We therefore 
infer that W is neither a maximum nor a minimum. The equilibrium is stable for 
all displacements in which the particles remain in the original straight line. It is 
unstable for all disiilacements in which they are moved perpendicular to that 
straight line. On the whole the equilibrium is unstable. 

This method of solution has been adopted in order to show bow the rules of the 
differential calculus may be used in making W a maximum or minimum. The 
result may be more simply obtained by displacing one particle perpendicularly to 
the straight line ABC and calculating the normal force of repulsion on it. The 
equilibrium is then seen to be unstable for this displacement. 

Ex. 3. Show that the following configurations of four equal atoms are unstable. 

(1) Three atoms at the corners of an equilateral triangle and one at the centre. 
(2) The four atoms at the corners of a square. (3) The four atoms in one straight 
line. 

Ex. 4. Three equal particles repelling each other according to the nth power of 
the distance are connected together by three equal elastic strings. Find the 
position of equilibrium and show that it is stable if n<:p/(p -«), where is the 
unstretched, and p the stretched length of any string. 

228 . Ex. Three fine rigid bars, coinciding with the diagonals of a regular 
hexagon, are each freely moveable about their common centre in the plane of the 
hexagon ; six equal particles at the extremities of the bars repel one another with a 
force varying inversely as any power of the distance. Show that the equilibrium of 
„>'' the system is stable. [Math. Tripos, 1859.] 

f V ^ 229. On Frameworks. The determination of the forces 
. - act along the rods of a framework supply some good 

examples of the use of the theory of work. The general method 
of proceeding may be described as follows. If we remove such 
of the connecting rods as we may choose, and replace these by 
forces acting at their extremities, we so loosen the constraints that 
the framework admits of displacement. The principle of work 
then gives equations connecting the forces which act on the 
system but omitting all those reactions which act between the 
rods not removed. We thus form equations to find the reactions 
on any one or more rods we choose to select. 

230 . Ex. A framework, consisting of any number of rods, not necessarily 
in one plane, is acted on by forces at the corners. If B be the reaction along any 
rod regarded as positive when in a state of thrust, the length of that rod, and if 
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A, i , X bo tliG components of the forces at that corner whose coordinates are 
•'*'’1 ?/> prove that + S (A'’.?: + Yy + Zz) — 0, 

where tiic implies summation over the whole framework. Maxwell, Edinburgh 
Traintartionnj 1872, Vol. 20, p. 14. 

Let ns remove all the rods and apply the corresponding reactions at particles 
placed at the cornern. We now displace the system by giving it a slight enlarge- 
ment, so that the displaced figure is similar to the original one. The principle of 
work gives + Td// + = 0. But, since the figures are similar, 

dr/r = d.T/ii' = cfec. Substituting, the result follows at once. As an example of tliis 
theorem see Art. 130, Ex. 5. 

y 

231. When wo apply the principle of work to a frame, Ave 
have to displace the corners. It will be found convenient to 
distinguish these displacements by different names. 

If the frame is not stiffened by the proper number of rods 
(Art. 151) the angles may receive finite changes of magnitude 
Avithout altering the length of any side. When this is the case 
any change is called a normal or ordinary deformation. The 
actual dis])lacemenfc given may be infinitely small, but in a 
normal defonnation the change of angle may be increased until 
it becomes finite. 

If the framcAvork is stiffened by the proper number of rods, 
the connecting rods may possibly be so arranged that the angles 
can receive infinitely small changes in magnitude, but not finite 
changes, Avithout altering the length of any side (Art. 151). Such 
a displacement is called an abnormal or singular deformation. 
This is an imaginary displacement, Avhich could be a real one only 
Avhen small tjuantities of the second order are neglected. 

If the frame is stiffened by only just the proper number of 
rods so that there are no relations between the lengths of the 
rods, any side of the frame can be increased in length Avithout 
breaking its connection with the others. Such a frame is said to 
be sim 2 :)ly stiff or freely dilatable. 

If there are more rods than are necessary to stiffen the frame, 
so that there are relations between the lengths of the sides, one 
rod cannot be altered in length Avithout altering some of the others. 
Such a frame is said to be indilatable or dilatable under one or 
more conditions. 

Those names are due partly to Maxwell, Fhil, Mag, 18G4, and partly to 
M. Levy, Statique Grapliique. 

232. A simply stiff frame of rods connected by smooth hinges at 
the corners Ai, Ao &c, is in equilibrium under the action of any forces. 



It is required to find the stress along any side A^A 2 which is not acted 
on by the external forces. 

Let iJi 2 be the reaction along this rod, and let it be regarded as 
positive when the rod is in a state of thrust. Let be the length 
of the side. 


Since the external forces are in equilibrium the work due to 
any virtual displacement of the frame which does not alter the 
length of any side is zero. Let us remove the rod A^A,. from the 
frame and replace its effects by applying to the particles at its 
extremities forces each equal to iijg. If we now fix in space any 
other side, say the adjoining side AiAj^ the polygon will have one 
degree of freedom. It may be deformed, and each corner will 
describe a curve fixed in space. Supposing a small deformation 
given, let the length be increased by dlioy and let dWhe the 
work of the external forces. Then, since the other reactions do 
not put in any appearance in the equation of work, we have 


Hi^dlio •+■ d IT" = 0 (!)• 

If in addition to this deformation we give the side AiA^ any 
virtual displacement, the frame moving with it as a whole, the 
work is not altered. We see therefore that the mode of 
displacement is immaterial. It is not even necessary to remove 
the side Zj.,, we simply let its length increase by dl^^^ If c^Tl^be 
the resulting work of the forces, the reaction is given by 




dfW_ 

dly. 


( 2 ). 


It appears that, if the length of any rod, not acted on by the external 
forces, can be increased without undoing the frame the reaction along 
that rod is determinate. For example, if there are no external forces 
acting on the fi^ame, the reaction along any such side is zero. 

233 . If the rod A-^A^ is acted on by some of the external forces 
the reactions at the corners do not necessarily act along the 

length of the rod. We may reduce this case to the one already 
considered in the last article by replacing each of these forces by 
two parallel forces, one acting at each extremity of the rod. This 
method has been explained in Art. 134. We may also find the 
reactions by a more direct process. 

Let i2i2, Si 2 be the components of the action at the corner A^ 
of the rod AiAg, resolved along and perpendicular to the length of 
the rod. In the same way are the components at the 
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Let the system be so deformed that the length of the side 
is increased by dZjo, while the corner A., and the direction in space 
of that side are unaltered. The virtual work of the reactions 
and Si2 in this displacement is evidently zero. Let cZ TT be the 
virtual work of the external forces which act on the system^ 
excluding the rod A^A^^j then 

R,/U,,^dW = 0, 

To find the reaction Sy^ a different displacement must be 
given to the system. The external forces which act on the rod 
Aj^A2 having been removed, the remaining external forces are not 
in equilibrium. The virtual work for a displacement of the 
frame as a whole is not necessarily zer<.). Keeping -4 2 as before 
fixed in space and not altering the length ly^ , lot us turn the frame 
round an axis perpendicular to the plane containing A 2 and the 
force Sy2, If dd be the angle of displacement and dW the work 
of the forces, we have 

By giving the frame these two deformations the reactions R12 
and >Si2 at the corner Jii can be found. If the frame be perfectly 
free, the deformation necessary to find /Sjo can always be given. The 
deformation necessary to find Ry. requires that the length of the 
rod can be altered. It follows that both these I'eactions are deter- 
minate if the length of the rod A^A.^ can be altered without 
destroying the connections of the frame. 

If the frame is subject to any external constraints, these may 
be replaced by pressures at the points of constraint. When the 
magnitudes of these pressures have been deduced from the general 
equations of equilibrium, we may regard the frame as perfectly 
free and acted on by known forces. The reactions at any corner 
may then be found as if the frame were free. 

It is not meant that in every case exactly these displacements 
must be given to the system, for these may not suit the geometrical 
conditions of the problem. Other displacements may recommend 
themselves by their symmetry or by the ease with which the 
virtual work due to fh A Anv two 



It the system be in three dimensions, the direction of may 
be unknown as well as its magnitude. In this case the components 
of in two convenient directions may be used instead of S12. 
Three displacements to supply three equations of virtual work will 
then be necessary. 

^ 234 . Examples. Ex. 1. Six equal heavy rods, freely hinged at the ends, form 

a regular hexagon ABCDEF, which when 
hung up by the point A is kept from altering its 
shape by two light rods BFj CE. Prove that 
the thrusts of the rods BF, GE are as 5 to 1, 
and find their magnitudes. [Math. T., 1874.] 

Let tlie length of any side be 2a, and let 6 
be the angle which either of the upper sides 
makes with the vertical. 

To find the thrust T of BF, we suppose 
the length of BF to be slightly increased. 

The inclinations of AB and AF to the vertical 
are therefore increased by dO. The work of 
the thrust T is Td (4a sin 6). The work of the 
weights of the two upper rods is 2Wd (a cos 6). 

The centre of gravity of each of the four other rods is slightly raised, and the work 
of their weights is 4:Wd (2a cos 6). We have therefore 

Td (4a sin 6) + 2Thd {a cos 6) + 4:JFd (2a cos ff) = 0, 2^= STL tan &. 

” To find the thrust T' of the rod CE, we suppose the length of CE to be slightly 
altered. No work is done by the weights of the four upper rods. The centres of 
gravity of the two lower rods are hovrever slightly raised. If S be the angle either 
of the lower rods makes with the vertical, we easily find 

T'cZ(4asin^) + 2Jrd(acos0) = O, 2r'=Trtan6>. 

The result given in the question follows at once. 

Ex. 2. A tetrahedron, formed of six equal uniform heavy rods, freely jointed at 
their extremities, is suspended from a fixed point by a string attached to the middle 
point of one of its edges. It is required to find the reactions at the corners. 

The tetrahedron is regular, hence the upper and lower rods, viz. AB and CD, are 
horizontal. Let L and M be their middle 
points, then LM is vertical ■ let LM=z. Let 
P, P' be the thrusts along these rods and lo 
the weight of any rod. 

Without altering the direction in space of 
the upper rod, or the position of its middle 
point, let us increase its length by dr. Since 
the transverse reactions at its extremities will 
do no work in this displacement, the equation 
of virtual work is 
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in the same way, if we increase the length of the lower bar by dr without alt 
its direction in space or the position of its middle x)oint, the equation of vi 

work is P'dr - 4^w . ^dz - wdz + Tdz = 0 1 

where T is the tension of the string. Since T = ina, and the ratio dr : dz i 
same for each rod, these two equations give at once P=P'. 

To find the relation between dr and dz we require some geometrical consi 
tions. From the right-angled triangles BLG, LCM we have 

- BL- = CIJ = CM‘^ + 

In obtaining equation (1), the half side BL is altered by yir, the other length 
and BG being unaltered ; we therefore have 

- BL . dBL = zdz, dr = - 2 J2dz. 

In obtaining (2) the opposite half side is altered by ^^dr, we therefore have as 1 
dr= - 2j2dz. Substituting these values of dr in (1) and (2) we find that er 
the thrusts P and P' is equal to '^^2w, 

We have now to find the other reactiom. Since three rods meet at each c( 
it is necessary to specify the arrangement of the hinges. We assume that ef 
the rods which meet at any corner is freely hinged to a weightless particle sit 
at that corner. Since this particle may afterwards be considered as joined i 
extremity of any one of the three rods, we thus include the case in which two i 
rods at any corner are hinged to the third. 

The reaction between a particle and any one of the rods which meet it wil 
single force. By taking moments for the rod about a vertical drawn throug 
end, we may show that the reaction at the other end lies in the vertical 
through the rod. The reaction may therefore be obliquely resolved into a 
acting along that rod and a vertical force. Let Q and Z be the componei 
A on either of the rods AD, Q being positive when it compresses the ro 
Z when acting upwards. In the same way (fi and Z' will represent the compc 
on either of these rods at their lower extremities. 

Let us now lengthen each of the four inclined rods by dp, keeping the upp' 
fixed. The equation of virtual work for the lower bar together with the tw 

tides at each end is then 4Q'dp + iZ'dz +wdz-0 

Since the rod GD has here received simply a vertical displacement, this eqi 
might have been obtained by resolving vertically the forces on the rod and eqi 
the sum to zero, Art. 204. 

To find the relation between dp and dz we recur to (3). In obtainir 
equation (4), BG is altered by dp while BL and CM are unaltered, hence 
BG.dBC~zdz, dz = ^J2dp. 

We therefore have 2 ^2Q’ + AZ' + ?<; = 0 

Resolving the forces on the particle at C in the direction Cl), we find 

-P' = 2g'cos60° 


T . AJB ,( = IF cos A cos B cosec C, 

\BF AQ AB J 

IF is the weight of the two rods. [Coll. Exam., 1890.] 

. 4. A frame ABGD is formed of four light rods, each of length a, freely 
i together; it rests with AG vertical and the rods BG, GD in contact with 
fictionless supports E, F in the same horizontal line at a distance c apart, the 
B, D being kept apart by a light rod of length h. Show that, when a weight 
laced on the highest joint A, it produces in BD a thrust of magnitude B, where 

F - = W (2a^c - . Examine the case when b = {2a^cyh [Math. T. , 1886.] 

. 5. Four equal rods ABB, GBjD, FSB, FSl) form with each other a rhombus 
' ; A and G are fixed hinges at a distance a from B', B, B, S and D are free 
, and at F and F forces, each equal to P, are applied perpendicular to the 
If a be the angle which the reactions at A and G make with AG, 20 the 
ABG, and b a side of the rhombus, show that a cot a = 2 (a + b)tan^-f acot 

[Coll. Exam., 1889.] 

ke AG ns axis of x, its middle point as origin. Let X, Y be the reactions at 
= a sin 6, y = 2 {a-}-b) cos 6 the coordinates of E. Increasing the length of AC 
it altering its direction in space, or the position of its middle point, we have, 
3 principle of virtual work, Af Z (a sin + P sin 0dy - P cos = 0. Also by 
tion Y + P sin 6 = 0. The result follows at once. 

. 6. Four equal rods AB, BC, GD, DA are freely jointed at the ends so as to 
L square and are suspended by the corner A. The rods are kept apart by a 
string without weight joining the middle points of AB, BG. Show that the 
n of the string and the reaction at the lowest point G are respectively 4 IF and 
5, where IF is the weight of any rod. 

:. 7. A succession of n rhombus figures of equal sides, each being b, are 
L having equal diagonals in a straight line and one angular point cq^nmon to 
ccessive figures, and the extreme sides of the first and last rhombus are produced 
?h equal lengths a in opposite directions to points A, B, C, D respectively, 
der now all the straight lines in the figure to be rods hinged freely where they 
ect and having fixed hinges at C and D. At A and B, the free ends, are 
d equal forces perpendicular to the rods ; show that the reactions at G and D 
an angle <p with GD, where a cot 0=2 (a + ?i6) tan ^ + a cot $, 9 being the angle 
the common diagonal makes with any side. [Coll. Exam., 1889.] 

;. 8. A tripod stand is constructed of three equal uniform rods connected by 
3 of a universal joint at one extremity of each ; the whole rests on a smooth 
and is prevented from collapsing through having the lower extremities con- 
1 by strings equal in length to the rods. Find the tensions of the strings. In 
ular, if a weight IF equal to that of each rod be suspended from this joint, then 
nsion is J^W. [St John’s Coll., 1882.] 

c. 9. Six uniform rods, each of weight IF, are jointed together to form a 
Lr hexagon, which is hung up from a corner. The two middle rods are con- 
1 by a light horizontal rod. Show that, if they rest vertically, the horizontal 
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rod be heavy, and uniform in length and material with the others, show tha 
ratio is 6 : 1, and that the stress in the horizontal rod is IW J ‘6. Find als' 
stresses at the joints. [Coll. Exam., 1 

235. Abnormal deformations. Referring to the gen 

theorem considered in Art. 232 we notice that there is a peci 
case of exception. Let ns suppose that the forces which act 
the frame are applied at the corners so that the reactions act a] 
the sides of the polygon. 

The side J. 1 A 2 being removed, the polygon may be deforii 
the principle of virtual work then gives 

+ (1 

Supposing the side to be fixed in space, it is possi 

when the frame is deformed, that the corner -dg may begin to n: 
perpendicularly to the side Aj/l 2 . In this case dli 2 = 0. If the 
AnA-^ is also displaced in any manner, by the frame moving i 
whole, the quantity dl^^ is unaltered and is therefore still z 
When the rod AiA^ is replaced, it is now possible to give 
frame a small deformation without altering the length of any s 
provided we neglect small quantities of the second order. Si 
the frame is now stiff, this deformation is of the kind ca 
abnormal. Art. 231. 

The external forces acting on the frame are in equilibri 
hence their virtual work for every displacement of the frame t 
whole is zero. If it be not zero for this abnormal deformation 8 
the reaction must be infinite. But if it be zero the equal 
(1) becomes nugatory, since both dli^ and dW are zero. 
reaction Rio may now be finite. 

In order, then, to deform the frame so that the reaction Rio 11 
do work, we must remove, or lengthen, tiuo or more sides. 
these be the given side lio and any other say We now have 
Riodlio-j- R^dLy^ + dl^ = 0 ( 2 ^ 

To use this equation we must know the ratio between 
corresponding increments of any two sides. The equation (2) '' 
then p*ive the relation between the corresponding’ reactions. Ti 
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INDETERMINATE TENSIONS 


Begarding the stiff framework as a general polygon with undeterr 
oan find as many angles as may be convenient in terms of the 
suppose, as an example, that two equations have been found conn( 
two angles 6^^ with the sides. Let these be 

/l(C0S^j, COSi^a, ^12, ?23, &c.) = 0 (^ 

/« (cos 9-^, cos Z^o, Zogy &c.)=0j 

Since this particular polygon can have a slight deformation withoi 
sides we must have 


~de^ + '^de.,=o, 

rtc/i ' 


dd., 




These give cZ^i = 0 and (:Z^o=0, unless the special polygon under co 
such that the determinant /= | dfJdS-^ 1=0 

I df^Jdd.y dj^ldd^ I 

If we vary the lengths of the rods, the corresponding changes of th( 


are given by 


(le, 

de^ * 




-§"‘l 


Multiplying these equations by the minors of the first row of the d( 
and adding the results, the left-hand side will vanish. We thus obt 
between the increments of length of the rods of the form 

•^12^^12 "b "h • • • — 0- 


This relation must be satisfied by any assumed changes of length of tl 


; 237. Indeterminate tensions. It is generally 

venient to consider these indeterminate reactions apart 
external forces. To make this point clear, let us suppos 
sets of external forces in all respects the same can pr 
different sets of internal stress when they act separate 
frame. Then, reversing one set of the external forces ai 
them act simultaneously, we have the frame in a self-stra 
with no external forces. If then we can find all the interi] 
when no forces act, we can superimpose them on any < 
stress produced by a given set of forces, to find all 1 
of stress consistent with those forces. 
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equilibrium, the forces Jfiy , » balance li^rj 
and are therefore equivalent to Jlr,^ and 

. Hence by transposition jRjo and 
are equivalent to and Each pair 
by symmetry is equivalent to R.^ and Rq^. 

The resultants of these act respectively at 
L, M, N, and are equivalent. Hence JC, 

])/, N, i.e. the intersections of opposite 
sides of the hexagon, lie in a straight line. 

Conversely. If Z, il/, lYlie in a straight 
line, apply two opposite forces, each equal to an arbitrary force F, at L andil/. Let 
the components along the sides which meet in L and Jl/be {Rio^ ^^45) 
respectively. Then these four forces are in equilibrium, i.e. R^^, and acting at 
yio are in equilibrium with R^^ and R^.r^ acting at ^5. Hence the two forces on 
have a resultant acting along AoA^, and the two forces on Ar, have a resultant along 
A^A .2 and these two resultants are equal. The other diagonals may be treated in 
the same way. It follows that the forces at each corner are in equilibrium. Also 
the ratio of each reaction to the arbitrary force F has been found. Another proof 
will be indicated in the chapter on graphical statics. 

This theorem is the more remarkable because the number of connecting rods 
viz. [i??. (being less than 2n-3 when n is greater than 6) is not sufficient to define 
the figure, Art. 151. 

By making one side infinitely small we obtain the corresponding theorem for a 
framework with an odd number of corners. 

Ex. 2. The bars of a framework are the sides of a hexagon and the diagonals 
joining the opposite corners, prove that it may be in a state of internal stress if it is 
inscribed in a conic. Find also the ratio of the reactions. [CroftoFs theorem.] 

Ex. 3. The bars of a frame are the sides of a hexagon a diagonal A^A^ 

and the lines A^A^^, A^Ar^. Show that it may be in stress if corresponding bars on 
each side of the diagonal AjA^ intersect two and two on that diagonal. [Crofton.] 

239. Geometrical method, of determinings the stability 
of a body. When the body moves in any way in two dimensions, 
the motion or displacement during a time dt may be constructed 
by turning the body round some point I through an infinitesimal 
angle ; see Art. 180. The position of this point is continually 
changing, so that it describes (1) a curve fixed in space, and 
(2) a curve fixed in the body. Let a series of infinitesimal 
arcs II' , ri" &c. be taken on the first curve, and let equal 
arcs IJ\ J'J" &c. be measured off on the second curve. After 

bhp Lnrlv has rnf.af.prl T'pnnrl T f.hrnnnrh enmo onrrlo 



Douy rouna i . jueL me arc xi = as. 

Since the angle between the tangents U\ IJ' to the two cur^ 
is infinitely small, these curves touch each other at the point 
The motion of the body may therefore he constructed by making i 
second curve roll without sliding on the first, carrying the body w 
it. It is also clear that ds:d6 is the ratio of the velocity w 
which the instantaneons centre describes either curve to the angul 
velocity of the body. 

At the beginning of the first element of time let P be t 
position of any point of the body, then since P begins to mo 
in a direction perpendicular to PI, PI is a normal to the pa 
of P. Let P' be the position in space of P at the end of t 
time dt', then the angle PIP' = d9. Since the body now begi 
to turn round F, P'F is a consecutive normal to the path of P. 

If then P be so placed that the angle IP'F is also equal to ( 
two consecutive normals to the path of P will be parallel, a 
hence the radius of curvature of the path of P will be infini 
If therefore we describe a circle passing through I and F, so 
to contain an angle equal to d6, then every point of the circii 
ference of this circle is at a point of its path at luhich the radius 
curvature is infinite. For statical purposes we shall refer to tl 
circle as the cii'cle of stability. To construct this circle, we dr 



a normal at the instantaneous centre of rotation I to the path o: 
in space and measure along this normal a length IS = dsjdd. T 

v-v T-k # Ct ^ A H'V-k v»/% \ r\ /-\*r n 4-n I t 4-x-r 


Let G be any point of the body not on the circle of stability, 
and let P be that point in the sti'aight line /6r, at which the 
radius of curvature is infinite. As before GPI is a normal both 
to the locus of G and to that of P. See the figure of the last 
«article. If we now turn the body round I through an angle dO, 
the points G and P will assume the positions G' and P' where the 
angles GIG' and PIP' are each equal to dO, and I'P' is parallel 
to IPG. Also G' I is the consecutive normal to the locus of G ; 
and if G'l' intersect GI in 0, 0 will be the required centre of 
curvature. We have by similar triangles 

GP:GI= G'P' : G'l = G'P : G'O. 

In the limit the three points, P, P', and the intersection Pj 
of the circle with GO, coincide. We then have R . GPi = GP. 

We have therefore the following rule^ ; to find the radius of 
curvature R of the path of G, let GI intersect the circle of stability 
in Pi ; then R . GPi = GP. 

In the standard figure, lines drawn from G towards / have been 
taken as positive ; it follows that R is positive or negative according 
as GP is positive or negative. We therefore infer that the path of 
every point G is concave or convex totuards I according as G lies 
ivithoiit or within the circle of stability. 

241. Statical rule. In a position of equilibrium the tangent 
to the path of the centre of gravity G is horizontal, hence the 
position of equilibrium is such that IG is vertical. The equilibrium 
is stable or unstable according as the altitude of the centre of gravity 
is a minimum or a maximum, i.e. according as the concavity of the 
path is upwards or doAvnwards. But this point is settled at once 
by the rule that the path of G is concave towards I except when 
G lies within the circle of stability. 

242. Ex. 1. Two points ^ of a moving body describe known curves. Show 
how to find (1) the position of the instantaneous centre /, (2) the circle of stability. 

* This formula for H is practically equivalent to that given by Abel Transon in 
JJouvilleh Journal, 1845, x. p. 148, though he uses the diameter IS of the circle 
instead of the circle itself. His object is to find the radius of curvature of a roulette. 

also a naner by Chasles on the radius of curvature of the envelone of a roulette 



Ex. 2. A body fnoves in one plane and the instantaneous centre of rotation is 
known. Show that a straight line attached to the moving body touches its envelope 
in a point G which is found by drawing a perpendicular IG on the straight line. 

Since GI is normal to the locus of G, an element GG' of the path of G lies on 
the straight line. Thus the straight line intersects its consecutive position in G', 
i.e. G' or G is a point on the envelope. [Roberval’s rule.] 

Ex. 3. A body moves in one plane and the instantaneous position of the circle 
of stability is known. Prove the following construction to find the radius of 



curvature of the envelope of a straight line attached to the moving body ; draw a. 
perpendicular IQ on the straight line from the instantaneous centre I and let it cut 
the circle of stability in I\. Take lO^IP^ on QPjI produced if necessary, then 0 
is the required centre of curvature. 

By the last example, 10 is a normal at Q to the envelope. If we now turn the 
body and the attached straight line round I through an angle dd, and draw from I' 
a perpendicular I'Q' on the straight line thus displaced, it is clear that Q'l’ is the 
consecutive normal to the envelope. Let Q'l' intersect QI in 0, then 0 is the 
required centre of curvature. 

Since 10 and I'D are perpendiculars to two consecutive positions of the same 
straight line, the angle lOI' is equal to dd. Draw I'P' parallel to IP^ to intersect 
the circle of stability in P', then as in Art. 239 the angle P'lP-^ is also equal to dd. 
Thus I'O is parallel to P'l and P'O is a parallelogram. Therefore 10 is equal 
to I'P', and in the limit 10 and IP^ are equal. 

Ex. 4. The corners of a triangle ABC move along three curves, the normals- 
at A, B, C meet in I and a, y are the angles at I subtended by the sides. If 
Pi 5 P2» P3 radii of curvature of the curves, prove that 

sin c^ + Bl s\n P + CI sin 7. 

Pi P2 P3 

243. Ex. 1. A homogeneous rod AB, of length 21, I'ests in a horizontal ^position 
inside a howl formed hy a surface of revolution with its axis vertical. Shoio that the 
equilibrium is stable or unstable according as Pp is less or greater than n^, where p is 

A T? no iTt/> la<nnfh nf nnrmn.l. Avi-. 99.9. 1 


The normals at A and B meet in a point I on the axis of revolution, 
and BM so that each is equal to AVjp. 

The circle described about ILM is the 
circle of stability. Let the circle drawn 
through I touching the rod at G cut AL 
in a point fJ, then AH.A1=^AG'^. The 
equilibrium is unstable if G is within the 
circle ILM, i.e. if AL is less than AH, 
i.e. if n^jp is less than l^jn. A 

If the extremities of the rod terminate 
in small smooth rings which slide on a 
curve symmetrical about the vertical axis, 
the position A'B', in which the normals at 
A' B' meet in a point I beloio the rod, is also a i^osition of equilibrium. Folh 
same reasoning the concavity of the path of G is turned towards I whei 
TJie conditions of stability are therefore, reversed, the equilibrium is theref^ 
or unstable according as l-p is > or < iv\ 

Ex. 2. The extremities of a rod are constrained by small rings to be i 
with a smooth elliptic wire. If the major axis is vertical prove that ‘ 
horizontal position is unstable and the upper stable if the length of t 
greater than the latus rectum. These conditions are reversed if the len^ 
than the latus rectum. If the minor axis is vertical the lower horizontal 
is stable and the upper unstable. 

In an ellipse p {b'la)-=n^, where 2a and 2h are respectively the ver 
horizontal axes. Using this property, the results follow from those of Ex 

It has been shown in Art. 126, that when the major axis of the 
vertical the rod is in equilibidum only when it is horizontal or passes th 
focus. The condition of stability in the latter case follows easily from the 
that the altitude of the centre of gravity must be a minimum. Let the r 
in any position and let S be the lower focus. Let AM, BN be perpendiculs 
lower directrix. The altitude of the centre of gravity above the lower d 

{j {AM+ BN) = —^ {SA + SB). Since SA and SB are two sides of the trian 

this altitude is a minimum when S lies on the rod AB. In the same w 
the upper focus, the depth of the centre of gravity below the upper di 
represented by the same expression. When therefore the rod passes th 
lower focus the equilibrmm is stable, when it passes through the iqyper 
equilibrinm is unstable. 

Ex. 3. The extremities A, B oi n rod are constrained by two fine rin^ 
one on each of two equal and opposite catenaries having a common vertical 
and a common horizontal axis. Prove that the lower horizontal positif 
rod is stable, see Art. 126, Ex. 5. 
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he considered to he one in tiuo dimensions. 


The geometrical method explained in Art. 241 supplies 
cases an easy solution. Let / be the point of contact of 
bodies, then I is the centre of instan- 
taneous rotation. Let G’lC be the com- 
mon normal in the position of equilibrium, 

G, G' the centres of curvature. We shall 
suppose these curvatures positive when 
measured in opposite directions. If the 
upper body is slightly displaced so that F 
becomes the new point of contact, the 
angle viz. d6 turned round by the body 
is equal to the angle between the normals 
GF and G'F, and this is evidently equal to the sum of tl: 
J'GI, FG'I. We therefore have 



ds ds 
— + — = dO, 
P P 


where IT = IJ' — ds as before. See also Salmon’s Higlu 
Gurves, Art. 312, or Besant’s Roidettes and Glissettes, Art. 

To construct the circle of stability we measure along the 
normal IG in the -position of equilibrium a length IS 

The( 


Writing s: for this length, we see that 


scribed on IS as diameter is the circle of stability. Let IG 
circle in P. 

If the centre of gravity G lie without this circle, the c 
of its path is turned towards I. Hence the equilibrium is 
unstable according as G is below or above the point P. If G 
with P the equilibrium is neutral to a first approximatior 
The critical altitude IP which separates stability and ii 

is clearly IP — z cos a — — ■ ^ , where a is the inclinati^ 

P + P/ 

vertical of the common normal in the position of equilibri 


245 . Ex. 1. A solid hemisphere (radius p) rests on the summit of a 1 
(radius o') with the curved surfaces in contact. If the centre of ora 


; Ex. 2. A solid hemisphere rests on a rough plane inclined to the horizon 
angle /3. Find the inclination of the plane base to the horizon and show thj 
equilibrium is stable. 

The centre of gravity must lie in the vertical through /, and OG is also pe 
dicular to the base. Hence the required inclina- 
tion of the base is the supplement of the angle 
CGI. The vertical through I cannot pass through 
(r if Cl sin is greater than CG. Since CG = §pj 
it is necessary for equilibrium that sin jS< ^ . 

To find the circle of stability we notice that 
p' = cOj and therefore z = p. The circle described 
on IG is therefore the circle of stability. Since 
the angle CGI is greater than a right angle, it is 
obvious that G lies inside the circle. The con- 
cavity of the path of G is therefore upwards, and 
the equilibrium is stable. 

Ex. 3. A solid homogeneous hemisphere, of radius a and weight W, res 
apparently neutral equilibrium on the top of a fixed sphere of radius h. Prove 
5a = dh. A weight P is now fastened to a point in the rim of the hemisphere. I 
that, if 55P=18Tr, it still can rest in apparently neutral equilibrium on the t( 
the sphere. [Math. Tripos, I 

Ex. 4. A heavy hemispherical bowl, of radius a, containing water, rests ' 
rough inclined plane of angle a ; prove that the ratio of the weight of the bo^ 

that of the water cannot be less than - - — where Tra^cos-of) is the ar( 

sm - 2 sin a ^ 

the surface of the water. [Math. Tripos, 

When the bowl is displaced the water is supposed to move in the bowl so as 1 
always in a position of equilibrium. Its statical effect is therefore the same as 
were collected into a particle and placed at the centre of the bowl. The weigl 
the bowl may be collected at its centre of gravity, i.e. at the middle point of 
middle radius. 

Ex. 5. A parabolical cup, the weight of which is W, standing on a horizo 
table, contains a quantity of water, the weight of which is fiW : if h be the heigb 
the centre of gravity of the cup and the contained water, the equilibrium wil 
stable provided the latus rectum of the parabola be >2 (li-M) h. 

[Math, Tripos, 18 

Let H be the centre of gravity of the water when the axis of the cup is verti 
Let the cup and the contained water be placed at rest in a neighbouring posh 
with the surface of the water horizontal ; Art. 215. It may be shown that 
vertical through the centre *of gravity H' of the displaced water intersects the i 
of the paraboloid in a point M, where HM is half the latus rectum. The ^foin 
is called the metacentre. As in the last example the weight of the fluid maj 
collected into a particle and placed at the metacentre. The weight of the cup r 

fl.t, tVip p.pnf.rp nf crmvitv Cr nf tVip nn-n. TVip pnnili'hriiTm ic i-P 



of gravity of the body is below or above the centre of curvature at the point of con 

There is one case however which requires a little further consideration, L( 
suppose that the evolute has a cusp 0 which points 
vertically downwards when the point of contact is 
at some point A. Let us also suppose that the 
centre of gravity G of the body is at a very little 
distance above 0. The position of the body is 
unstable, but a stable position exists in immediate 
proximity on each side in which the tangent from 
G to the evolute is vertical. That these positions 
are stable is clear, for since the cusp points down- 
wards either tangent from G will touch the evolute 
at a point L or M which is above G when that 
tangent is vertical. When G moves down to 0 these two flanking stable posit 
come nearer to the unstable position and finally come up to it. When then 
the centre of gravity is at the cusp of the evolute, the equilibrium is stable. 

In the same way, if the cusp O point upwards and G be situated at a 
short distance below 0, the equilibrium is stable with a near position of instal 
on each side. In the limit when G coincides with 0, the equilibrium becc 
unstable. The reader may consult a paper by J. Larmor on Critical Equilib: 
in the fourth volume of the Proceedings of the Cambridge Philosophical Society^ 1 



247. Spherical bodies, second approximation. W] 

the equilibrium is neutral it is necessary to examine the hig 
differential coefficients to settle the stability or instability of 
equilibrium. The geometrical method is not very convenient 
this purpose. When both surfaces are spherical we can inve 
gate all the conditions of equilibrium by the method of Art. 22 
Let the body, as represented in the figure of Art. 244, be < 
placed so that J' comes into the position The position of 
body is then represented in the adjoining 
figure, where J represents that point of 
the upper body which in equilibrium co- 
incided with 7. Let Let'\/r'= JG"/', 

— J GI\ then = p-y^r. Let y be the 

altitude of G above G'. The inclinations 
to the vertical of G'G, GJ and JG are 
respectively a + -x/r', a + -h “v/r' and x/r -f- yjr'. 

Projecting these three lines on the vertical, 
we have 



mined to any degree of approximation by the rule of Art. 220. 

The coefficient of is zero, that of is (z cos a — r) 
where ^ has the same meaning as before. The equilibrium is 
stable or unstable according as this coefficient is positive or 
negative, i.e. according as r is less or greater than z cos a. 

If this coefficient also vanish the equilibrium is neutral to 
a first approximation. We then examine the coefficient of 
Unless this also vanishes the equilibrium is stable for displace- 
ments on one side of the position of equilibrium and unstable for 
displacements on the other. Supposing however that the coefficient 
of does vanish, we examine the terms of the fourth order. The 
e(|uilibrium is then stable or unstable according as the coejSScient 
of is positive or negative. 

248. Ex. 1. A spliGi’ical surface rests on the summit of a fixed spherical 
surface, the centre of gravity being at such a height above the point of contact that 
the equilibrium is neutral to a first ai^proximation. If the lower surface is convex 
upwards as in the diagram, prove that, whether the upper body has its convexity 
upwards or downwards, the equilibrium is unstable. If the lower surface has its 
concavity upwards, the equilibrium is stable or unstable according as the radius of 
curvature of the lower body is greater or less than twice that of the upper body. 

Tlie coefficient of is here zero. The coefficient of xj/'^ after elimination of r 
reduces to -- p' {p' + 2p) {p'~\- p)/24p“. Since the equilibrium is therefore stable or un- 
stable according as this coefficient is positive or negative, the results follow at once. 

Ex. 2, A body, whose lower portion is bounded by a spherical surface, rests in 
apparently neutral equilibrium within a fixed spherical bowl with the point of 
contact at the lowest point. If the radius of one surface is twice that of the other, 
show that the equilibrium is really neutral. 


249. OTon-spherical bodies, second approximation. If the boundaries of 
the bodies in contact are not spherical we may adopt the following method. 

Suppose the upper body has rolled away from its position of equilibrium into 
that represented in the figure of Art. 247. Then it is 
clear that, if G in that figure is to the right of the vertical 
through r, the body will roll further away from the 
position of equilibrium, but if G is on the left of the 
vertical, the body will roll back. Let i be the angle Gl' 
makes with the vertical ; our object will be to find i. 

Let 0 be the angle GI' makes with the common 
normal at I', viz. I'G, and let GI' — r. Let I'J" be any 
further arc ds over which the body may be made to roll. 

Let p, p' he the radii of curvature of the upper and lower 

, n. . -I dr 



Lastly, let be the inclination of the normal CG' to the vertical, then i = ^p' 
dfIcU = 1//. Hence by (2) = 1 + ^ (3) . 


and 


(Zi __ 1 1 cos (f) 

(is p p' r 

These three equations supply all the conditions of stability. In the position of 
equilibrium the centre of gravity is vertically over the point of support. Hence 
z = 0. In any other position the value of i is given by Taylor’s series, viz. 


di _ cl^i 5s- . 


If in this series the first differential coefficient which does not vanish is positive 
and of an odd order, it is clear that the straight line IG will move to the same side 
of the vertical as that to which the body is moved. The equilibrium will therefore 
be unstable for displacements on either side of the position of equilibrium. If the 
coefficient is negative the equilibrium will be stable. If the term is of an even 
order, it will not change sign with 5s, the equilibrium will therefore be stable for a 
displacement on one side and unstable for a displacement on the other side. 

The first differential coefficient is given by (3). The second may be found by 
differentiating (3) and substituting for dxpjds and drjds from (2} and (1). The 
third differential coefficient may be found by repeating this process. In this way 
we may find any differential coefficient which may be required. 

Firstly. Suppose the body such that dijds is not zero in the position of 

equilibrium. The condition of stability is therefore that i + i is negative. 

p p r 

This leads to the rule already considered in Art. 244. 

Secondly. Suppose the body such that in the position of equilibrium the centre 
of gravity lies on the circle of stability. We then have di/ds^O. Differentiating 
(3) and substituting for (cos (p)/r its value Ifp + l/p' we find 


ds ^ ' 





Unless this vanishes the equilibrium will be stable for displacements on one side 
and unstable for displacements on the other side of the position of equilibrium. 

Thirdly. Suppose the second differential coefficient given by (4) is also zero in 
the position of equilibrium. We find by differentiating (3) twice and substituting 
for r as before 


dH_ 


(P 


■ + 


p J \p p J \\p p J p 


X d 1 

tan <p-T- 
ds p 




* The equation (2) is useful for other purposes besides that of finding the con- 
ditions of stability. For example it may be very conveniently used in the differential 
calculus to find the conic of closest contact at any point I of a curve. If 0 be the 
angle between the central radius and the radius of curvature p at any point P of 

a conic, it may be shown that tsLn<p= j where 0 is positive when measured 

behind the normal as P travels along the conic in the direction in which the arc s 
is measured. Suppose G to be the centre of the conic, then assuming this value of 
0, the distance r of the centre of the conic from I is given by the equation (2) in 
the text. 


Generally the equation (2) is useful to find the point of contact with its envelope 
of a straight line IG drawn through each noint of a curve making with the normal 



180 THE PRINCIPLE OF VIRTUAL WORK [CHA 


The equilibrium is stable or unstable according as this expression is negat 
positive. 


250 . Ex. 1. A body rests in neutral equilibrium to a first approximati 
the surface of another, and both are symmetrical about the common normal, 
that the equilibrium cannot be stable unless either the point of contact : 
summit of the fixed surface or p'= - 2/). 


Ex. 2. A body rests in neutral equilibrium to a second approximation on a 
inclined plane. Show that the equilibrium is stable or unstable according as < 
is positive or negative. 

Ex. 3. A body rests in equilibrium on the surface of another body fixed in 
and the centre of gravity G of the first body is acted on by a central force te 
to some point 0 in GI produced and varying as the distance therefrom. If 


taken on IG so that 


JL ~ Jl i- 

IG' ~ IG'^ 10 


, the equilibrium is stable or unstable acc( 


as G' lies within or without the circle of stability. 


251 . Rocking Stones in tkiree dimensions. The upper body being 
position of equilibrium, let the common tangent plane at the point of contac 
taken as the plane of xy. Let the equations to the upper and lower bod 
respectively 2z = ax^ + 21)xy -f c?/- + (fee. ) 

-2z' = a'x^ + 2b'xy + + (fee . ) 

In the standard case, therefore, the two bodies have their convexities i 
towards each other. We shall now suppose the upper body to be displaced fri 
position of equilibrium by rolling over the lower along the axis of x through a 
arc els. Take OF = OP' = els. 

We have first to determine how the upper body must be rotated to brii 
tangent plane at P into coincidence with that at P'. Referring to equations { 




see that the tangents at P and P' to OP and OP' make angles with the plane 
which are dzjdx — ads and dz'jdx=~a'ds. To make these tangents coinci 

J. ±1 1 Jl__ ^ j/i T ^ 


252 . The body being placed at rest in its new position, the centre of gravit 
is no longer in the vertical through the point of contact. The weight will there: 
make the body begin to move. Let us suppose that the body is constrained eh 
to go hack to its position, of equUihrium by the loay it came or to recede furthet 
that course. The equilibrium will then be stable or unstable according as 
moment of the weight about a parallel to Oy' through the new point of coni 
tends to bring the body back to or further from the position of equilibrium. 

It will be found more convenient to refer the displacement of G to the rectangi 
axes Ox\ Oy', Os instead of the original axes. Let x', y\ z be the coordinates o 
in the position of equilibrium, let r=OG and let a', / 3 ', 7 be the direction angle 
OG. Then x' = rQOS a', y'= r cos j8', z—r cos 7. 

If we draw GN a perpendicular on Oy\ the point G will be displaced by 
rotation Q along a small arc GG' of a circle whose plane is parallel to x'z, wl: 
centre is N and radius NG. The displacements of G parallel to x' and ^ 
therefore Giz and - Gx', The resolved forces on G parallel to the axes x', y', s 

X= - TLcos a\ Y= - TFcos Z — - TLcos 7, 

where W is the weight of the body. The moment of these about a parallel to 
drawn through the new point of contact P is 

M ={z- Gx') X-{x' + Gz - ds sin i) Z 
= {r^2 (cos^ a' + cos^ 7') - ds sin i cos 7} TT^. 

The equilibrium is therefore stable or unstable according as the sign of ilJ 
negative or positive. 

253 . We observe that G and i do not depend on the curvatures a, a' or I 
but on their sums « + a', b + b'. If then, ice replace the rocJdng body by anot 
having the curvatures of its normal sections equal to the 7 'elative cuwatures of 
given bodies, and make this neio body roll on a rough plane inclined to the horizoi 
an angle 7, the conditions of stability are unaltered. The equation of this i 
body is 

2 s= ((2 + a')a ;2 + 2 {b-^b') xy-{-{G + c') 2/^ + &c ( 2 ] 

The indicatrix is obtained by rejecting the terms included in the &c., and givii 
any constant value. This conic may be called the relative indicatrix of the so 
given by ( 1 ). It must be an ellipse for otherAvise rolling would be impossible. ' 
equation of the axis of y' is M — w^y, i.e. (a + a')jc + (6 + 6')?/ = 0, which is 
conjugate of the axis of x. It folloAvs that the axis of rotation Oy' and the tan^ 
Ox to the arc of rolling are conjugate diameters in the relative indicatnx. 

Let p, p' be the radii of relative curvature of the normal sections drawn throi 
the arc of rolling Ox and the conjugate Oy' ; pi, p.^ the principal radii of curvati 
Since each p is proportional to the square of the corresponding diameter of 
indicatrix, it folloAvs from a property of conjugates that pp' sm^i=piP2. 

254 . To discuss the sign of the moment M, we substitute for 12 sin f its v£ 
(d + a') ds, i.e. dsjp. The expression then becomes 

M = {r sin^ cos 7^ (3 
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The equilibrium is stable or unstable for any given displacement ac 
first factor is negative or positive. 

If the rocking body rest on the summit of the fixed body, the centr 
lies in the common normal Oz and therefore /3' = ^7r and 7 = 0. Wet. 


il/= 



Wds 
p sin i 


Considering displacements in all directions, we see that if OG, i.e. r, ^ 
least 7’adius of relative curvature of the arc of rolling, the equilibr 
stable, if OG is greater than the greatest radius of relative curvature t 
is 'Wholly unstable. If OG lies between these limits the equilibrium 
some displacements and unstable for others, the separating displacem 
one in which the radius of curvature p' of the conjugate arc is equal t 
Ex* A solid paraboloid of revolution is bounded by a plane pe: 
the axis at a distance from the vertex equal to nine-eighths of the 
Prove that it will rest in stable equilibrium with one end of the latus 
generating parabola in contact with a horizontal plane. [Co 


255. Lagrange’s proof of the principle of virtual work. Le 

be acted on by any commensurable forces P, Q, li Ac. at the poin' 
Let these forces be multiples I, 711, 71 &c. of some force 2A'’. At the ] 
body let a small smooth pulley be attached, and opposite to it at some p^ 
space let an equal pulley be fixed so that AA' is the direction of the f( 
fine string be wound round these two pulleys so as to go round each 
clear that, if the tension of this string %vere K, the force exerted i 
equal to the given force P and act in the same direction. Imagine s 
to be placed at P, C &c. and opposite to 
them at P', C' Ac. Let the same string 
go round the pulleys B, B' 7 n times, and 
round C, C' 7 i times, and so on. Let 
one extremity of this string be attached 
to a point 0 fixed in si)ace. Let the 
other extremity of the string after 
passing over a smooth pulley 1 ) fixed in 
space be attached to a weight K. By 
this arrangement, all the forces P, Q, 

E &c. of the system have been replaced 
by the pressures due to the tension K 
of the string. 

Suppose now the body receives any small displacement so that the i 
Ac. are made to approach A', B', C' &c. respectively by small spac 
which may be positive or negative. Since the string passes roum 
pulleys A, A' I times, the string is shortened by 2 la when thes 
brought nearer by a distance a. Similarly the string is shortened b; 



A' 
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Lagrange’s proof 


] 


is in equilibrium, no possible displacement can permit the weight K to desc< 
Hence s = 0 and the virtual work of all the forces is equal to zero. 

Lagrange goes on to remark that, if the quantity Ia + mf3 + &o. instead of ; 
were negative, this condition would appear to be sufficient for equilibrium, for 
impossible that the weight K would ascend of itself. But he points out that, i 
any displacement the value of ?a+&c. is negative, it will become positive by gi' 
the system a displacement in an exactly opposite direction. This displacen 
would cause the weight K to descend, and thus equilibrium would be destroyed. 

The argument concerning the descent of K has been admitted as sound 
many eminent mathematicians. Yet it does not appear to be so evident 
elementary as to entitle the principle of virtual work (thus proved) to bee 
the basis of a science. It has also been objected that it is not true without fur 
limitations, for if a heavy particle were placed in unstable equilibrium at 
highest point of a fixed smooth sphere, a small displacement would enable 
particle to descend notwithstanding that it is in equilibrium. 

256 . Conversely, if the equation ?a + &c. = 0 holds for all possible infini 
small displacements of the system, the system will be in equilibrium. For 
weight remains immoveable in all these displacements so that there is no rej 
why the forces which act on the system should act so as to move the system in 
one direction or its opposite. The system therefore will be in equilibrium. 

The mode in which Lagrange proves this converse is certainly open to n: 
objections. For these we refer the reader to De Morgan’s criticism in the ar 
Virtual Velocities in Knighfs English Cyclopcedia. The writer of that ar 
suggests another mode of arranging Lagrange’s proof which obviates som 
the objections usually made to it. But this new method is itself not free i 
objection. 


CHAPTER VII 




FORCES IN THREE DIMENSIONS 


257. To find the resultants of any numher of forces ai 
hody in three dimensions. Poinsot’s method. 

Let the forces be Po, &c., and let them act at t 
Mo, &c. Let 0 be any point arbitrarily chosen. It is 
to reduce these forces to a single force 
acting at 0 and a couple. 

Let the point 0 be taken as the origin 
of a system of rectangular coordinates. 

Let P be any one of the forces, let 
X = Oilf, y = MN, z = N A hQ the coordi- 
nates of its point of application A. 

We begin by resolving P into its three axial compo 
Py,Pz ; we shall then transfer each of these (as in Art. 104 
the point 0 by introducing into the system the appropria 
At M apply two opposite forces each equal and parallel t 
at 0 apply two other opposite forces each also equal and ] 
Pz> Then since P^ may be supposed to act at N, the i 
equivalent to a force Pz acting at 0, and two coup 
moments are yPz and —xP^, and whose planes are re; 
parallel to yz and xz. The signs + and — are given acc 
they tend to rotate the body in the positive or negative 
of the coordinate planes in which they act. In the sam 
drawing a perpendicular from A on the plane yz, we 
that the com non ent, P„. mav be renlaced bv an eoual fo 



xV 


replaced by three forces X, 3^, Z acting along the axes of 
dina tes, and three couples whose inolnents are i, M, N, and 
se axes are the axes of coordinates, where 


/ 


X = L = t{yP,-zPy), 

Y = 1P,„ ■ M='£(zP^-wP,), 

Z=^P„ N=1{xPy-yP,). 

3e are called the six components of the forces. 
riie three components X, 3^, Z may be compounded into a 
le force. Let R be its magnitude, and (Z, m, n) the direction 
les of its positive direction, then 


Rl = X, Rm — Y, Rn = Z, 
= X”“ + 4- 


1 force is called by Moigno the ^inci^aljforce at the point 0. ■ 
rhe three components i, M, X in the same way may be 
pounded into a single couple whose moment G and the 
ition cosines (X, fju, v) of whose axis are given by 
GX = i, = if, Gv = X, 

G^^ = D + ]\P + X^. 

couple G is called the pinncipal couple at the point 0. The 
ponents L, if, X of the principal couple are also called the 
lents of the forces about the axes. 


558. The base of reference 0 to which the forces have been 
sferred, has been taken as the origin of coordinates. But when 
necessary to distinguish between these points we must modify 
expressions for the components. Let some point 0' whose 
iinates are rj, f be the base of reference. The expressions 
die six components for this new base may be deduced from 
e for the origin by writing x — y — p, z — ^ iov x, y, z. 

Phe expressions for the components of the force R do not contain 
< 0 , hence the princip>al force R is the same in magnitude and 
:tion whatever base is chosen. 


riie expressions for the components of the couple G become 
L' = t{{y-y)P,-{z-^)Py}==L-yZ + ^Y:' 

M' = 2 {(^ - 0 1) P,}=M-^X+ ^z, ■ 

AT' = T. fr-r. _ S'! P _ A, _ P I = AT- STo- ^ Y 


Art. 105 that the forces on a body can be reduced to a sing 
R and a single couple G, By the same reasoning as in Ar 
is necessary and sufficient for equilibrium that these 
separately vanish. We therefore have J? = 0 and G — 0. 

If the axes of reference are at right angles, these lead 
to the six conditions 

Z = 0, F=0, Z=0, i = iV = 0; 

we may, however, put these results into a more convenient 
In order to make the resultant force R zero, it is necess^ 
■ sufficient that the sura of the resolutes of all the forces along 
any three straight lines (not all parallel to the same plane 
he zero, prove this, let OA, OB, 0(7 be parallel to tl: 
straight lines, "^rffhe resolute of R along OA is zero, it is 
that either R is zero, or the direction of R is pei^pendiculai 
If R is not zero, its direction is perpendicular to each ( 
straight lines meeting in 0, not all in one plane, which is imj 
In the same way, since couples are resolved according 
same laws as forces, we infer that to make the principal c< 
zero, it is necessary and sufficient that the component c( 
all the forces about each of any three straight lines interse 
the base 0 but not all in one plane, should be zero. It 
presently seen that the moment of the component coi 
any axis through 0 is also the moment of the forces abc 
axis, Art. 263. 

" Since a couple may be moved into a parallel plane 
altering its effect, it is clear that, ivhen the force R is z 
moments about all parallel straight lines are equal. It is t 
sufficient for equilibrium that the moment of the forces abom 
any three straight lines (whether intersecting or not) should 
hut all three must not he parallel to the same plane, and no t 
he parallel to each other. The method of finding these r 
will be more fully explained a little further on. 

260. Components of a force. Usually we suppose 
to be given when we know its magnitude and the equatioi 
linp. of antion. We see from the results of the nronositioi 


senumon is mat me resuUing eject of any number of forces v 
fofind by adding their several corresponding components. 

If we wish to represent the line of action of the force apar 
from the force itself, we may regard the straight line as the sea' 
of some force of given magnitude, and suppose the line itsel 
determined by the six components of this chosen force. Le' 
{I, rn, r) be the direction cosines of the straight line, {w, y, z) th( 
coordinates of any point on it. Then, if the force chosen is a unit 
the six components or coordinates* of the line are 

I, m, n, \ — yn — zm, fju-^zl — am, v = ccm ~ yl, 
with the obvious relation 

lx + mpu nv — 0 (1). 

If a force P act along this straight line, its six components o; 
coordinates are PI, Pm, Pn ; Px, Pp, Pv, 

If we compound several forces together, the six components becom* 
Z = ^Pl, Y = 2Pm, Z - tPn ; L = %PX, M = 2P/., N = 2Pv, 
but the relation 

ZP+ Fi/ + ^Z=0 (2) 

is not necessarily true. 

261 . We have seen in Art. 257 that all these forces may b( 
joined together so as to make a single force R and a couple G 
This combination of a force and a couple has been called b] 
Pliicker a d^name. The six quantities X, T, Z, L, M, JY are th( 
component^ tl&e dyname. The three former components ar( 
multiples of some unit force, the three latter of some unit couple. 

It will be. shown further on that when the coordinates of th( 
dyname satisfy the condition (2), either the force R or the couph 
G of the djmarae is zero. 

262 . Ex. 1. The six components of a force are 1, 2, 7 ; 4, 5, -2. Show tha 
the magnitude of the force is >y54, and that the equations to its line of action are 
(ly - 2.)/4 = (z- 7x)l5 = (2x -y)l{-2) = l. 

Ex. 2. The six components of a dyname are 1, 2, 3 ; 4, 5, 6. Show that th< 
magnitude of the force is ^^14, and that its direction cosines are proportional t< 
1, 2, 3. If this force act at the origin the magnitude of the couple is fll, and th< 
direction cosines of its axis are proportional to 4, 5, 6. 

* The six coordinates of a line are described in Salmon’s Solid Geometry (fourtl 
edition, Art. 51) from an analytical point of view. See also Cayley, Quart. Journal 


expressions are 

L = 1(2/P,- zPy), M = S {zP, - xP,), P = 2 {xPy - yP,). 

To show how far this definition agrees with that already given 
in Art. 113, let us examine how the expression for N has been 
obtained. The force P has been resolved into its components 
Py, P^; the two former act in a plane perpendicular to the 
axis of hence by the definition given in Art. 113, the expressions 
yP^ and — xPy are respectively equal to their moments about that 
axis. The latter P^ acts parallel to the axis of 2 ^, and if the 
moment of this component is defined to be zero, the expression N 
will become the moment of the forces about the axis of ,3^. Let Q 
be the resultant of the two components P^j, P^, then the moment 
of Q about the axis of is equal to the sum of the moments of P^ 
and P^, Art. 116. 

Since any straight line may be taken as the axis of s, this 
explanation applies to all straight lines. It appears therefore 
that the moment of the component couple for any axis is the 
same as the moment of all the forces about that axis. 

We thus arrive at the following definition of the moment of a 
force about any straight line. Let the straight line be called CP. 
Resolve the force P into two components^ one parallel and the other 
perpendicular to the straight line CD. The moment of the former 
is defined to he zero. The moment of the latter is obtained by 
onidtiplying its magnitude hy the shortest distance between it and the 
given straight line CD. ^ 

It is evident that this shortest distance is equal to the shortest 
distance between the original force P and the straight line CD, 
each being equal to the distance between CD and the plane of 
the components. Let r be the length of this shortest distance. 
Let d be the angle between the positive directions of the force 
P and the line CD, then the resolved part of the force P 
perpendicular to CD is Psin0. We therefore find that the 
moment of the force P about CD is equal to PrsinO. 

When the moments of several forces round the same straight 
line CD are to be added together, we must take care that these 
■hn.vp. thp.ir -nroner sims. Anv direction of rotation round CD 



264 . It follows from Art. 263 that, if two equal forces act 

along the positive directions of two straight lines AB, CD, the 
moment of the former about CD is equal to the moment of the 
latter about AB. - 

The product r sin 0 is sometimes called the moment of either of ^ 
the straight lines AB, CD about the other. Let i be the moment of ^ 
one straight line about the other, and let either line be occupied • 
by a force P. Then the moment of P about the other line is Pi. \ 

265 . In some cases it may be necessary to take account of the signs of r and 6 . 
Supposing the positive direction of the common perpendicular to AB and CD to 
have been already determined, the shortest distance r must be measured in that 
direction. The angle d must then he measiired in any plane perpendicular to r 
from the projection of one line to the projection of the other in such a direction 
that when r and sin 6 are positive, a positive force acting along either line will tend 
to produce rotation round the other in the positive direction. See Art. 97. 

' 266 . Geometrical repr^esentation of i. The volume of a tetrahedron is known * 

to be equal to one-sixth of the continued product of the lengths of two opposite 
edges, the shortest distance between the edges and the sine of the angle between 
them. Let AB, CD he amj lengths conveniently situated on the two straight Ibies. 

6F 

The mutual moment of the two lines is equal to , where V is the volume of 

AB . (jJJ 

the tetrahedron whose opposite edges are AB, CD. 

Analytical representation of i. Let [fgh), if'g'h') be the coordinates of A, C, 
and [bun), {I'm'n') the direction cosines of the positive 
directions of AB, CD. The mutual moment of AB, CD, is 
the determinant in the margin. The order of the terms in 

the determinant is as follows ; if /, g, h precede f', g', h' in the first row, then 
Z, m, n precedes V, m', n' in the order of the rows, 
r To prove this we take C as origin, and let x=f-f', y=g-g', z = h-h'. The 
required moment is then \l' A- p>7n' A- vn' , where X, /j., v have the meanings given in 
Art. 260. 

’ * Ih find the volume of a tetrahedron. Pass a plane through CD and the 

^ shortest Distance jEjP between CD and the opposite edge. Then since the tetrahe- 
dron ABCD is the sum or difference of the tetrahedrons 
whose vertices are A and B and common base is DEC, JD 

its volume is one-third the area DEC multiplied by 
AjB . sin where B is the angle AB makes with the 
plane DEG. 

If a straight line AB cut a plane in E and be at right 
angles to a straight line EF in that plane, its inclina- 
tion to the plane is the angle it makes with a straight 
line drawn in the plane perpendicular to EF. Euc. xi, 11. 

But CD lies in the plane and is perpendicular to EF, 

Tiprinp^ is p.nnn.l to the. n.nfflp between the onnosite ederes 



9 - 0 '^ 

Z, m, n 

Z^ m', n' 


other theorems on the moments or lines are given in bcott s Vetermmants. 

Ex. 2. If [xyzn), [x'y'z'u') are the tetrahedral coordinates of any two points H, 
K on the line of action of a force P, show that the moment of the force about the 

fiF" i z z' 

edge of the tetrahedron, is P . r) | , • 

^ HK . AB I u, w' 

If the force, when positive, acts from H towards K and the terms in the 
determinant are taken in the order shown, this expression gives the moment of 
the force round AB in the direction from the corner G to the corner D. 

Ex. 3. If in a tetrahedron the mutual moments of the opposite edges are equal, 
prove that the products of their lengths are also equal. If (r, s, t) are the lengths of 
the lines joining the middle points of oxiposite edges and (a, /3, 7 ) are the angles at 
which they intersect, prove also that 

- 2rV- cos - 7 + s‘^ = s‘i - cos2a + t^ = l^ - 2t-r- cos“ jd + r-*. [St John’s, 1891.] 

Ex. 4. Two triangles ABC and A'B'C' are seen in perspective by an eye placed 
at O ; forces P, Q, B, act in PC, GA and AB, another set P', Q', li' in G'B', A'G' 
and B'A' respectively, and the whole system is in equilibrium. Show that 
A . P . OA' _ A' . P\ OA _ A . Q . OB' _ A' . OB _ A . R . OG' _ . R' . OG 

BG.AA' ~ B'G'.AA' “ GA.BB' ~ G' A' . BB' ~ AB^GG' '' ~A'B' . GG' ’ 
where A and A' are the volumes of the tetrahedra OABG and OA'B'G' respectively. 

[Math. Tripos, 1883.] 

The six lines OA, OB, OG, AB, BG, GA form a tetrahedron. If we equate to 
zero the sum of the moments of the six forces about the edge OA, w’e find that the 
first and second of the above given expressions are equal. In the same way taking 
moments about the edge AB, we find that the second and fourth are equal. It 
follows by symmetry that all the six expressions are equal. The moments may be 
found by using the rule given in Art. 266. 

/ . y 268. Problems on Equilibrium. Ex. 1. A body, free to turn about a straight 
[ line as a fixed axis, is acted on by any forces. It is required to find the condition of 
/ equilibriuin and the pressure on the axis. 

Let the straight line be the axis of z, and let x, y be two perpendicular axes. 


The pressures on the elements of length of the axis constitute a system of forces. 


If the body is free to slide smoothly along the axis, each of 
these pressures will act perpendicularly to the axis. But 
as this limitation does not simplify the result, we shall 
suppose the direction of the pressure to be perfectly 
general. Taking any arbitrary point P on the axis as a 
base of reference, each pressure may be transferred to act 
at P, by introducing a couple whose plane passes through 
the axis. All the pressures are therefore equivalent to a 
resultant pressure which acts at B together with a resultant 
couple whose plane passes through the axis. Let one of the 
forces of this couple act at P and let the arm be so altered 



(if necessary) that the other force acts at some other arbitrary point G of the axis. 


Then comnoundinu the forces which act at P. we see that thp. iirPssmrPR mr nil thp 


attached to ns axis at these two ijoinis oy smooth hinges. 

Let Fy, F^ and C?^, Gy, be the resolutes of the pressures at B and C re- 
spectively. Let b, c he the ordinates of these points. Let X, i, X, L, 31 , iV bo the 
six components of the given forces. Then resolving parallel to the axes and taking 
moments as in Art. 257, 

F^. + G^ -h A" = 0 — F yh — GyC + Zy = 0 1 

F]^.LGy+Y=0^ , FJj + G^c + M = 0'r . 

IA4-0^ + Z = o) iY=o] 

The last equation determines the condition of equilibrium, and shows that the 
body will turn about the axis unless the moment of the given forces about it is 7.ero. 

We have therefore five equations to determine the six component pressures on 
the axis. The pressures F^, Fy, G^, Gy are obviously determinate, but only the sum 
of the components lA, G^ can be found. 

The solution of these equations will be simplified by a proper choice of th(^ 
arbitrary points B and C. The position of the origin is generally determiiHHl by 
the circumstances of the problem. If we place B at the origin we have b = (), and 
the values of Gy, G^ become evident by inspection. 

SuTUJ Qse for example the body to be a heavy door constrained to turn round an 
axis inclined at an angle a to the vertical. In this case, since tlie moment of 
the forces about the axis must he zero, the centre of gravity of the door must lii* in 
the vertical i^lane through the axis. Let us take this plane as the piano of .rj, the 
axis of the door being as before the axis of z. Let x, 0, z be the coordinates of the 
centre of gravity, and let IT be the weight of the door. To simplify the moments 
we resolve JF parallel to the axes ; we therefore replace IF by the two compoiKuits 
irsin a and - IF cos a acting at the centre of gravity parallel to the axes of x and 
We shall choose the arbitrary point B to be at the origin, while the other O is at 
a distance c from it. Besolving and taking moments as before, we have 
F^+ Gx+ JF sin a~0) -GyC = 0 | 

Fy + Gy = 0 [• 7 sin a + 7Fx cos a = 0 - , 

IF cos a = o] j 

It follows from these equations that Fy and Gy are both zero, so that the resultant 
pressures act in the vertical jDlane through the axis. The values of (i’^, and 
F^+Gs may be easily found. ^ 

Ex. 2. Three equal spheres, whose centres are A, B, G, are placed on a. smooth 
^ horizontal plane and fastened together by a string ivhicli surrounds them in the qAane 



perpendicular from X) on the plane ABC^ then BE cos ADN=W. Consider next the 
sphere whose centre is A ; the other two of the lower spheres exert no pressure on it. 

V The resolved part of E in the direction NA balances the two tensions of the parts- 
of the string parallel to AB and AC. Hence E cos DAN = 2T cos BAN. The angle 
BAC = Q0°, and 


sm.'lDjV= 


AN 

AD 


AM _ 2 2r sin 60° 


We now easily find T in terms of TF. 


Ex. 3. Four equal spheres rest in contact at the bottom of a smooth spherical 
bowl, their centres being in a horizontal plane. Show that, if another equal sphere 
be placed upon them, the lower spheres will separate if the radius of the bowl be 
greater than (2^13 + 1) times the radius of a sphere. [Math. Tripos, 1883.], 

Ex. 4. Six thin uniform rods, of equal length and equal weight IV, are 
connected by smooth hinge joints at their extremities so as to constitute the six 
edges of a regular tetrahedron; one face of the tetrahedron rests on a smooth 
horizontal plane. Show that the longitudinal strain of each of the rods of the 
lowest face is TF/2 ^/G. , [Coll. Ex.] 

Ex. 0 . A heavy uniform ellipsoid is placed on three smooth pegs in the same 
horizontal plane, so that the pegs are at the extremities of a system of conjugate 
diameters. Prove that there will be equilibrium, and that the pressures on the pegs 
are one to another as the areas of the conjugate central sections. [Coll. Ex.] 

Ex. 6. Four equal heavy rods are jointed to form a square. One side is held 
horizontal and the opposite one is acted on by a given couple whose axis is vertical. 
Show that in a position of equilibrium the lower rod makes an angle 2 sin“^ GjlVl 
with the upper, G being the couple, and W and I the weight and length of a rod. 
Find the action at either of the lower hinges. [Coll. Ex., 1880.] 

Ex. 7. An equilateral triangular lamina, weight IV, hangs in a horizontal 
position with its angles suspended from three points by vertical strings each equal in 
length to the diameter 2a of the circle circumscribing the triangle. Prove that the 
couple required to keep the lamina at a height 2 (1 - n) a above its initial position is 

[Coll. Ex., 1886.] 

Ex. 8. A weightless rod, of length 21, rests in a given horizontal position with 
its ends on the curved surfaces of two horizontal smooth circular cylinders, each of- 
radius a, which have their axes parallel and at a distance 2c. The rod is acted on 
at its centre by a given force P and a couple. Find the couple when there is 
equilibrium, and prove that the magnitude of the couple will be least when P acts 
vertically, provided that c<Zsin 0 + ^ft,y/2sec^-0, where <p is the angle between the 
rod and the axes of the cylinders. [Math. Tripos, 1889.] 

Ex. 9. A solid circular cylinder, of height Ji and radius a, is enclosed in a rigid 
hollow cylinder which it just fits, and is formed of an infinite number of parallel 
equally elastic threads, which will together support a weight IV when stretched to 
a lengtii 2h. The ends of these strings are fastened firmly to two discs, one of which 
ic tbpn tnrnpfl thrmirrh an anpf]p, « in it«? own nlane ! aRsnminEr p.aoh thread to form 


from a fixed point by three equal strings each of length Z. A very light smo 
spherical shell of radius h is placed symmetrically on the top of them, and wate 
poured very gently into it. Show that the greater the amount of water pourec 
the closer must the three lower spheres be to one another in order that equilibri 
may be possible, and that equilibrium will be impossible if the weight of the wf 
poured in exceed 7iW, where n is the positive root of the equation 
(Z 5) (Z 4 . 2a-}- 5) + (2n + 3) (a^ - 6a& - = 0, 

it being assumed that h is so small as to admit of the strings being straight. 

[Math. Tripos, 181 

269. Ex. 1. A heavy rod OAB ca7i turn freely about a fixed 'point 0, a7id r 
over the top CAD of a rough zoall. If OG be a perpendicular from 0 on the top of 
luall, prove that the angle 6 lohich the 7'od makes with OC when the eguilibriut 
limiting is given by (x=.tan^ sin6, where /3 is the angle OC makes with the j 
pendicular OE drawn from 0 to the vertical face of the wall. 

To assist the description of the figure, let OAB be called the axis of x. Let ; 
normal to the plane AOG, and let y be perpen- 
dicular to X and z. The weight W of the rod 
acting at G is equivalent to W cos jS parallel to 
Zy and Wsin^ acting parallel to CO. This latter 
is equivalent to W sin 8 cos d and W sin /3 sin 6 
parallel to x and y respectively. 

The reaction E at A is perpendicular to both OA 
and CD, and is therefore parallel to z. The point 
A of the rod can only move perpendicularly to OA. 

The friction therefore acts, not along the top of the wall, but opposite to 
direction of motion, i.e. parallel to y. 

Taking moments about y and z respectively, we have 

Tf coS(3. OG=B . OA, W sin jSsin OG = fiR . OA. 

These give p = tan jS sin 6. 

Ex. 2. Three equal heavy spheres, each of weight W, are placed on a ro 
ground just not touching each other. A fourth sphere of weight nW is placed 
the top touching all three. Show that there is equilibrium if the coefficieni 
friction between two spheres is greater than tan Ja, and that between a spl 
and the ground is greater than tan^a. 9i/(7i-i-8), where a is the inclination to 
vertical of the straight line joining the centres of the upper and one lower spher 

Ex. 3. A pole of uniform section and density rests with one end A on the gro 
(which is sufficiently rough to prevent any motion of that end) and with the ot 
against a rough vertical wall whose coefficient of friction is p. If AB be the limil 
position of the pole for any position of A, AN the perpendicular from A on the v 
a the angle BAN, and 6 the inclination of BN to the vertical, prove that tan a t{ 
is constant, and find the whole friction exerted at B. Find also the equa: 
to the locus of B on the wall, N being fixed, and prove that the deviation of B t 
thfi vertical through N is e^reatest when o.=:^ = ta-n“i x/u.. fColl. Ex._ 18 




at tne lower ena it tue vertical plane m wnicn it lies maKes an angle o witn tne wan 

given by /c^i(/42-siu2^-cos“^)4 = Zc-2/Ai (4a“sin^0- 7c-)^, and that the inclination 
of the tangential action at the upper end to the horizon is then sec”^ tan 6). 

[Math. Tripos, 1887.] 


Ex. 5. A curtain is supported by an anchor ring capable of sliding on a 
horizontal cylinder by means of a hook fixed at that point of the ring which is lowest 
when the curtain is hanging. Show (1) that the ring may touch the cylinder at one 
or two points but not more, (2) that if there be double Contact and the weight of 
the ring can be neglected the ring will not slip along the cylinder however it be 

(2a + h) cos 6 


pulled unless the coefficient of friction be less than 


, in which h is the 


(2a + h) sin 0 - ’ 

radius of the generating circle, a that of the circle described by its centre and 6 the 
inclination of the plane of this latter circle to the axis of the cylinder. [Math. T.] 


For the sake of the perspective take the axis of the anchor ring as axis of z, and 
let the plane of the circle whose radius is a be the plane of xij. Let the axis of x 
pass through the hook. Let B, B' he the two points of contact of the cylinder and 
ring, B' being nearest the hook. Let [E, fxR) {R', juE') be the reactions at these 
points, then these four forces lie in the plane xz. Taking moments about an axis 
through the hook and solving, we find 

__ {2a+b) cos cos d 

^~“(2a + b) sin 6 -b + pb (l + sin 6) * 

where p is the ratio of E' to E. As long as there is double contact E and E' are 
both positive. But if fx is greater than the value given in the question, this equation 
■shows that p must be negative. 


Ex. 6. A solid heavy cone, placed with a generating line in contact with a 
rough vertical wall, can turn freely about its vertex which is fixed, and is acted on 
by a couple whose moment is L and whose plane is parallel to the base. Prove 
that in equilibrium the inclination $ to the vertical of the generating line in contact 
with the wall is given by L = ^Whsmdiia.ii a, where a is the semi-vertical angle of 
the cone and h its altitude. If the rim only of the cone is rough, prove that the 
least value of the coefficient of friction is 2 tan 6 . cosec 2a. 


The central axis and the invariants. 

270. Poinsot^s Central Axis. Any base 0 having been 
chosen, the forces of a system have been reduced to a force R 
acting at 0 and a couple G. We shall now examine whether 
this representation of the forces can be further simplified by a 
proper choice o f the base. 

Let 6 be the angle between the direction of the force R 
and the axis of the couple Q. We may resolve G into two 
couples, one G cos 0 whose plane is perpendicular to R, and 



distance 6r sin djK irom 0. 

have therefore reduced the system to a force R (acting in a 
direction parallel to the principal force at any base) together with 
a couple whose plane is perpendicular to the force. The line of 
' action of^^S force R is called Poinsot’s central axis. 

^ To construct geometrically the central axis when the couple Q 
.^tid the force R at any base of reference 0 are given, we notice > 
that (1) the central axis is parallel to R, (2) it is at a distance • 
Gsin OjR from R, (3) the perpendicular from 0 on the central axis ■ 
is at right angles both to R and the axis of (?, (4) the perpendicular 
from 0 must be so drawn that its foot is moved by the couple i 
(rsin^ in the same direction as that in which R acts. 

271. Screws and wrenches. A body is said to be screwed 
along a straight line when it is rotated round this straight line as 
an axis through any small angle dd, and at the same time trans- 
lated parallel to the axis through a small distance ds. The ratio 
dsjdd is called the pitch of the screw. If the pitch is uniform, it 
may also be defined as the space described along the axis when 
the angle of rotation is a radian, i.e. a unit of circular measure. 
The pitch of a screw is therefore a length. For the sake of brevity 
the axis of the screw is often called the screw. 

The term wrench has been applied by Sir E. Ball to denote a 
^ force and a couple whose axis coincides with or is parallel to the y 
i: force. The phrase wrench on a screw denotes a force directed 
along the axis of the screw and a couple in a plane perpendicular 
to the screw, the moment of the couple being equal to the product 
of the force and the pitch of the screw. The force is called the 
f intensity of the wrench. When the pitch of the screw is zero the7 
wrench is simply a force. When the pitch is infinite the wrench r 
reduces to a couple. The phrase wrench on a screw is sometimes 
abbreviated into the single word, wrench. 

A wrench is a dyname in which the direction of the force 
is perpendicular to the plane of the couple. 

To d etermine a screw five quantities are necessary. Four are 
required to determine the position of the axis, for example the 

f.nnrHIina.f.As nf thp. -nm-nts in whip.Vi if. p.nfs f.wn of fliA nnordina.tft 


272. Screws are distinguished as right or left-handed according 
to the direction in which the body is rotated for the same translation. 
Let an observer stand with his back along the axis, so that the 
translation is called positive when it is in the direction from the 
feet to the head. The screw is then called right or left-handed 
according as the rotation appears to be opposite to or the same 
as that of the hands of a watch ; see Art. 97. 

As an example, the common corkscrew is a right-handed 
screw. As another example, let the reader push his two hands 
forward horizontally, turning at the same time his right thumb to 
the right and his left thumb to the left. The motion of the right 
hand will illustrate a right-handed screw, that of the left a left- 
handed screw. 

In this chapter the figures are drawn in agreement with the system of coordinates 
usually adopted in solid geometry. The left-handed screw will therefore represent 
the conventions adopted to distinguish the positive and negative directions of 
rotation and translation. By interchanging the positions of the axes of x and y the 
figures may be adapted to the other system. 

273. The equivalent wrench. A system of forces is given 
by its six components A, Y, Z, L, M, N referred to any rectangular 
axes with the origin 0 as the base of reference. It is required to 
find analytical expressions for the equivalent wrench. 

It is obvious that the axis of the equivalent wrench is Poinsot's 
central axis, and that it is parallel to the principal force R at any 
base of reference. Hence 

(1) the direction cosines of the central axis are 

l = XIRf m=YIRj n—ZjRj 

(2) the force or intensity of the wrench is i?. 

(3) Let r be the required couple of the wrench. Then 
by Poinsoi’s theorem all the forces are statically equivalent to 
R and P, so that the moment of all the forces of the system about 
any straight line is equal to that of R and P about the same line. 
If this straight line be parallel to the central axis, the moment of 
R is zero and that of the couple is P. It follows that the moment 
of the forces of a system about all straight lines parallel to the 

nfr‘o cnoinl. f.n fho. rmnnm.omf. nhmi.f. f.h.A r.Antnrnl n.rm.9. 


.■.VR=LX+MY+NZ. 

The pitch of the screw on which the wrench acts is therefore 

■ r LX+MY^NZ 

^ R R^ ‘ 

(4) Let coordinates of any point on the cent 

axis. When this point is chosen as the base, the componei 
X', M\ N' of the couples are given in Art. 258 and these co 
ponents are proportional to the direction cosines of the axis 
the principal couple. We have therefore by (1) 

X F ^ * 

These are therefore tj^ equations to the central axis. 

! If we multiply the numerator and denominator of each fracti 
by X, Y, Z respectively and add them together, we see that ea 
fraction is equal to the expression found above for the pitch p. 

274. If X, F, Z are each equal to zero the principle on whi 
these equations have been obtained becomes nugatory. But 
this case the given system is equivalent to a resultant coup 
Any straight line parallel to its axis is the central axis. 

^ If the couple F == 0, the given system is equivalent to a sinj 
force R. Since the components L\ M\ N\ at any point 
this force are zero, we have 

L^rjZ + ^Y=0, M^^X^^Z=0, W-^F+77Z = 0. 

Any two of these are the equations of the single resultant 

I 275 . We may obtain the equations to the central axis in another way. T. 

^ , moments of the force E and the couple T about the axes are L, if, N. Hence i 
moments of the force E alone are L - Tl, M -> Tati, N - Vn, i.e. they are L-2 
M - Yp, N - Zp. The six components of the force E are therefore X, Y, Z, L-2 
M - Yp, N-Zp, These are the six coordinates of the central axis. 

€ 

. 276. Conversely, the equivalent wrench being given^ lue m 

. ' find the six components of the forces at any base of reference. 

Let Oz be the given axis of the wrench, and let 0' be a; 
point at which the components are required. Let O'O be 
perpendicular on Oz and let 00' = r. Let O'G be parallel to ' 
and O'B nernendicular to the nlane O'Oz. 


to O'G, Compounding these two couples 
we have a resultant couple G whose axis 
O' A lies in the plane BO'C and makes an 
angle d with O'G, where 
- “ " ' = P 4- tan 6 = i2r/r. 

I 277. From these values of R and 0 we may dra^ 

obvious conclusions. 

(1) We see that G is always numerically greater 
so that the principal couple G is least when the base of 
is on the central axis. 

(2) Since 00' may be drawn in any direction frc 
follows that the locus of the base at which the principal 
has a given value is a right circular cylinder whose a5 
central axis. 

(3) The locus of the axis, viz. O'A, of the principal 
given magnitude is a system of hyperboloids of revolutioi 

278. Bxamples. Ex. 1. The equivalent wrench being given, sh 
base on a given straight line at which the principal couple is least is 
which the straight line is intersected by the shortest distance between it 
central axis. Find also the base at which the axis of the principal c( 
the least angle with the given straight line. 

Ex. 2. The base being the origin of coordinates, show that the plant 
the force R and the axis of G is given by the determinantal ^ 
equation in the margin. Show also that the minors of the first X 

row, after division by are the coordinates of the foot of the L 

perpendicular from the origin on the central axis. Thence find the equa 
central axis regarding it as a straight line drawn through this point par 

Ex. 3. Twelve equal forces occupy the edges of a cube, the parallel f 
in the same direction: prove that their central axis is a diagonal. I 
are replaced by twelve equal couples whose axes occupy the edges, 
their central axis is parallel to a diagonal. 

Ex. 4. Six equal forces act along the edges AB, BG, CA, DA, D 
regular tetrahedron : show that their central axis is the perpendiculs 
corner D of the tetrahedron on the face ABC. 

Ex. 5. Six forces act along the edges AB, BC, CA, AD, BD, CD 
hedron, each force being proportional to the length of the edge along w 
Show that their central axis is parallel to DG^ and is at a distance \ 
from it, where A is the area of the face ABC, G its centre of gravity 



plane drawn perpendicular to GG' in prove that the central a 

intersects this plane in the centre of gravity of particles placed at 

whose weights are proportional to the resolved parts of the forces parallel to GG‘ 

[Coll. Ex., 186 

Ex. 7. A system of forces intersects the plane of xy and a parallel plane z- 
in the points respectively; their magnitudes are a2.A2A2 

and the pitch of the equivalent wrench is p. Prove that the central axis interse 
these planes in the points H, H' whose coordinates (^, 77), 77') are given by 

-x'=^-x = (y' -y) pjh, rj' ~y' = 7 ]-y= -(x' -x) ppi, 
where {xy) are the coordinates of the centre of gravity G of masses a^, og,... pla< 
at A^Aq... and x'y' those of the centre of gravity G' of the same masses placed 


AAAo 


Show also that (1) GH is perpendicular to GK' and equal to GK' .pjh where 
is the projection of G' on the plane of xy, and (2) HII' is parallel to GG'. 

Ex. 8. Prove that the trilinear coordinates aj 3 y of the point in which 1 
central axis of a system of forces cuts the plane of any triangle ABC are given b; 
Za = Mj-XjP, Zp=M2-~Xop, Zy=Ms-X.^p, 


where A/g, are the moments of the forces about the sides, Xi, X^, X^ 


resolutes along the sides of the triangle, Z the resolute perpendicular to its pla: 
and p is the pitch. 

Kegarding as the axis of x and the plane of the triangle as that of xy, 1 
ordinate 77, found by putting f = 0 in the equation of the central axis, Art. 273. 
the trilinear coordinate 7. 

279. Invariants of a system. It follows from the thi 
^result of Art. 273 that, whatever base is chosen and whate'v 
the directions of the rectangular axes may be, the quanti 
I = LX + MY A- NZ is invariable and equal to VR. The squa 
of the resultant force, viz. == Y^ -A is also invariab 


These tivo quantities, viz. I a nd are called the invarian 
When the invariants I and R- are known, a third invariant, v 
the pitch p =//jR^ can be immediately deduced. 

If the forces of the system are such that the first of the 
^ invariants is zero, it follows that either jR = 0 or r = 0. I 
■ condition that the forces should he equivalent to either a single f 01 
or a single couple is therefore /= 0. We may distinguish betwe 
these two cases by examining the second invariant. If the fort, 
are to be equivalent to a single force we must have as a second cc 
dition R not equal to zero. 

280. When two systems of forces Pi, Ps &c. and Qi, & 
are given we form the two expressions 

SPOr sin rp. OV SPOcosrP. 0\ 


w 
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* Screws and Wrenches, 
find the resultant wrench of two given wrenches, ( 
two given forces. Analytical method. 

Let P, P'be the forces, jp, _p' the pitches of the given wren 
Let 6 be the inclination of the two axes and h the sho 
^ distance between them. It is clear that if the resultant vorew 
two given forces is required, we merely put = 0, p' = 0 in 
following process. 

Let R be the force of the resultant wrench, -ut its pitch, 
equating the invariants of the given wrenches to those of 
resultant, we have 

= P-p + P'-fi -f PP' {(p +p') 6 + h sin 6], 

R^ = P^-\-P'^-h2PP'cose. 

These equations determine the magnitude of the resultant wr( 
We easily deduce 

i (P + P')} = i - P") (P -/) + PP'h sin e. 

285. We have next to find the position in space of the 
of the resultant wrench. Let A A' be the shortest disi 
between the axes AF, A'P' of the given wrenches, the ai 
indicating the positive directions in which the forces P, P 
Since Poinsot’s central axis is parallel to the resultant o: 
forces P, P', transferred to any base the central axis mu 
perpendicular to AA'. Again since the moment of bott 
given wrenches about A A' is zero, the moment about the 
line of R and the couple V (whose axis has been proved pe; 
I dicular to AA^) is also zero. This 
requires that the central axis should 
intersect the shortest distance AA^ 

I in some point 0. 

Let A A' be taken as the axis 
of X, and let the required central 
axis be the axis of -sr. Let 7, 7', be the inclinations of AF, 
to the central axis, then ^ = 7 -{- 7'. By resolving the 1 

, P sin 7 = P' sin 6, P cos 7 = P + P' cos <9, ] 



the two wrenches from the middle 'point of the shortest distant 
measured positively towards P. A formula equivalent to this wa 
given in the Math. Tripos, 1887. 

Ex. Prove that the central axis of two given forces P, P' divides their shortei 
AA' distance in the ratio P'(P' + Pcos^) : F[P + P' cos 6) which is independent < 
the length of AA\ the angle between the forces being 6. 




286 . 


To find the resultant lorench of tioo zcrenches whose axes intersect in son 


A. The magnitudes of V and R are found by the same invariants as in tl 
Et proposition, but the determination of the position in space of the resultai 



axis is much simplified. 

Let the resultant E of the forces P, P', act at A in the direction AB an 
make angles 7 , 7 ' with AF^ AF', Then P sin 7 = P' sin 
P sin 7 '=:Psin Following the rule given in Art. 270 to 
construct the central axis we find the component of the 
couples about a straight line AD drawn perpendicular to P 
in the plane of the forces. This component is 

Pp sin 7 - P'p' sin y'—PP' sin 6 {p -p')IR. 

We now measure a distance AO in a direction normal to 
the plane of the forces equal to PP' sind {p~-p')/R^, cind draio 
a parallel Oz to the direction of E. Then Oz is the central 
axis. 

To determine on which side of the plane of the forces AO should be drawn, w 
notice that the couple Pp sin 7 should turn AO round A towards the direction of J 

' 287. The Cylindroid. This surface has been used b; 

Sir R. Ball for the purpose of resolving and compoundin, 
wrenches. Following his line of argument we shall first examin 
a special case, and thence deduce the general solution. 

To find the resultant of two wrenches of given intensities on screiv 
of given pitches which intersect at right angles. Let the axes c 
these screws be the axes of x and 
y. Let A, Y be their forces; p, p' 
their pitches. Let R be the resul- 
tant of the forces A, F, and let OA 
be its line of action. Let Q be the 
resultant of the couples Xp, Yp' 
and let OB be its axis. Let the 
angle A0B = (l>. By resolving G 
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about a perpendicular to OA, it is clear (as in Art. 270) tb 
and It are together equivalent to a wrench having for its a 
straight line CD parallel to OA such that 0(7= ((?sin 
force along the axis is equal to R and the couple round it is ( 
to G cos (jb. 

Since (rcos<jf> and Osin^ are the moments about OA a 
perpendicular to OA^ we see that, if 9 be the angle xOA, 

G cos (j) = Xp cos 9 + Yp sin 9 = R{p cos^ 9 -{-p' sin^ 9) 

(t sin 0 = — Xp sin 9 + Tp' cos9 — R {p — p) sin 9 cos 9. 
Let p be the pitch of the resultant wrench and z = 0C, tin 
p=:p cos^ 9 +p' sin^ ^ 

z = {p —p) sin ^ cos ^ J 

Also X = R cos 9, Y=^ R sin 9. 

If the wrenches on the axes Ooc, Oy, have given pitches 
varying forces, the locus of the axis GD of the resultant wi 
will be found by writing tan 9 = yjx and eliminating 6 fron 
second of equations (1). We thus find 

^ ~ (p' -p) = 0 ( 

This surface is called the cylindroid. 

Describe a cylinder whose axis is the axis of z ; as CD tr 
round Oz beginning at Ox and ending at Oy, thus generating 
quarter of the cylindroid, its intersection with the cylinder t 
out a curve which is represented in the figure by the dotted 
In the next quarter of the surface, the dotted curve (not drav 
below the plane of xy, in the third quarter above and so on. 


’ - 288 . Each generating line of the cylindroid, such as GD, is the axis of a 

whose pitch is ^ cos^^+jp'sin^d. Let us then describe the cylinder whose 1 
the conic 'px‘^-\-‘p'y'^=H, where H. is any constant. Let the generating lii 
^intersect the surface of the cylinder in D. Then the pitch of the screw whoi 
is CD is obviously HjCD^. The base of this cylinder has been called by 
Eall the j^itch conic. 



289. The forces of any number of wrenches on a given cylim 
being given, it is required to find the resultant wrench and the 
ditions of equilibrium. 


on the axes, it is clear that the moments of the force P about ■ 
axes are P cos d .p, P sin 6 ,p and zero. 

Taking all the wrenches, the six components are 
X = SP cos 9, Y = 2P sin 6 , Z = 0 , 

L = 2P cos 6 . 2 -) = Xp, M = 2P sin 6 .p' = Yp\ X = 0 . 

These constitute two wrenches on the axes of w and y, with i 
same two pitches as before. 

By the definition of a cylindroid the axis of the resultant wre') 
lies on the same cylindroid. The pitch p and the altitude 5 of 1 
resultant wrench are given by equations (1) of Art. 287. 

290. The necessary and sufficient conditions of equilibrii 
are 2P cos ^ = 0, 2P sin ^ = 0, for when these vanish all the 
conditions of equilibrium are satisfied. It immediately folk 
that if the forces of wrenches on the same cylindroid when tra 
f erred to act at any one point are in equilihrium^ then the wrenc. 
themselves will he in equilibrium. 

For example, the wrenches on any three screws in the sa: 
cylindroid are in equilibrium if the. force of each is proportional 
the sine of the angle between the other two. 

To find, also, the resultant wrench of two given wrenches 
the same cylindroid we firsk find the resultant of their fore 
The axis of the required wrench is parallel to this resultant a 
has the pitch appropriate to that axis. 

291. We may use this theorem to find the resultant wrer 
of any two wrenches if we show that a unique cylindroid can 
described so as to contain any two given screws. 

To prove this, let CD, C'D' be the axes of the two given screws, and let CC 
the shortest distance between them, then CG' must be the 2 -axis of the cylindr 
Let CC' = h, let a be the inclination of the axes CD, C'D' to each other, and / 
the pitches of the screws. These four quantities being given, we have to pi 
that one set of real values can be found for p, p% ( 2 , 6), ( 2 ', 6'). Taking the val 
given for />, 2 , p', 2 ' in equations (1) of Art. 287 and joining to them the 
equations z~z' — h, 0' = a, we can solve the six resulting equations. The re 
is that we find unique values for p, p', &c. 

292. "Work, of a wrench. To find the work done by a wre^ 
on a given screw when the body receives a virtual displacement 


Let us first find the work done when a given couple is n 
in its own plane from one position to another. This displace 
may be constructed by first translating the couple parallel to 
until one extremity A of its arm AB assumes its new positioi 
then rotating the translated couple about A until the othe 
tremity B assumes its proper position. The work done b] 
two equal forces during the translation is clearly zero. The 
done by the force at A during the rotation is also zero. It rer 
to find the work done by the force at B. 

Let F be the force, a the length of the arm AB^ d4> the ; 
of rotation. The work done by the force at B is evidently 1 
If the angle of displacement is finite, the work done is foui 
integrating Fadj>, Thus the work done hy a couple of 
moment is the product of the moment hy the angle of rotation 
oivn plane. See Art. 203. 

Next let a couple be rotated about an axis in its own 
through any small angle d(^. It is clear that the extremities 
of the arm begin to move perpendicular to the plane of the f 
The virtual work done by each force is therefore zero. 

€ 

293. Let us apply these two results to find the work do: 
a wrench twisted about any screw. 

Let p, p' be the pitches of the screw and wrench respect 
Let 6 be the angle between their re- 
spective axes and let h be the shortest 
distance between them. We suppose 
that in the standard case, when 6 and 
h are positive, the positive direction of 
each axis in such that a force acting 
along it would produce rotation about 
the other axis in the positive direction; 
see Art. 265. Let It be the force of the wrench. 

Take the axis of the screw as the axis of ^ and the sh( 
distance OH as the axis of x. Let HO and HB be drawn pa 
to the axes of ^ and y respectively. The force R may be res 



couples up cos ana up sma wnose axes are Jau ana jau. 
The work of the former is Rp cos Odcj), the work of the latter is 
zero. The w hole work done is therefore 

dW — Rd(f> ((jp 6 + hBm 6}, 

We notice that this is a symmetrical function of p and p\ so 
that if the two screws are interchanged the work is unaltered. 

t 294. Reciprocal screws.* Two screws are said to be r^ci- | 

I *’ , . .«■ - ■ ■ 

V' procal when a wrench acting on either does no work as the body 
' is twisted about the other. The analytical condition that two 
screws are reciprocal is therefore 

(p + p) cos 6 + h sin 6=0. 

Thus, two intersecting screws are reciprocal when either they 
are at right angles or their pitches are equal and opposite. 

It follows from the principle of virtual work that a body free 
to move only on a screw a is in equilibrium if acted on by a 
wrench on any screw reciprocal to a. 

295. If CL screw <t is reciprocal to each of two given screws, say a and /3, it is 
also reciprocal to every screw on the cylindroid containing a and /?. For a wrench 
on any third screw y on this cylindroid may be replaced by two wrenches on the 
screws a and /3, if the forces on a and jS are the components of the force on y 
(Art. 289). Since the virtual work of each of these when twisted along tr is zero, 
the screws y and a are reciprocal. We may say for brevity that the screw a is 
reciprocal to the cylindroid. 

296. A screio a if reciprocal to a cylindroid must intersect one of the generators 
at light angles. The cylindroid, being a surface of the third order, will be cut by 
the screw a in three points, and one screw of the cylindroid passes through each of 
these points. Each of these three screws intersects the screw cr and is reciprocal to 
it. It follows by Art. 294 that each of these is either perpendicular to a or has a 
pitch equal and opposite to that of a. But since the pitch p of a screw on the 
cylindroid is p cos^ 6 -\-p' sin^ 8 there are only two different screws on the same 
cylindroid of the same pitch, viz. those given by supplementary values of 6. Hence 
the screw cr must intersect one of the three screws at right angles. Also, as it 
cannot be perpendicular to more than one screw on the cylindroid (unless it is the 
nodal line or ^ axis), the pitches of the two remaining screws must be each equal 
and opposite to that of a. 

297. Ex. 1. Show that the locus of a screw reciprocal to four screws (no 
three of which are on the same cylindroid) is a cylindroid. 

Since a screw is determined by five quantities it is clear that, when the four 
conditions of reciprocity are fulfilled, the screw must in general be confined to a 
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through any two of its generators, then any screw on this cylindroid will al 
reciprocal to the four given screws. The locus therefore would be, not a t 
ruled surface, but a system of cylindroids. 

Ex. 2. Prove that there is in general but one screw reciprocal to five 
screws. [As there are five conditions to be satisfied the number of screws is i 
But if there were as many as two there would be a cylindroidal locus of screws 
Ex. 3. Prove that any two reciprocal screws on the same cylindroid are pa 
to conjugate diameters of the pitch conic. 

Let p, p' be the pitches, z, z' the altitudes. Let z>z' and $>-6'; Art. 29c 
will be seen that a force acting along the positive direction of the axis of ( 
screw would tend to produce rotation round the axis of the other in the nec 
direction. We therefore put h=z-z', <f>= - {9 - 9'). The condition that the 
are reciprocal is {p + p') cos (p + h sin <p=0. Art. 294. Substituting for p, p', z, z' 
values given in Art. 287, this reduces to p cos ^ cos d'+p' sin 0 sin = Tl 
the condition that the axes of the screws are parallel to conjugate diameters o 
pitch conic, Art. 288. 



" On Conjugate Forces, 

298. The nul plane. The locus of 


298. The nul plane. The locus of all the straight I 
drawn through a given point 0, and such that the moment oj 
system about each vanishes is a plane. 

This plane is called the nul plane of 0 and the point ' 
called the nul point of the plane. Any line about which 
moment of the forces is zero is called a nul line. 


To prove this proposition let us represent the system I 
couple G and a force R at 0 as base. It is at once evic 
that the moment about a straight line through 0 cannot 
zero unless it lies in the plane of the couple. The nul p 
may therefore also he defined as the plane of the principal co 
at 0. 


The names nul-point and nul-plane are due to Moebius, Lehrhuch der St 
1837. Instead of these the terms pole and polar plane have been used by Cren 
Reciprocal Figures, 1872, translated into French, 1885, into English, 1890. 
term focus has also been used by Chasles, Comptes Rendus, 1843. 


299. If any straight line in the nul plane of 0 and 
passing through 0 were a nul line, the moment of J? aboo 
would be zero. This requires that R should either be zero o; 


that the straight line AB is a nul line. Hence also the line ^ 
must lie in the nul plane of B. 


301. To find the equation to the nul plane of a given pc 
(^V^) 'referred to any system of rectangular axes. 

It is clear that the direction cosines of the plane are p 
portional to the moments of the forces about axes meeting at 1 
nul point. Hence by Art. 258 the required equation is 


Any straight line being given by its equations (a; -f)ll={y - g)lm—{z - h)lnf 


prove that it will be a nul line if 


g 

Y 


= Ll + Mm + Nn. 


302. To find the nul point of a given plane we choose t 
points conveniently situated on it. The nul planes of these poii 
intersect the given plane in the required nul point. Art. 300. 

Ex. 1. If the system be referred to the central axis as the axis of z, prove t 
the coordinates of the nul point of the plane z — Ax->rB]j-\-C are -jpB, 7] = ‘ 

C, where p is the pitch of the equivalent wrench. 

Ex. 2. A plane intersects the central axis in C and makes an angle <f> with t 
axis. Show by reasoning similar to that of Art. 270, that the nul point 0 lies i 
straight line CO drawn perpendicular to the central axis so that CO = cot <p . P/li 
Ex. 3. The moments of the forces about the sides of a triangle ABC 
respectively ilf^, M 2 , and Z is the resolved force perpendicular to the plam 
the triangle. Prove (1) that the trilinear coordinates of the nul point 0 of 
plane referred to the triangle ABC are M-^jZ, MJZ, M^/Z ; (2) that the nul pla 
of the three corners A, B, C intersect the plane of the triangle in AO, BO, 
respectively. 

303. Conjugate forces. Let 0 be any point on a giv 
straight line OA. Let the system be reduced to a couple G a; 
a force i? at 0 as base. Pass a plane through 
It and the given straight line OA, and let it 
cut the plane BOG oi the couple in OB. 

Let us resolve the force R by oblique reso- 
lution into two forces, one of which F acts 
along OA and the other F' acts along OB. 

This force F' may be compounded with the 
forces of the couple into a single force which 
alerk p.pf.a in f.hp! -nlanp. of thp nontllo. ItS line 
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of action is parallel to OB and distant GjF' from it. It follows 
that all the forces of the system are equivalent to some force F 
acting along any assumed straight line OA together with a second 
force F' which acts in the nul plane of the point 0. The forces are 
given by F sin A OB = R sin ROB, F' sin A OB = R sin ROA . 

The forces F, F' are called conjugate forces, and their lines of 
action conjugate lines. 

304. Since 0 is any point on the straight line OA, it follows 
|:|that when 0 travels along a straight line, the nid plane of 0 always 
f passes through the conjugate and turns round it as an axis. ^ 

305 . Vanuhing of the Invariant I. When the force R is zero or lies in the 
nul plane BOG, the system reduces to either a single couple or a single force. In 
both these cases every point in the plane BOG is a nul point. 

If the system is equivalent to a single couple B = 0, and if the assumed line OA 
is inclined to the plane of the couple the force F along it is zero ; the conjugate is 
at infinity and its force also is zero. If OA is in the plane of the couple, the force 
along it forms one force of the couple while the conjugate is the other force, the 
distance between the conjugates, i.e. the arm of the couple, being arbitrary. 

If the system is equivalent to a single resultant, OR lies in the plane BOG. If 
the assumed line OA does not intersect the single force, the force F along OA is 
zero, the conjugate being the single resultant. If OA intersects the single resultant, 
the conjugate is any line in their plane passing through that intersection, the 
•conjugate forces being found by resolving the single resultant in their directions, 
i Conversely, since I=FF'r sin 6, (Art. 281) we se e that lohen the invariant is zero; 
^^•either one conjugate force is zero, or the two conjugates lie in one plane. 

306. To find the conjugate of a nid line. In this case OA lies 
in the nul'pTane'of 0, and if R is not zero and does not also lie in 
that plane the straight lines OA, OB, are opposite to each other, 
Art. 303. The components of R, viz. F and F\ are therefore both 
infinite so that the two forces F, F' act in opposite directions 
along the same straight line OA. Such lines may therefore be 
called self-conjugate. They have also been called double lines by 
Cremona. 

In the limiting case when the invariant 1 is zero, any line lying in the plane of 
the single couple or intersecting the single resultant is a line of nul moment. We 
have seen above that their conjugates are indeterminate. 


It follows that the conjugate of DE must also intersect them 
its force must be zero. If I is finite the conjugate force can: 
also lie in that plane or be zero, it must therefore pass throi 
the nul point 0, If / = 0 every point in the plane is a nul po 
and the theorem is again true. 



, 308 . To find the equation of the conjugate of the given line 

(« = iy-sf)l'>n = {z- h)/7i ( 1 ) 

It follows from Art. 304, that if any two points 0, O' ; 
chosen on the given line OA, their nul planes intersect on i 
conjugate. The nul planes of the point (fgh) and of anotl 
point at infinity whose coordinates are proportional to I, m, n 
(Art. 301) respectively 

(L-gZ+hY)x+(M-hX+fZ)g-i-(E-fY+gX)0=Lf+Mg+]S 

(—mZ+nY)x-[-{—nX-\-lZ)g-j-(--lY-{-mX)z=Ll+Mm+Xn, 


These are the equations to the conjugate. They also take 1 
form 


X, 


z =L{f-x)+M{g--y) + N(h^z), . 

X, 



X, 

Y, 

Z 

X, 

r, 

z 


0, 

n 

1. 

??i, 

n 


The line of action of the force F being given as above by i 
equations (1), an analytical expression for the magnitude of 
can be found which may be used when the position and mag 
tude of the conjugate force F' are not required. If we reve 
the force F and join it to the given system, the compound systi 
will be equivalent to a single force. The invariant of the co 
pound system is therefore equal to zero. If Z, m, n are the acti 
direction cosines of the given line of action of the force F, i 
components of the compound system are 


X'=^X-Fl, L' L + Fmh-Fng, 

7' = F - Fm, = Fnf -Flk, 

Z'=:Z-Fn, X'==N+Flg - Fnifi 

Equating the invariant L'X' + M'Y' + N'Z' to zero, we find 

/ 9^ h 
X,Y,Z . 
z 


LX+MY-hXZ 

^ = it + Mm + Xn 

Jo 
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In this manner a unique value of F has been found. The 
value of F can be infinite when the right-hand side is zero ; this 
occurs when the given line is a nul line, Art. 301. 

The value of F being known, all the six components of the 
compound system are known. The magnitude and line of action 
of the single resultant F' may then be found by equations (4) of 
Art. 273, whence F'^ = X'^ + F'^ + Z'^ and F = 0. 

309 . To determine the arrangement of the conjugate forces 
about the central axis. 


We know by Art. 285 that the central axis intersects at right 


angles the shortest distance between 
any two conjugates. Let Oz be the 
central axis; ii, F, the given force 
and couple. Let F, F\ be two con- 
jugate forces acting along AF, A'F'; 
AA' being the shortest distance be- 
tween them. Let OA = a, OA' = a' 
measured positively from 0 in oppo- 
site directions, h = a + a'. 



The force R may be replaced by two parallel forces acting at 
A, A', respectively equal to Rajh and Rajh, Art. 79. The 
couple F is equivalent to two forces acting at the same points 
parallel to the axis of y equal to + F/A. Since the forces acting 
at A, A' have F, F' for their resultants, we find 

F = Ra' tan 7 , F^h^ = F^ -h R^a'^\ ^ 

F = jRa tan 7 ', F'^i^ = R^a^ j 

When any arbitrary line AjF is chosen as the seat of one force, 
a and 7 are given ; these equations then determine F, F', 7 ', a\ 
We notice also that since the resolved parts of F, F' in the plane 
xy are equivalent to the couple F, F'sin 7 = F' sin 7 ' = F/A. 

310 . If the figure is turned round Oz as an axis of revolution, the conjugates 
AF, A'F' describe co-axial hyperboloids of revolution whose real axes a, a' are 
connected by the equations (1). The imaginary axes are a cot 7 and a' cot 7'; it is 


'f 


i 


I 
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intersect in a nul line, whose locus when a varies is the paraboloic 
p is the pitch of the wrench. 

Ex. Any two systems of forces being given show that th( 
common system of conjugate lines real or imaginary. If 00' = ‘ 
distance between the axes of the equivalent wrenches, C the midi 
prove that the distances of the common conjugates from C 8 
quadratic + {p ~p') cot 6x +pp' -c^-(p +y) c cot ^ = 0 where p, 
and 6 the angle between the axes. 

312 . Ex. 1. If two straight lines intersect in a point 0, thei 
intersect, and lie in the nul plane of 0. Art. 303. 

Ex. 2. A transversal intersects a force and its conjugate, 
intersection is the nul point of the plane which contains the tra 
other force. 

For every straight line drawn through one intersection to cut \ 
a nul line, see also Art. 303. 

Ex. 3. The locus of a straight line drawn through a given 
the moments about it of two conjugate forces F, F' have a given r 
which becomes the nul plane of 0 when -1. Whatever the i 
be, this plane passes through the intersection of the two planes 
contain the forces, and makes angles 0, 0' with these two plan 
given ratio fx is equal to Fp sin 0 : F'p' sin 0'. Here p and p' are i 
distances of 0 from the given straight lines. 

313 . Ex. 1. Two arbitrary points A, B are taken on a nul 1 
the system can be reduced to two conjugate forces acting at A an 
A making a given angle 0 with AB. Prove also that if 0 is varied 
force at each point is the nul plane of the other point. 

If 0, 0' are the angles the conjugate forces make with 
G cot 0'±(?'cot0=aA, where G, G', are the principal couples at . 
along AB and a = AB. 

To prove this take A as base (Art. 257) and change the coupl 
whose forces pass through A and B, 

Ex. 2. Two planes being given which intersect in a nul lin^ 
system can be reduced to two conjugates, one in each plane. [Ta 
at the nul points of the planes.] 

Ex. 3. If Al/, BN are two nul lines, show that the system 
to two finite conjugate forces intersecting both AM, BN, 

Let A be any point on AM, the nul plane of A will pass thro- 
BN in some point B, The rest follows from Ex. 1. 

1 ^ 314 . The characteristic of a plane is the conjugate of the n 

II point, Chasles, Gomptes Rendus, 1843. 
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Let AB be tbe straight line, CD its conjugate. The axis of the principal C' 
at any point 0 on AB is perpendicular to the plane OCD, Art. 303. If the str 
line AB were turned round CD as an axis of rotation through any small angl 
each point 0 on AB would move a small space perpendicular to the plane ( 
i.e. it would move a small space along the axis of the principal couple, f 
these axes all intersect two straight lines, viz. AB and its consecutive position 
are all parallel to a plane which is perpendicular to CD. The locus is there! 
hyperbolic paraboloid. 

Theorems on forces. 

315. Three forces. If three forces are in equilibrium, 
must lie in one plane. 

Let A and B be any two points on two of the forces. S 
the moment, about the straight line AB is zero, this straight 
must intersect the third force in some point C. Let A hei 
and let B move along the second line ; the straight line AB 
describe a plane, and the second and third forces must lie in 
plane. If we fix G and let B move as before, we see that the 
force must also lie in the same plane. 

Ex. 1. The forces of a system can be reduced to three forces Fj, F^, F^ ^ 
act along the sides of an arbitrary triangle ABC together with three other J 

Z 2 , which act at the corners A, B, C at right angles to the plane c 
triangle. 

Resolve each force P of the system into two, one in the plane ABC 
other perpendicular to that plane. The former can be replaced by three i 
acting along the sides (Art. 120, Ex. 2), and the latter by three parallel fon 
the corners (Art. 86, Ex. 1). If P is parallel to the plane ABC we can trans 
to act in the plane by introducing a couple. Turning the couple round in iti 
plane we can include its forces among those normal to ABC. 

Ex. 2. The forces of a system can be reduced to three forces which act { 
corners of an arbitrary triangle and satisfy three other conditions. 

Replace by F-^-\-u at B and -w at O' ; Pg ^7 F 2 + V at C and -v dA A', 
F^+w at A and ~w at B. Compounding the forces at the corners, the arb: 
quantities u, v, w may be used to satisfy three conditions. 

Ex. 3. A system of forces is reduced to three acting at fixed points A, 
If the force at A is fixed in direction, prove that each of the other two lies 
fixed plane. Show also that these planes intersect along the side BG. 

) [Coll. Ex., ; 
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one system of generators. An infinite number of transversals 
be drawn to cut three of the forces, but each must intersect 
fourth force also, for otherwise the moment of the four fo 
about that transversal is not zero. Taking any three of tl 
transversals as directors, the four forces lie on the corresponc 
hyperboloid. 

The following theorems will serve as examples, as the pr 
are only briefly given. 

Ex. 1. If n forces act along generators of the same system and have a s: 
resultant, prove by drawing transversals that the resultant acts along anc 
generator of the same system. 

Ex. 2 . When two of the forces P, P', act along generators of one system 
two Q, Q', along generators of another system, they form a skew quadrilat 
The properties of such a combination of forces have been already considers 
Art. 103. Their invariants are given in Arts. 317 and 323. 

Prove, by drawing transversals through the intersection of P and Q', tha 
forces cannot be in equilibrium except when they lie in one plane. 

Ex. 3. When three of the forces Pj, Pg, P 3 , act along generators of one syi 
and the fourth Q along a generator of the other system, prove that they cann( 
in equilibrium except when all the forces lie in a plane. For if every transv' 
of Pj, Pg, P 3 could intersect Q, this last would intersect all the generators 0 
own system. 

Ex. 4. F'»ur forces act along generators of the same system of a hyperbo 
Their magnitudes are such that if transferred parallel to themselves to act 
point they would be in equilibrium. Prove that they are in equilibrium "v 
acting along the generators- 

Let Q be any generator of the other system, which therefore intersects the 
forces. Transfer the forces to act at any point of Q, then the transferred force: 
in equilibrium and the axes of the four couples thus introduced are perpendi< 
to Q. The four forces are therefore equivalent to a resultant couple such 
either its moment is zero or its axis is perpendicular to every position of Q, 
latter supposition is impossible. Pllicker and Uarboux. 

Ex. 5. If four forces F^t P 3 , P 4 are in equilibrium, prove that the invai 
of any two is equal to that of the remaining two (this theorem is due to Chas 
Also the invariant of any three of the forces is zero. 

Reversing the directions of P 3 , P 4 , the forces P^, Pg become equivaler 
Pg, P 4 . Their invariants are therefore equal. 
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' 317. discussion of the . hyperboloid. Refer 

system to the axes of the hyperboloid as coordinate axes, an 
<2, 6, c V these axes. Let any generator be 

X — a cos 9 _^y—h sin 6 ^ z 
a sin 9 —boos 9 ±c' 

where 9 is the eccentric angle of the intersection with the ] 
of xy, and the generator belongs to one system or the < 
according to the sign of c. Let P be the force along 
generator, X, F, Z, X, M, N its six components. We see tl 

-L=±--^sin^, F=+~^cos^, L=^hZsiiid^ ir= — a^cos^, iV'=^ 

G C 

where all the upper signs are to be taken together. 

Ex. 1. If four forces act along generators of the same system prove th 
six equations of equilibrium reduce to the three XZ sin^ = 0, XZ cos 6 = 0, S 
This gives an analytical proof of the theorem in Art. 316, Ex. 4. 

Ex. 2. Prove that the invariant I of two forces which act along generat 

the same system is 1= w versin {6^ - 6^. If the forces act along gene 

of different systems, their invariant is zero because the generators intersec 
forces act along several generators, the invariant is the sum of the inva 
taken two and two, Art. 281. 

Ex. 3. When four generators of the same system are given, the ratios < 
equilibrium forces are given by 

^ ^ ^ 

vers (^2 - ^3) (^3 - 6^ vers {6^ - 6^ vers (6^ - 6^ vers (^4 - 6^ vers (6-^ - ^3) 

These may be obtained by equating the invariants two and two, as in the pr( 
Cayley’s theorem. Art. 316. 

Ex. 4. Four forces in equilibrium act along four generators of a hyperl 
and intersect the plane of the real axes in Aq, J 3, A^. Show that the res 
parts of the forces parallel to the imaginary axis are proportional to the ar 
the triangles &c., the forces at adjacent corners of the quadrili 

Ai^ 2^3-^4 having opposite signs. 

Ex. 5. Forces act along generators of the same kind, say c positive, 
that the pitch p of the equivalent screw lies between —able and the greater c 

quantities beja and cajb. ^or p = = when 

have been written for ^Z cos OJ'ZZ and XZ sin 6 j'ZiZ. We see at once that p- 
is positive andp - beja negative if &>a. 

Ex. 6. Forces act along generators of the same system and the pitch p c 
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ilx. 7. Forces act along generators of the same system and admit of a single 
Itant, which intersects the plane of xy in U. Prove that OB and the projection 
le resultant force are parallel to conjugate diameters. 

ilx. 8. Forces act upon a rigid body along generators of the same system of a 
jrboloid. Prove that the necessary and sufficient condition of their being 
cible to a single resultant is that their central axis should be parallel to one of 
generating lines of the asymptotic cone. [Math. Tripos, 1877.] 

lx. 9. A system of forces have their directions along any non-intersecting 
rators of a hyperboloid of one sheet ; show that the resultant couple at the 
ce of the hyperboloid lies in the diametral plane of the resultant force, and the 

principal moment is — — ^ ; U, and Do being the semi-axes of 

lection of the hyperboloid by the plane of the couple, and < 2 , c the semi-axes 
le surface, and R the resultant force. Explain the difficulty in the geometrical 
pretation of these results for a single force. [Math. Tripos, 1880.] 

118 . Relation of four forces to a tetrahedron. Ex. 1. Forces act at the 
res of the circles circumscribing the faces of a tetrahedron perpendicular to 
) faces and proportional to their areas. Prove that they are in equilibrium if 
act either all inwards or all outwards. 

lx. 2. Forces act at the corners of a tetrahedron perpendicularly to the 
site faces and proportional to their areas. Prove that they are in equilibrium 
jy act either all inwards or all outwards. [Math. Tripos, 1881.] 

et ABGB be the tetrahedron, AK, BL &o. the perpendiculars. Since the 
iict of each perpendicular into the area of the corresponding face is equal to 
i times the volume of the tetrahedron, the forces are inversely proportional to 
lerpendiculars along which they act. Let the forces be yjAK, fijBL &c. 
et us resolve the force fijAK into three components which act along the edges 
AC, AD. The component F which acts along AB is found by equating the 

ites perpendicular to the plane ACD. This gives = -/^cos $, where 6 is 

AJt> AK 

mgle between the perpendiculars AK and BL. In the same way we resolve 
Dree fj^lBL into components along the edges. The component F' which acts 

BA is found from F' . ^ cos 6. Hence F and F' are equal and oppo- 

AJlj JjL 

orces. In the same way it may be shown that the forces along all the other 
are equal and opposite. The system is therefore in equilibrium. 

X. 3. Forces act at the centres of gravity of the four faces of a tetrahedron 
ndicularly to those faces and proportional to them in magnitude, all inwards 
outwards. Prove that they are in equilibrium. 

•ining the centres of gravity we construct an inscribed tetrahedron, the faces 
ich are parallel to those of the former and proportional to them in area. The 

fnrr>pa ao.t fVip. p.ornprs nf this npw tpf.raVipdrnn anrl arp thprpfnrp in Pnnili- 


Ex. 5. Forces act at the middle points of the edges of a closed polyhedron, in 
directions bisecting the angles between the adjacent faces, and having magnitudes 
proportional to the product of the length of the edge by the cosine of half the angle 
between the faces. Prove that they are in equilibrium. 

Let forces act at the middle points of the sides of each face in the plane of the 
face perpendicularly to and proportional to the sides. These are in equilibrium by 
Art. 37. Compounding the forces at each edge the theorem follows. 


319 . Normal forces on surfaces. Ex. 1. Forces act normally at every element 
of a closed surface. Prove that they are in equilibrium if each force is either 
(1) proportional to the area of the element, or (2) proportional to the product of the 


area ~ ^ where p, p' are the principal radii of curvature. 


Since the surface may be regarded as the limiting case of a polyhedron, the 
first theorem follows from Ex. 4. 


By drawing the lines of curvature the surface may be divided into rectangular 
elements which may be regarded as the faces of a polyhedron. The second 
theorem then follows from Ex. 5. Let ABCD be any element, the external angle 
between the faces which meet in BG is AB/p. The force across this edge is 
therefore ^BC . ABjp and ultimately acts perpendicularly to the element. 

M. Joubert deduces the second of these theorems from the first. He also 
deduces from the second that normal forces proportional to the quotient of each 
elementary area by pp' are in equilibrium. Li ouv (lie’s J. vol. xm., 1848. 

Ex. 2. One-eighth of an ellipsoid is cut off by the principal planes, and along 
the normal at any point a force acts proportional to the element of surface at that 
point. Show that all these forces are equivalent to a single force acting along 
the line a (x - 4a/3'7r) = 6 (y - 4?;/37rj = c ( 2 ; - 4c/37r), where 2a, 26, 2c are the principal 
axes of the ellipsoid. [June Exam.] 


320. Five forces. If five finite non-intersecting forces are in 
equilihriam, they must intersect two straight lines ivhich may he 
real or imaginary. Moebius. 

First, we shall prove that any four straight lines a, 6, c, d can 
be cut by two transversals. For, describing the hyperboloid 
which has a, 6, c for directors we notice that the line d cuts this 
hyperboloid in two points real or imaginary. One generator of 
the system opposite to a, h, c passes through each of these points 
and therefore intersects the straight lines a, b, c as well as d. 
Assuming this lemma we draw the two transversals of any four of 
the forces. Each of these must intersect the fifth force, for other- 
wise the moments about them would not be zero. These two 
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321. Let the shortest distance between two straight lines I 
taken as axis of z. Let any five forces intersect these straig) 
lines at distances (rir/) {r^r^) &c. from that axis, and let Zi, Z 2 & 
.be the z resolutes of these forces respectively. Prove that the cond 
tions of equilibrium are XZ = 0, '2Zr = 0, XZf = 0, XZrr = 0 
Let the origin bisect the shortest distance between the tvi 
directors of the forces, and let this shortest distance be 2c. Let 2 
be the angle between the directors, and let the axes of x and y t 
its bisectors. The equation to any force may then be written 
{x — r cos 0)j{r — r) cos ^ = (y — r sin 0)/(r + r) sin 0 = (5 — c)/2c 
Writing 1/^2 _ _ ^'^2 ^^52 g /^2 g|j^2 q _j_ 4^2^ 

and representing the forces by P1...P5, the equations of equilibriui 
formed by resolving along the axes are 

2Py, (r — r') cos 6 = 0, SPyU (r + r') sin 0=0, 2'lPjac = 0. 
The equations of moments are 

2 (yZ — zY) = XPja (r — /) c sin 0 = 0, 

2 {zX — xZ) = — 2P/Z, (r 4- r') c cos 0 = 0, 

2 (^F— yX) = 2'%PfxrP sin 0 cos 0 = 0. 

When c and sin 20 are not zero, these six equations reduce to th 
four given above. These four equations determine the ratios c 
the five forces P1...P5 when the intersections of their lines c 
action with the directors are known. 

322 . Let the two directors be moved so that either their mutual inclination 2 
or their distance apart 2c is altered, but let them continue to intersect the axis of 
at right angles. It follows from these results that equilibrium will continue t 
exist provided (1) the forces always intersect the directors at the same distance 
from the axis of z, and (2) the z component of each is unchanged. 

When five forces in equilibrium are given in one plane, which besides the thre 
conditions of equilibrium also satisfy the condition SZ’?t' = 0, we may by th; 
theorem construct five forces in space which are also in equilibrium. 

323 . Ex. 1. Any number of forces intersect two directors in the poinl 
ABC..., A'B'C'..., prove that the invariant I = sin 26'2,Z i^Z q. AB .A' B' 12c. 

Ex. 2. Four forces act along the sides of a skew quadrilateral taken in orde 


a I G'D ' . B'E', B'B' . C'E' [ ^ | D'E ' . C'A', E'C' . D'A' | 

Ex. 5. Show that the force along A A' is zero when the othei 
two directors in the same anharmonic ratio. This is also a kno^^ 
four generators of a hyperboloid intersected by two fixed lines. 

Ex. 6. Show that, if the algebraic sums of the moments of 
about (1) three, (2) four, (3) five straight lines are zero, the ( 
system (1) lies along one of the generators of a system of cone; 
(2) intersects a fixed straight line at right angles, (3) is fixed. [M 

Replace the system by two conjugate forces, one of which c 
straight lines. Then the other force also cuts the same thre 
therefore rectilinear generators of a fixed hyperboloid. The fii 
once by Art. 317, Ex. 6. 

Choose one of the conjugates to cut the four given straight 1 
The other also cuts the same four lines. Both these forces ar 
position. By Art. 285 the central axis cuts the shortest disti 
at right angles. 

If the moments about five straight lines are zero, we can b^ 
four forces obtain two straight lines each of which is cut at : 
central axis. The central axis is therefore fixed. 

324. Six forces^. Analytical view. Fot'ce 
six straight lines are in equilibrium. Show that, fi 
and a point 07i the sixth being given, the sixth lin 
certain plane. 

Let a force P be given by its six component 
P\, P/jb, Pv, Art. 260. If {fgh) be any point on it 
then \=gn-- hm, fjL:=^hl— fn, p z= fm—g 

Let us suppose that each of the six forces Pi...Pq 


* The theorem that the locus of the sixth force is a plane 
Lehrhuch der Statik, 1837. But he omitted to give a construe 
This defect was supplied by Sylvester “sur V involution des 
Vespace considerees comme des axes de rotation.^^ Comptes Rend 
several theorems on the relative positions of the fifth and sixtl 
“involution” and “polar plane ” are due to him. In a secon( 
volume he states as the criterion for the involution of six lir 
given in Art. 327, the moments (12) &c. being replaced by seco 
when the equations of the straight lines are given in their most 
naentions that Cayley had found a determinant which is the i 
given by himself and which would do as well to define involutio 
is given by Spottiswoode, Comptes Rendus, 1868. See also 
Determinants. Analytical and statical investigations connect 
are given by Cayley, “ On the six coordinates of a line” Caml 
1867. The extension of the determinant of Art. 327 to six Vi 

CSiv. T? —J? rf 1 nr?/* 
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way, so that Qi, Xi, /aj, z^i) (Zg, &c.) &c. may be regarded ^ 

the coordinates of their several lines of action. 

Since the six forces are in equilibrium, they must satisi 
the six necessary and sufficient equations given in Art. 25! 
We have therefore 

2PZ = 0, 2Pm=0, 2Pn-0; SPX-O, 2Pya = 0, 2P// = i 

These six equations will in general require that each ( 
the forces Pi.-.Pg should be zero. But if we eliminate tt 
ratios of these forces we obtain a determinantal equation whic 
is the condition that the forces should be finite. This determ 
nant has for its six rows the six coordinates of the six give 
straight lines, viz. 

Zi, rriiy Ui, ffiUi hfiiUi, f-jii, fitUi — Qili ___ 

Zg, &c. 

Let us suppose that five of the lines are given and thi 
the sixth is to pass through a given point (/g, L< 

{x, y, z) be the current coordinates of the sixth line, the 
writing for (Zg mg ng) in the last row their ratios x —/g, y — 5 
^“Ag this determinantal equation becomes the equation to tl 
locus of the sixth line. It is clearly of the first degree and th 
proves that the locus of the sixth line is a plane. 

325. When six lines are so placed that forces can be found i 
act along them and be in equilibrium, the six lines are said to 1 
in involution. The plane which is the locus of the sixth line whe 
a point 0 in the line is given is called the polar plane of 0 wi 
regard to the five given lines. 

When five lines are so placed that forces can be found to a 
along them and be in equilibrium, they are in involution wii 
every line taken as a sixth and the force along that sixth is zer 
This is briefly expressed by saying that the five lines are ; 
involution. 

When lines are in involution any force acting along one 


Let (I, m, n, X, fju, v) be the six coordinates of its axis. Then, 
resolving parallel to the axes of coordinates and taking moments 
as before, we have 

SPZ = 0, 2Pm=0, 2P9^=0. 

2P (X + = 0, 2P (/C6 + pm) = 0, 2P (z/ 4- pn) = 0. 

Eliminating the forces, we have the following six-rowed deter- 
minantal equation in which the first line only is written down. 

The other lines are repetitions of the first with different suffixes. 
This determinant has been called the sexiant by Ball. 

By giving to the pitches pi.^.p^ of these screws values either zero 
or infinity we can express the condition that m forces and n couples 
(m -h n = 6) connected with six given straight lines should he in 
equilibrium. 

327. If we take moments in turn for the six forces P1...P6 
about their lines of action, we obtain six equations of the form 

P, . 0 -1- P, (12) + P3 (13) + P4 (14) -I- P, (15) + Pe (16) = 0, 
where (12) represents the mutual moment of the lines of action of 
Pj, P2 (Art. 264). Eliminating the six forces, we obtain a deter- 
minant of six rows equated to zero. This is the necessary condition 
that the six lines should be in involution. 

Taking any five of these equations, we can find the ratios of 
the six forces. Thus, if represent the minor of the constituent 
in the first row and second column, we have 

P = P P sZ-^is = 

Since by Salmon's higher algebra /ii/22=Pi2, we may deduce 
the more symmetrical ratios 

PlV = -^27^22 = PsV-^ss = &c. 

This symmetrical form for the ratios of the forces is given by 
Spottiswoode in the Gomptes Rendus for 1868. 

328. We have thus two determinants to define involution. One 
expresses the condition in terms of the coordinates of the six lines, 
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independent, for one determinant is the square of the other. 
This may be shown by squaring the first and remembering the 
expression for the mutual moment of two lines given in Ex. 1 of 
Art. 267. 

329. Let Ai (7, D, E, F he six lines not in involution^ then 
any given force R may be replaced by six components acting along 
these six lines. 

Let Vm'n'X'iJj'v be the six coordinates of the line of action of 
R. IfP,...P, are the six equivalent forces on the given lines, we 
have by Art, 324 XPl = Rl\ &c., 1PX = R\\ &c. These six 
equations will determine real values for Pj...Pe. They luill be 
finite if the determinant of Art. 324 is not zero, i.e. if the given 
lines are not in involution. 

We notice that the value of Pj is zero if the determinant 
formed by replacing 4, 'nii, &c. in the first row by Vm' &c. is zero, 
i.e. if the line of action of R is in involution with BGLEF. 

Ex. Show that in general there is only one way of reducing a system of forces 
to six forces which act along six given straight lines. If the lines of action of five 
of the forces be given and the magnitude and point of application of the sixth, 
prove that the line of action of the sixth will lie on a certain right circular cone. 

[Coll. Exam., 1887.] 

330. If the moments of a system of forces about six straight 
lines not in involution are zero^ the forces are in equilibrium. 

If they are not in equilibrium let (F, R) be their equivalent 
wrench. Let the axis of this wrench be taken as the axis of and 
let the six lines make angles (^i, <^i, {6^, ^ 2 , yfr^), &c. with the 

axes of X, y. Let (n, r/, rf), (ro, r^, rf) &c. be the shortest 
distances between the six lines and the axes of z, x, y. 

Since each of the six lines must be a nul line with regard to 
the wrench, we have for each F cos 6 + Rr sin d = 0. We shall 
now prove that, if these six equations can be satisfied by values 
of F and R other than zero, the six lines are in involution. • 

If forces Pi-.-Pe can be found acting along these six lines in 
equilibrium, they must satisfy the six necessary and sufficient 



the forces can be found. Hence the lines must be in involution. 

If the lines are not in involution, they cannot all six be nul 
lines of a wrench, i.e. T and R must both be zero. It follows that 
six equations of moments about six straight lines are insufficient to 
express the conditions of equilibrium of a system if those six lines 
are in involution. 

331. If a system of forces is such that its moment about each 
of m lines is zero, and its resolute along each of n lines is also 
zero, where m -V n = Q, the system is in equilibrium, provided the 
six lines are such that forces acting along the m lines and couples 
having their axes placed along the n lines cannot be in equilibrium. 
The forces and couples are not to be all zero. 

For the sake of brevity, let us suppose that the moments of 
the system about each of the four lines 1, 2, 3, 4 is zero, and that 
the resolute along each of the lines 5 and 6 is zero. If the system 
is not in equilibrium, let (F, R) be the equivalent wrench. Let 
the axes of coordinates and the notation be the same as in 
Art. 330. We thus have given the four equations 

r cos + Rri sin = 0, T cos 62 + Rrz sin $2 = 0, &c. = 0, 
and the two resolutions R cos 06 = 0. R cos 06 = 0. 

These six equations may be called the equations (A). 

Let four forces P 1 ...P 4 , act along the four lines 1...4 and let 
two couples M^, Me have their axes placed along the lines 5, 6. 
If these can be in equilibrium, they must satisfy the equations 
Pi cos 01 + ... + P4 cos 04 = 0, 

Pin sin 01 + ... + P4r4 sin 04 + M 5 cos 06 + Mq cos 06 = 0, 
with four other similar equations obtained by writing ^ and yfr 
for 0. These six equations may be called the equations (B). 

The equations (B) in general require that the four forces 
P1...P4 and the two couples M 5 , Mq should be zero. But if the 
equations (A) can be satisfied by values of F and R which are not 
both zero, the six equations (B) are not independent. If we 
multiply the first by F and the second by R and add the products 
together the sum is evidently an identity by virtue of equations 
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five equations, and thus forces P1...P4 and couples M^, not j 
zero, may be found to satisfy them. 

It follows that, if the six lines are such that the forces Pi.... 
and the couples Mq cannot be in equilibrium, the values of 
and R given by equations (A) must be zero, i.e. the given syste 
is in equilibrium. 

332. If four of the six given lines are occupied by the axes 
couples, the remaining two having only zero couples or zero fore* 
it is possible to so choose the four couples that equilibrium sh; 
exist, Art. 99. It follows that m equations of moments and 
equations of resolution are insufficient to express the conditions 
equilibrium if m is less than three. 

333. We may also deduce the theorem of Art. 331 from that of Art. 330 
placing some of the lines at infinity. 

The expression for the moment of a system of forces about a straight lii 
drawn in the plane of xz parallel to x and at a distance I from it, is by Art. 2 
L' = I/ + ir. If I be very great the condition L' = 0 leads to 7=0. It follows t] 
to equate to zero the resolved part of the forces along y is the same thing as 
equate to zero their moment about a straight line perpendicular to y but V( 
distant from it. Now a zero force along such a line at infinity is equivalent t^ 
couple round the axis of y. Since the axis of y is any straight line, it follows tb 
if a system be such that its moments about m lines are each zero and its resolu 
along n lines are also each zero, where 771 + n = Q, then the system will be in eq 
librium provided the six lines are such that m forces along the m lines and n coup 
round the n lines cannot be found which are in equilibrium. 

334. Geometrical view. Six forces are in equilibrium. Wh 
the lines of action of five are given, the possible positions of the sia 
are the nul lines of two determinate forces acting along the t 
transversals of any four of the five. From this we can dedn 
another proof of Moebius’ theorem. 

Let us represent the lines of action of the forces Pi... Pg 
the numbers 1...6 and the mutual moments of the lines by t 
symbols (12), (34), &c. Art. 264. 

Let a, b be the two transversals which intersect the fo 
straight lines 1, 2, 3, 4 (Art. 320). Since the six forces Pj... 
are in equilibrium, the moment of P5 and Pg about each of th€ 


P^C6a) + P,(66) = 0 (3 

We notice that the positions of the transversals a and h dej 
on the positions of the lines 1, 2, 3 , 4 , and are independent of 
magnitudes of the corresponding forces. The ratio of the fo 
applied to these transversals depends on the position of the lii 
relatively to a and b. The transversals a, b and the lines 5 , 6 
so related that a, b are nul lines of the forces P5, Pg and 5 , 6 
nul lines of P^, P?>. 

It follows from this reasoning that when the forces Pi. 
are varied, so that equilibrium always exists, the sixth lin^ 
always a nul line of P^, P^,. Hence if any point 0 in the lin 
action of Pg is given, that force must lie in the nul plane 0 
taken with regard to these two forces. 

335. Any conjugate forces equivalent to P^, ma,y also be used. Assun 
for example, any two points A and P, tbeir nul planes with regard to these 
forces will intersect in some straight line CD which is the conjugate of 
Art. 308. Any straight line intersecting AB and CD will be a nul line and 
possible positio7i of the sixth force, 

336 . The sixth line will fremain in involution with the five given strs 
lines 1...5 as it revolves round 0 in the polar plane of 0. The ratios of the fc 
P 1 ...P 6 will however change. 

Let the straight line joining 0 to the intersection of its polar plane with 
transversal a be taken as the sixth line. Then since the sixth line is a nul Hr 
the forces which act along the transversals, it will also intersect the transvers 
Thus the polar plane of 0 intersects the transversals a and b in two points whici 
in the same straight line loith 0. 

The position in space of this straight line may be constructed when the 
straight lines 1, 2, 3, 4 and the point 0 are known. Let it be called the line 
the point O with regard to the four lines 1, 2, 3, 4. To construct this line 
first find the two transversals a and 6, we then pass a plane through 0 and eac 
these transversals. The intersection of these planes is the Hne c. 

If we had begun by finding the two transversals a', b' of some other four of 
five given lines say 1, 2, 3, 5, we must have arrived at the same plane as the p 
plane of 0. Thus by combining the forces in sets of four, we may arrive at 
such lines as c. All these lie in the polar plane of 0, and any two will deterr 
that plane. 

When the four lines 1, 2, 3, 4 and the point 0 are given, the fifth line b 
arbitrary, the polar plane of 0 passes through the fixed straight line c. 

337 . Since the forces Pi...Pg are in equilibrium the moment of Pg anc 
about each of the transversals a, b is zero. Hence as in Art. 334 

P, (5a) +P. (6a)=0, P. (5b) +P. (6fc)=0. 


(1 


ws from either of the equations ( 1 ) that the ratio Pq : Pg is proportional to sin 6 
is therefore greatest when the sixth line is perpendicular to c. 

Ve have assumed that the moments (5a) and (55) are not both zero, i.e. that the 
given straight lines are not so placed that they all intersect the same two 
ght lines ; see Art. 320. When this happens the lines 1, 2, 3, 4, 5 alone are in 
■ution. The equations ( 1 ) then show that the force Pg is zero when its line of 
n does not intersect the same directors. 


38 . Ex. 1. If A, P, (7, P, E, F be six lines in involution, the polar plane of 
th regard to ^4, P, (7, P, E is the same as the polar plane of 0 with regard to 
, G, P, F, the forces along P, F not being zero. 

or let M be any straight line through 0 in the first polar plane, then a force 
g along M can be replaced by five forces along B, C, D, E, But the force 
5 E can be replaced by forces along A, P, (7, P, P, hence the force along M is 
talent to forces along Aj B, G, D, Fj i.e. If lies in the second polar plane. The 
polar planes therefore coincide. 

X. 2. Supposing two transversals, say a and 6 , to be known, we may take with 
d to these the convenient system of coordinates used in Art. 321. Let 2c be the 
est distance between the transversals, 26 the angle between their directions. 
[l + / 4 )/(l be equal to the known ratio (5a) ; (55), i.e. to the ratio of the 
ents of the fifth force about the transversals a and h (Art. 334). Show that 
olar plane of 0 is 

r sin 6 (/i + /uc) + y cos 9 (fj.h + c)-z (/sin d + yg cos d) = c (fjf sin 0 + cos 6). 
is obtained by substituting in (2) of Art. 334 the Cartesian expression for a 
ent given in Art. 266. 


Tetrahedral Coordinates, 

J39. Show that the forces of any system can he reduced to six 
3S which act along the edges of any tetrahedron of finite volume. 
Let A BCD be the tetrahedron, let any one force of the system 
[•sect the face opposite D in the point D\ Resolve the force 
oblique components, one along DB' and the other in the plane 
7. The former can be transferred to JD and then resolved along 
edges which meet at D, The second can by Art. 120 be 
ved into components which act along the sides of ABC, 
e shall suppose that the positive directions of the edges are AB, BC, CA, AJ), 
7P ; the order of the letters being such that a positive force acting along any 
tends to produce rotation about the opposite edge in the same standard 
ion. See Art. 97. We shall represent the forces which act along these sides 
3 symbols -^12 j -^23’ -^31 > -^145 -^24 9 E 34 . The directions of the forces, when 
ve, are indicated by the order of the suffixes. When we wish to measure the 
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The ratios of the forces F-^ &e. to the edges along which they act will be repres 
by /i 2 &c. The volume of the tetrahedron is V, 

Ex. 1. Show that the six straight lines forming the edges of a tetrahedrc 
not in involution. Eor, if forces acting along these could be in equilibrium w 
by taking moments about the edges, that each would be zero. 

Ex. 2. A force P acts along the straight line joining the points IT, X, 
tetrahedral coordinates are (x, y, z, u) (x', y', z', u') in the direction H to K. 
force is obliquely resolved into six components along the edges of the tetrab 

AB I 

ABCD, show that the component acting in the direction AB is P . 

where the terms in the leading diagonal follow the order indicated by the dire 
HK, AB, of the forces. 

To prove this we equate the moments of and P about the edge CD. 
result follows from the expression for the moment given in Art. 267, Ex. 2. 

Ex. 3. Two unit forces act along the straight lines HK, LM in the dire 
H to K and L to M. If the tetrahedral coordinates of H, K, L, M are respe 
[x, y, z, u), {x' &c.), (a, y, S), (a', &c.), prove that the moment of 

either about the other in the standard direction is — ^ Vr.,^ where A 

HK . MN 

is the determinant in the margin. The order of the rows is deter- 
mined by the directions HK, LM in which the forces act ; the order of the co 
by the positive directions of the edges. This follows from Art. 266. Noth 
that this expression is the invariant I of the two unit forces. 

Ex. 4. The nul plane of the point whose tetrahedral coordinates are (a, / 
with regard to the six forces &c. is 

/i 2 ] z, K I +/21 I a:, « I +/31 I 2 /, K I +/i4 I a: 1 4-/24 I ® I +fst 1 V 

I 7 > 8 1 1 a, S I I ft 5 I 1 7 I 1 7> “ I I (3 

The nul plane of the corner D is f^x-^f^-^y -\-f-^^z — ^. The areal coordin; 
the nul point of the face ABC are proportional to/ 14 , 

Ex. 5. Prove that the invariant I of the six forces is 
Iz=QV (/12/34 +/23/14 +/ 31/24) • 

Ex. 6 . If the six forces have a single resultant prove that it intersecl 
face in its nul point. Thence find its equation by using Ex. 4. 

Ex. 7. Prove that the central axis of the six forces intersects .the face A1 
point whose areal coordinates are proportional to f 24 ,- ‘p'b. 

where p is the pitch, and Agg, A^g, are the resolutes ale 
sides a, h, c of the face. 


a;, y, z 
x\ y', z 

/ 5 , 

a', /3', ' 


CHAPTER VIII 

GEAPHICAL STATICS 


Analytical view of reciprocal figures. 

340. Two plane rectilineal figures are said to be reciprocal*, 
when (1) they consist of an equal number of straight lines or 
• edges such that corresponding edges are parallel, (2) the edges 
which terminate in a point or corner of either figure correspond 
to lines which form a closed polygon or face in the other figure. 

If either figure is turned round through a right angle the 
corresponding lines become perpendicular to each other but the 
figures are still called reciprocal. 

Any figure being given, it cannot have a reciprocal unless 
(1) every corner has at least three edges meeting at it, (2) the 
figure can be resolved into faces such that each edge forms a base 
for two faces and two only. 

The edges meeting at a corner in one figure correspond to the 
edges which form a closed polygon in the other. Since a closed 
polygon must have three sides at least, it follows at once that 
three edges at least must meet at each corner. 

The edges of a figure can sometimes be combined together in 
different ways so as to make a variety of polygons. Only those 

* The following references will be found useful. Maxwell, On recipj'oeal figures 
and diagrams of forces, Phil. Mag. 1864 ; Edin. Trans, vol. xxvi. 1870. The three 
examples mentioned in Arts. 347 and 349 are given by him. Maxwell was the first 
to give the theory with any completeness. Cremona, Le figure reciproche nella 
statica grafica, 1872 ; a French translation has been published and an English 
version has been given by Prof. Beare, 1890. Fleeming Jenkin, On the practical 
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polygons which correspond to corners in the reciprocal figur( 
to be regarded as faces. The figure is then said to be resc 
into its faces. The side of any face corresponds to an 
terminated at the corresponding corner of the reciprocal fi^ 
Since an edge can have only two ends, it is clear that two ; 
and only two must intersect in each edge. 

341. Maxwems Theorem. If the sides of a plane figure are the ortho 
projections of the edges of a closed polyhedron, that plane figure has a reci] 
which can be deduced by the following method. 

Let one polyhedron be given and let its polar reciprocal be formed with ] 
to the paraboloid x^ + y^=2hz. Then we know that each face of either polyh 
is the polar plane of the corresponding corner of the other. Smith’s 
Geometry, Art. 152. 

We shall now prove that the orthogonal projections of these two polyhec 
the plane of xy are reciprocal figures with their corresponding sides at right a 

The intersection of two faces is an edge of one polyhedron, and the straigl 
joining the poles of these faces is an edge of the other. These edges corresp( 
each other. Consider the edges which meet at a corner A of one polyhedror 
corresponding edges of the second polyhedron lie in the polar plane of A ai 
the sides of the face which corresponds to that corner. Thus for every cor 
one polyhedron there con'esponds a face with as many sides as the jcorner has et 

We shall next prove that the projection of each edge of one polyhedron is a\ 
angles to the projection of the corresponding edge of the other. To prove tl 
write down the equations to the faces of one polyhedron which are the polar ; 
of the two corners (kyf ) , (IVi'O other. These are 

h {z + ^)=x^ + yv, 7i (z + f ') = + yv'’ 

Eliminating z, we have the equation to the projection of an edge of th 
polyhedron, viz. h ^')=x{^~^')+y (rj-rj'). The equation to the project 
the edge joining the two corners is {y - {x-^) {rj - 7 }') = 0. Thes 
projections are evidently at right angles. 

It is useful to notice that the pole of the plane z = Ax + By + G is the 
whose coordinates are i=hA, 7} = hB, ^=-(7. 

Ex. Show that Maxwell’s reciprocal is not altered (except in positit 
moving the paraboloid parallel to itself, and remains similar when the latus ] 
of the paraboloid is changed. What is the effect on the reciprocal figure of r 
the corners of the primitive polyhedron so that its projection is unchanged? 

342. Cremona^s Tlieorem. Another construction has been given by Cre 
Let one polyhedron be given and let a second be derived from it by join! 
poles of the faces of the first. The Cremona-pole of a given plane is a ( 
point which lies on the plane itself. If the edges of these two polyhed 
OrthoSOnallv nroiected. thcsfi ■nTniPP.tinns n.ra rPrtinvnP'Ql -fiamvoc wi+.Ti 
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Geometrically ; let the plane intersect the axis of z in C and make an angle <p w 
that axis. The pole 0 lies on a straight line CO drawn in the given plane perp( 
dicular to the axis of z so that CO = h cot <p. 

We easily deduce Cremo7ia's construction from that of Maxwell. If we tr 
Maxwell’s reciprocal figure round the axis of z through a right angle, the coor 
nates of the pole used by him become |= - liB, 7} = liA, - G. If we also char 
the sign of the coordinates become the same as those of the pole used in Cremon 
construction. The effect of the rotation is that the corresponding lines in i 
projections of the two polyhedra become parallel, instead of perpendicular. T 
effect of the change of sign in f is that we replace the reciprocal polyhedron by 
image formed by reflexion at the plane of xy as by a looking-glass. Since this L 
change does not affect the orthogonal projections on the plane of xy, it follows tl 
the two constructions lead to the same reciprocal figures, except that the cor 
sponding lines are in one case perpendicular to each other, in the other parallel. 

343 . Example of a reciprocal figure. The fig. 2 is composed of 8 come 
18 edges and 12 triangular faces each having an angular point at 0 or O'. T 
hexagon enclosed by the six edges marked 1...6 not being included as a face, 1 
figure may be regarded as the orthogonal projection of a polyhedron formed 
placing two pyramids on a common base ABCDEF with their vertices on the sai 
or on opposite sides. The figure therefore has a reciprocal. 



To construct this reciprocal we draw the two polar planes of 0, 0 ' ; the 
intersect in some line LWIN.,. whose orthogonal projection is by Maxwell’s theore 
at right angles to that of 00'. In fig. 1, the projection has been turned rou: 
through a right angle so that corresponding lines are parallel. Accordingly t 
projection of the intersection LMN... has been drawn parallel to that of 0( 
Since 6 edges meet at 0 and O', their polar planes give the two hexagons 1.., 
Since four ederes TneAt popTi nf f.lhp n+Rpr pornprs. thft nolar r)lanes 


condition is satisfied whatever be the lengths of the ordinates because a face 
bounded by three straight lines must be plane. It is also clear that when a figure 
is the projection of a polyhedron the area enclosed in that figure must be covered 
twice (or an even number of times) by the faces. 

345 . Beciprocal figures are usually constructed by drawing straight lines 
parallel to the edges of the given figure, assuming of course the properties already 
proved. To sketch fig. 1, we first draw from an assumed point i, the straight 
lines LMN, L21, I/2'l', parallel respectively to 00', OA, O' A. Assuming another 
point 2 on LI we draw 22', 2M parallel to AB, OB, then in the figure of Art. 343 
2'M is parallel to O'B. The same is therefore true by similar figures (or by the 
properties of co-polar triangles) for all positions of the point 2 on LI. A point 3 
being taken on 2M we draw 33', 3N, S'N parallel to BC, OC, O'C, and so on for 
the corners 4, 5, 6, the point 1 being known as the intersection of R6 and L2. If 
any one of these corners were chosen differently, say if 6 were moved nearer Q, we 
obtain a new triangle Rll' having its vertices on the straight lines L3I, L2, 1/2', 
and two sides Rl, Rl', parallel to their former directions. Hence by the properties 
of co-polar triangles the third side 11' is also parallel to its former direction. 

346. Mechanical property of reciprocal figures. Let 

two equal and opposite forces be made to act along each edge of a 
framework, one force at each end. If their magnitudes are pro- 
portional to the corresponding edges of the reciprocal figure, the 
forces at each corner are in equilibrium. 

This theorem follows at once from the fact that the edges 
which meet at any corner in one figure are parallel to the sides of 
a closed polygon in the other figure. 

For example, let figure 1 of Art. 343 represent a framework of 18 rods freely 
hinged at the corners, and let some of the rods be tightened so that the whole 
figure is in a state of strain. The stress along each rod is then determined by 
measuring the length of the corresponding edge of the reciprocal figure when that 
figure has been drawn. See also Art. 354. 

347. Since each corner of a framework is in equilibrium 
under the action of the forces which meet at that corner, a 
corresponding polygon of forces can be drawn. There will thus 
be as many partial polygons as there are corners. When a 
reciprocal figure can be drawn, these polygons can be made to 
fit into each other so that every edge is represented once and 
once only in the complete force polygon. But if either of the 
conditions in Art. 340 were violated, so that a reciprocal diagram 
is impossible, the partial polygons may not fit completely into 
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forces would be represented by equal and parallel lines 
ated in different parts of the figure. Nevertheless some of 
partial polygons may be made to fit, just as a portion of the 
rework may be regarded as the projection of a portion of some 
ed polyhedron. The force diagram thus imperfectly con- 
cted may yet be of use to calculate the stresses. 



s an example of this, consider the framework represented in fig. 1, in which 
ods F, G ; L, M ; &g, are supposed to cross without mutual action. If one 
^s tightened, the resulting stresses along the others are determinate, yet a 
lete reciprocal figure cannot be constructed. The rod N forms an edge of four 
, viz. NFH, NGI, NJL, and NKM, so that if there could be a reciprocal figure, 
Lne corresponding to N would have four extremities, which is impossible. In 
jase we can draw a diagram, represented in fig. 2, in which each of the forces 
J, K are represented by two parallel lines. 

48 . External forces. Let us remove the six bars which form the outer 
jon of fig. 1 in Art. 343 and also the connecting bars 11', 22', &c. We now 
• at the corners 1...6 of the remaining hexagon forces P^...Pq to replace the 
;es along the bars which have been removed. We thus have a framework 
sting only of the bars 12, 23, &c. hinged at the corners and acted on by the 
jxternal forces P^...Pq. This figure resembles the funicular polygon described 
’t. 140, except that the forces which act at the corners are not necessarily 
al. When the external forces are given w*e modify the polygon in figure 2 to 
heir magnitudes, see Art. 352. When therefore the stresses of a framework 
lused by the action of external forces acting at the corners, these stresses can 
iphically deduced when we can complete the figure in such a manner that a 
’ocal can be drawn. It is however not usual actually to complete the figure, 
le stresses which would exist in these additional bars if supplied are not 
•ed. It is sufficient to draw only so much of the figure as may be necessary 
ermine the stresses in the given framework. 

19. A different mode of lettering the two figures is sometimes used, by which 
i.s; more olearlv 
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which, meet in any corner A of fig. 3 are parallel to the sides which boun 
space A in fig. 4, and the sides which bound the space P are parallel to 
which meet at the corner marked P. Any side in one figure such as ( 
bounded by the spaces P and Q and is therefore parallel to the straight line j 
the other figure. This method of lettering the figures is called Bow’s system. 
the economics of construction in relation to framed structures (Spon, 1873). 



Another method of lettering the two figures has been used by Maxwell, 
responding lines are represented by the same letter, but with some distingui 
mark ; thus large letters may be used in one figure and small ones in the < 
This method is illustrated in the diagram, which represents two reciprocal fig 

350 . A rectilinear figure being given, show how to find a reciprocal, Thii 
be best explained by considering an example. In the case of fig. 3 or 4, whe 
the faces are triangles, the reciprocal of either can be found by circumsc] 
circles about the faces. The straight lines which join the centres, two anc 
are clearly perpendicular to the six sides of the given figure. One reciprocal 
having been thus constructed, any similar figure will also be reciprocal. 

In more complicated cases such circles cannot be drawn. Let us co] 
how the reciprocal of fig. 5 in Art. 349 may be constructed. In drawin 
reciprocal of a figure, it is generally convenient to begin with a corner at • 
three sides meet, for the reciprocal triangle corresponding to this come 
determine three lines of the reciprocal figure. By drawing the lines a, b, c p£ 
to A, B, C we construct the triangle reciprocal to the corner at which A, 
meet. Through the intersection of b and c we draw a parallel e to E ; be 
B and G form a triangle with E, In the same way d is drawn parallel 
through the intersection of a and b. We next notice that, since D, E, F, G 
a polygon in one figure, the lines / and g may be constructed by drawing pa: 
to F and G through the intersection of e and d. Again the lines A, C, K, 
form a closed polygon, hence the lines k, I, h must all pass through the int 
tion of a and c. The line i is drawn parallel to I through the intersectior 
Lastly the line j is drawn parallel to J through the intersection g, k, and uni 
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351 . Let C be the number of corners in the given figure, E the number of 
sides or edges, F the number of faces or polygons. Let O', E', F' be the number 
of corners, edges and faces in the reciprocal polygon. It follows from the definition 
in Art. 340 that E=E', C=F\ F=G\ 

The sides of the reciprocal figure are formed by drawing straight lines parallel 
to those of the given figure. Taking any straight line AB parallel to one of the 
lines of the figure for a base, we construct two new sides by drawing through A and 
B parallels to the corresponding lines in the given figure. Continuing this process, 
every new corner is determined by the intersection of two new sides. As in 
Art. 151, the assumption of the first line AB determines two corners, and the 
remaining O'- 2 corners are determined by drawing 2 (C'-2) lines in addition 
to the assumed line AB. Hence if E' = 2C' — S every corner is determined^ and 
the figure is stiff. This is the condition that a diagram can he drawn in ichich 
the directions of the lines are arbitrarily given. HE' is less than 2(/'-3, the 
form of the figure is indeterminate or deformable. HE' is greater than 2C7'-3, 
the construction is impossible unless E'- 20' + 3 conditions among the directions 
of the lines are fulfilled. 

In the first figure represented in Art. 349, there are four corners, four 
triangular faces and six edges; we have therefore in this figure C + E=E + 2, 
Let another rectilinear figure be derived from this by drawing additional lines. 
The effect of drawing a line from a corner P to a point Q unconnected with 
the figure is to increase both G and E by unity. If we complete a new polygon 
by joining Q to another corner P', we increase both F and E by unity. If we 
divide any face into two parts by joining two points on its sides, we again 
increase equally G + F and E. If follows, that if the relation C + P=E + 2 hold 
for any one figure, the same relation* holds for all rectilinear figures derived from 
that one. 

Considering both the given figure and the reciprocal, we have the relations 
E = E', C=P', P=C', G+F=E + 2, G' + F' = E' + 2. 

If the given figure is such that C=P, we have E = 2(7 ~ 2, E'=2(7' - 2. In this case 
the number of corners in either figure is equal to the number of faces, and each 
figure has one edge more than is necessary to stiffen it. That either figure may be 
possible, a geometrical condition for each must exist connecting the edges. When 
the given figure can be regarded as the projection of a polyhedron, it then follows 
from Maxwell’s theorem that a reciprocal figure can be drawn. The conditions 
just mentioned must therefore be satisfied. 

HGcF as in Art. 343, we have E > 2(7 - 2, E'<i2C' -2; on the same supposition 
the reciprocal figure is indeterminate. If C7> E we have E < 2(7 - 2, E' > 2(7' - 2 ; in 
this case the construction of the reciprocal figure is impossible unless C-E+1 
conditions are satisfied. 

* This is the same as the relation (first given by Euler) which connects the 
number of corners, faces and edges of any simply connected polyhedron. We 
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oeiiig given, is reqmrea zo jina zneir resmzanz. 

The magnitude and direction of the resultant can be found by 
constructing a diagram or polygon of forces in the manner ex- 
plained in Art. 36. We draw straight lines parallel and pro- 
portional to the given forces and place them end to end in any 
order. The straight line closing the polygon, taken in the proper 
direction, represents the resultant. Let the forces be 

represented by the lines 1...5, the line 6 then represents the 
resultant in magnitude and reversed direction. 

In constructing this polygon no reference has been made to 
the points of application of the forces, so that the forces are not 
fully represented. It will therefore be necessary to use a second 
diagram. This second figure is sometimes called the framework 
and sometimes the funicular polygon. 

From any point 0 taken arbitrarily in the force diagram we 
draw radii vectores to the corners. These radii vectores divide 
the figure into a series of triangles, the sides of which are used to 
resolve the forces Pj &c. in convenient directions by the use of 
the triangle of forces. The side joining 0 to any corner occurs in 
two triangles, and therefore represents two forces acting in opposite 
directions. No arrow has therefore been placed on that side. 
The arbitrary point 0 is usually called the pole of the polygon. 
The corners are represented by two figures; thus the intersection 
of the sides 1 and 2 is called the corner 12 and the straight line 
joining 0 to this corner is called the polar radius 12. 

We are now in a position to construct the funicular polygon. 
Taking any arbitrary point L as the point of departure, we draw a 
straight line LA-^ parallel to the polar radius 61 to meet the line 
of action of P^ in A^, From we draw A^A^ parallel to the 
polar radius 12 to meet P^ in A^', then A^A^ is drawn parallel to 
the polar radius 23 to meet Pg in A^] then A^A^ and A^Ar^ are 
drawn parallel to the polar radii 34 and 45. Finally A^Aq is 
drawn parallel to 56 to meet A^L (produced if necessary) in A^. 
Then AqIS the required point of application of the resultant force. 

To understand this, we notice that the force Pi at A^ is re- 
solved by one of the triangles of the force polygon into two forces 

Q.pf.Tn or Tj A ^ onri A A .. -r'Ckanckni-.TKralir 


aiiu uatJ uuiitji ciiuiig -0.6^15. jLiiuse iwu mu«u inereiore iriberseci 
a point on the resultant force. In the figure F^, drawn para 
to the line 6, represents a force in equilibrium with Pj-.-Pg. 



If we take some point, other than L, as a point of depart 
we obtain a different funicular polygon having all its sides pars 
to those of In this way by drawing two funici 

polygons we can obtain (if desired) two points on the line of aci 
of the resultant. 

If we take some point other than 0 as the pole in the f( 
diagram, but keep the point of departure L unchanged, we obi 
another funicular polygon whose sides are not parallel to tl 
of AiA^.-.Aq. a few of these sides are represented by the doi 
lines. But the resulting point must still lie on the result 
We thus arrive at a geometrical theorem, that for all poles i 
the same force diagram the locus of A q is a straight line, 

353. Conditions of equilibrium. In this way we see t 

whenever the force polygon is not closed^ the given system of fo 
admits of a resultant whose position can be found by drawing 
one funicular polygon. 

When the force polygon is closed the result is different, 
order to use the same two figures as before let us suppose that 
six forces Pi... Pg form the given system. Taking any arbit: 
point L, we begin as before by drawing LA-^ parallel to the p 
radius 61. Continuing the construction for the funicular poly. 
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the construction we have to draw a straight line from Aq para 
to the same polar 61 with which we began. This last strai 
line may be either coincident with, or parallel to, the straight ] 
LAi with which we began the construction. The whole systen 
forces has thus been reduced to two equal and opposite forces, 
along AiL and the other along its parallel drawn from Aq, 

If these two lines coincide, the equal and opposite forces al 
them cancel each other. The system is therefore in equilibri 
In this case the funicular polygon drawn (and therefore e^^ 
funicular polygon which can be drawn) is a closed polygon. 

If these two straight lines are parallel, the forces have b 
reduced to two equal, parallel, and opposite forces. The systen 
therefore equivalent to a couple. In this case the funicular poly 
is unclosed. The moment of this resultant couple is the prod 
of either force into the distance between them. 

354. If we suppose the straight lines A-^A^, A^A^, &c., join 
the points of application of the forces to represent rods jointec 
^ 1 , J. 2 , &c., the forces by which these press on the hinges 
along their lengths. Art. 131. The figure has been so construe 
that the reactions at each hinge balance the external force at t 
point. The combination of rods therefore forms a framework e 
part of which is in equilibrium under the action of the extei 
forces, and the stresses in the several rods may be found 
measuring the corresponding lines in the force diagram. 

We notice that any set of forces acting at consecutive con 
of the funicular polygon (such as P 4 , P 5 , Pf) are statically equ: 
lent to the tensions or reactions along the straight lines at 
extreme corners (viz. J. 3 A 4 and A-^A^. These sides must there: 
intersect in the resultant of the set of forces chosen. Hei 
whatever pole 0 is chosen and luhatever point of departure 1 
taken, the locus of the intersection of any two corresponding si 
of the funicular polygon (such as A 3 A 4 and A^Aq) is a strai 
line. In a closed funicular polygon this straight line is the lin^ 
action of the resultant of either of the two sets of forces separa 
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HS that if we complete the figure by drawing another funicular polygon 
ponding to some other pole 0, the whole figure becomes the projection of a 
edron and therefore admits of a reciprocal. And so it will be found that the 
s drawn to calculate the stresses of a framework are, in general, incomplete 
ocal figures. The parts essential to the problem in hand are sketched and 
sst is omitted. The importance of the theory of reciprocal figures is that it 
3S us to investigate the relations of the several parts of the figure by pure 
3try. 



;56. Parallel forces. When the forces are parallel, both 
brce diagram and the ^ 

jular polygon are sim- 

5d, see Art. 140 . Thus / 

AoA,, A^Ao, AoA,, 1/ 

I be light bars hinged ’ ^ ^ 

3 her at A^, A2, A^. 
let the weights Pi, 

^3 act at A-i, -4-2, An, 

[ere the force diagram is a straight line ah divided into seg- 
;s representing the forces P 2, If Oa, Ob be parallel to 
extreme bars AqAi, A3A4, then these lengths represent the 
ons of these bars, and the lengths drawn from 0 to the corners 
3 represent the tensions of the intervening bars. 

'0 find the resultant of three given forces Pi, P2, P3 we assume 
arbitrary pole 0 in the force diagram and draw the corre- 
iing funicular polygon AoAi,.,A^. The extreme sides A^Aj, 
produced meet in a point on the line of action of the 
bant. The magnitude is obviously the sum of the given 
3 and its direction is parallel to those forces. 


7. The force polygon being given, and the point L of departure, let the pole 
rom any given position 0 along any straight line 00'. Prove (1) that each 
^ the funicular polygon turns round a fixed point, and (2) that all these fixed 
lie in a straight line, which is parallel to the straight line 00'. This theorem 
5 from the ordinary polar properties of Maxwell’s reciprocal polyhedra, 
[S. The following is a statical proof. 

‘erring to the figure of Art. 352, let L, M, N &c. be the points of intersection 
esponding sides of two polygons constructed with 0, O' respectively as poles. 
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Let a third funicular polygon be drawn corresponding to a third pole 0" 
situated on 00'. If this funicular polygon beginning at L intersect the first in 
M'j N'i &c., both L3IN Ssc. and LM'N' &c. are parallel to 00' 0", hence M 
coincides with M', N with N', and so on. The points M, N, &c. are therefore 
common to all the funicular polygons. 

Find the locus of the pole 0 of a given force polygon that the corresponding 
funicular polygon starting from one given point M may pass through another given 
point N. The locus is known to be a straight line parallel to MN : the object is 
to construct the straight line. 

Case 1. If the given points 31, N lie between any two consecutive forces (say 
Pi, Pg), we may take 3IN as the initial side AjAo- The pole O must therefore lie 
on the straight line drawn through the corner 12 of the given force polygon parallel 
to the given line A 1 A 2 (see Art. 352). 

Case 2. Let the point 31 lie between any two forces (say Fj , Po) and N between 
any other two (say Pg, P4). We can remove the intervening force Po, and replace 
it by two forces acting at 3J and N each parallel to Pg*, let these be Q 2 1 Q 2 ’ ^^0. 

Similarly we can replace the other intervening force Pg by two forces, each parallel 
to Pg, acting also at 31 and N ; let these be Q^, Q^'. If we now adapt the given 
force polygon to these changes, the sides 2 and 3 only have to be altered. We have 
to draw forces parallel to Q 2 , Qg, ft/j beginning at the terminal extremity of 
the force 1 and ending (necessarily) at the initial extremity of the force 4. The 
points 31, N now lie between the two consecutive forces hence by Case 1 the 

locus of 0 is the straight line drawn parallel to 3IN through the intersection of 
these forces in the force diagram, [Ldvy, Statique Grapliique.] 

With given forces, show how to describe a funicular polygon to pass through any 
three given points L, M, N. 

We first find the locus of the pole 0 when the funicular polygon has to pass 
through L and 31, and then the locus when it has to pass through L and N. The 
intersection is the required point. 

With given forces shoiv how to describe a funicular polygon so that one side may 
be perpendicular to a given straight line. 

Suppose the side A-^A^ is to be perpendicular to a given straight line, then the 
polar radius 12 is also perpendicular to that line, Art. 352. Hence the pole 0 must 
lie on the straight line drawn through the corner 12 of the force polygon per- 
pendicular to the given straight line. 

Ex. Prove that, if the resultant of two of the forces is at right angles to the 
resultant of one of these and a third force of the system, a funicular polygon can be 
drawn with three right angles. [Coll. Ex., 1887.] 

358 . If we remove any set of consecutive forces from a fumcular polygon, and 
replace them by other forces statically equivalent to them, show that the sides 
bounding this set of forces remain fixed in position and direction though not in length. 
Suppose we replace P4, Pg by their resultant, then in the force diagram we replace 

A K i: i>A 4.^ ca nru-. i j -'r* 
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the adjoining sides, each force and the two adjoining sides must Ho in one 
( 2 ) the components of two consecutive forces along the side joining their 
; of application must be equal and opposite. When the forces lie in one 
the first condition is satisfied already and the second condition alone lias to 
ended to, and this one condition suffices to find all the possible polygons, 
any one side A^Aq of the polygon is chosen, the first condition in general 
□ines all the other sides. To show this we notice that the plane through A 
2 must cut Pg in A^; thus AqA^ is determined and so on round tlie polygon, 
there are not sufficient constants left to satisfy the second condition, thougli 
rse in some special cases all the conditions might be satisfied together. 

iO. Ex. 1. Prove the following construction to resolve a given force 
at a given point Ag into two forces, each parallel to Po and acting at two 
given points Aj, Ag. Let a length ac represent Po in direction and inagni- 
)n any ffiveii scale. Draw aO, cO parallel to A 2 A 3 , AjAo respectively, and 
heir intersection 0 draw Ob parallel to A^A^ to intersect ac in b. Then ah 
: represent the required components at Ag and A^. 

other construction. Produce Pq to cut AjAg in N. Then A^N and NA.^ 
ent the forces at Ag and A^ respectively on the same scale that AjAg reprosontH 
ven force Pg. These would have to be reduced to the given scale by the 
d used in Euclid vi. 10. 

. 2. Show that a given force P can be resolved in only one way into thi'cc 
which act along three given straight lines, the force and the given straight 
Deing in one plane. Prove also the following construction. Let the given 
it lines form the triangle ABC, and let the given force P intersect the sides 
M, N. To find the force S which acts along any side AB, take Np to 
ent the force P in direction and magnitude, draw ps parallel to ON to 
3 ct AB in s, then Ns represents the required force S. See Art. 120, Ex. 2. 
t Q, R, S be the forces which act along the sides. The sum of their moments 
C must be equal to that of P. The moment of S about G is therefore equal 
t of P. Since ps is parallel to CN, the areas CNp and CNs are equal, and 
)re the moment of Ns about G is equal to that of P. Hence Ns represents 

. 3. Show how to resolve a couple by graphic methods into three forces 
shall act along three given straight lines in a plane parallel to that of 
uple. Prove also the following construction. Move the couple parallel to 
antil one of its forces passes through the corner C of the given triangle, and 
other force intersect AB in N. Take Np to represent this second force, and 
IS parallel to ON to meet AB in A, then the required force along the side A B 
esented by Ns. 

1 . A light horizontal rod A^Ag is supported at its tzvo ends A^, A^ and has 
s TFi, Wg, TPs, IP 4 , attached to amj given points A^, Ag, Ag, A 4 . It is 

ul. fn fi/nrl. h->t n. nvn.nh'i.o.nl. method the VreSSUrPS ntr the 
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funicular polygon represented by The polar radius Oc must be ] 

to the line B^Aq closing the funicular. Thus c has been found and theref 
two pressures R'. 




If the rod is heavy, the pressures R' are not affected by collecting the 
at the centre of gravity. Drawing any funicular, with this additional weigh 
into account, the pressures on the points of support can be found as before. 

362 . A light horizontal rod AqA^ being supported at its two ends and 
with weights JF 1 ...W 4 at the points A^.^.A^, it is required to find the stress co 
any point M. Art. 145. 

The pressures at the two ends having been determined, we describe a fu 
polygon of these six forces, such that it passes through Aq and A^. We sh 
prove that the stress couple at 31 is Hy, where y is the ordinate of the funic 
ill and H is the horizontal tension. 

Supposing the funicular polygon to be AqCj...G^Aq, we notice that the 
of rods represented by A^Cjy CiG 2 ...C 4 ^As are in equilibrium under the action 
weights the vertical pressures R', and the horizontal thrus 

AiAq, Art. 354. Taking moments about P, the extremity of the ordinate t 
ill, for the portion Aq...P, we have Hy equal to the sum of the moments 
pressure R, and the weights &c. on one side of P, i.e. Hy is the I 
moment of the rod at 31. Art. 143. 

To draw the funicular polygon which passes through the points A^ and 
take a pole O' at any point on a horizontal line through the point c in t) 
diagram and then construct the polygon as before. Since cO is parallel 
it follows that, when 0 lies in cO', Pg must coincide with A^. It is evide 
O'c represents the horizontal tension. 

If O' is moved along cO', the funicular polygon and therefore both the hoi 
tension cO' and the ordinate 3IP change. The product however, being e 

thfi hfindino- momfint at 3T. is -nnt • n. vpanlf wTiipTi moir 


art. 363] frameworks 

363. Frameworks. To show how the reactions along 
of a framework may be found by graphical methods, the 
forces being supposed to act at the corners. 

Let the given framework consist of a combination > 
nangles such as frequently occurs in iron roofs. Let ai 
^ 1 . A. If, F„ -P, act at the corners A^, A.,, A,, A, A. 
the whole be in equilibrium. If these forces were paral’l 



of them might represent weights placed at the joints, wh 
structure is supported on its two extremities A,, A,. 

The five forces are in equilibrium, hence the Le line; 
which represent them in the force diagram form a closed pei 
framework sketch the lines corresponding to the stresses 


The framework, as described above, does not adm 
reciprocal; let us assume for the present that it can be co 
by drawmg the pentagon a,... a,; Art. 355. The proper 
this addition to the figure is discussed in Art. 365*. 

The side A,A, forms part of a quadrilateral A,A,ar,a, 
quadrilateral corresponds to four lines in the reciprocal 
which meet in a point. Hence the reciprocal of the strai^ 
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-4 1^4 5 is a straight line drawn through the intersection of the 
consecutive forces 1, 5 parallel to A 1 A 5 , The same argument 
applies to every bar of the frame AiA 2 ..,A^; each is represented 
in the reciprocal by a straight line which passes through the 
junction of the consecutive forces at its extremities. This easy 
rule enables us to draw the reciprocal figure without difficulty. 
Thus the reciprocal of the side A 1 A 2 is a straight line drawn 
parallel to A^A^ through the point of junction of the consecutive 
forces marked 1 and 2. These straight lines are marked in the 
force diagram with the suffixes of the straight lines to which they 
correspond in the framework. 

The triangle representing the forces at A^ having now been 
constructed, we turn our attention to those at the next corner A 5 . 
These will be represented by a quadrilateral. Following the rule, 
we draw 45 parallel to A^ A ^ through the point of junction of the 
consecutive forces 4, 5. Thus three sides of the quadrilateral are 
known, viz. 5, 15, 45. Through the known intersection of 12 and 
15 we draw a parallel to -4 2^ 5 completing the quadrilateral. The 
sides are 5, 15, 25, 45. 

Turning our attention to the corner A^, we draw 34 by the 
rule and again we know three sides of the corresponding quadri^ 
lateral, viz. 34, 4 and 45. The fourth side is completed by drawing 
24 through the known intersection of 45 and 25. The four sides 
are 4, 45, 24, 34. 

The triangle corresponding to the corner A^ is completed by 
joining the known intersection of 34 and 24 to the point of 
junction of the consecutive forces 2, 3. By the rule this line 
should be parallel to the side A 2 A^. This serves as a partial 
verification of the correctness of the drawing. 

Lastly the forces at the corner A^ must be represented by a 
pentagon, but looking at the figure we find that all the sides of 
this pentagon, viz. 2, 23, 24, 25, 12, have been already drawn. 

The magnitudes of the reactions along the bars of the given 
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The former are called ties and the latter thrusts. Consider the 
corner the bars are parallel to the sides of the triangle 1, 12 
and 15. The direction of the forces being known, those of 12 and 
15 follow the usual rule for the triangle of forces. Hence at the 
point A I the forces act in the direction 15, 21. Therefore AiA^ is 
in a state of compression, i.e. it is a thrust, while A^A^ is in a 
state of tension and is a tie. We may represent these states by 
placing arrows in the framework at -dj, ^2 pointing towards Ai,A 2 
respectively and arrows at Ai, A^ pointing from A^, A 5 respec- 
tively. Another method has been suggested by Prof. E. H. Smith 
in his work on Graphics. He proposes to indicate ties by the 
sign -H and struts by — . These marks may be placed on either 
diagram. 

365. We should notice that the figure thus constructed, though sufficient to 

find the stresses in the rods, is not a complete reciprocal figure. To enable us to 
complete the figure must first draw such a polygon aj...a 5 , cutting the lines of 
action of the forces, that the whole figure may admit of a reciprocal. Statically, 
we see that this polygon must he a funicular of the given forces, for otherwise the 
forces at the corners would not be in equilibrium, Art. 354. Geometrically, 

the polygon should be such that the five quadrilaterals Oj^a^AiA^, &Q. are the pro- 
jections of plane faces of a polyhedron. This polyhedron is constructed by drawing 
ordinates at the corners. We know that, if we draw two funiculars and 

of the forces the five intersections of UjUg, hjb.,; a^a^, &c. lie in 

a straight line I/il/iV, Art. 357. Referring to Art. 343 (where these funiculars are re- 
presented by 1...6 and we see that the five quadrilaterals a^a^b-Jj^, &.c. may 

therefore be made the projections of plane faces. We construct the polyhedron by 
keeping fixed and erecting ordinates at proportional to their distances 

from L3IN. Since the sides A 1 A 2 , &c. lie in the planes a-^a 2 bjb 2 , &e. it follows 
that the five quadrilaterals aja 2 AjA 2 , &c. are also the projections of plane faces. 
The ordinates at A-^.,.A^ may then be drawn. 

Taking a-^.,.a^ to be a funicular polygon of the forces P 1 ...P 5 the corresponding 
lines on the force diagi’am are the dotted lines drawn from the corresponding pole 
0 to the points of junction of the forces. It is evident that these lines are 
practically separate from the rest of the figure. Unless therefore we wish to 
assure ourselves that the forces P 2 ...P 5 are in equilibrium, it is unnecessary to 
draw either the funicular polygon aj-.-Ug or the corresponding lines in the force 
diagram. It is vsiial to omit this part of the figure, 

366. lYEetliod of sections. We shall now show how the reactions are found 

by the method of sections. Let it be required to .Ao 
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to the points R, G, D along the three rods respectively. Let us remove th 
on the right hand as being the more complicated, we have now to deduce 
Q, R, S from the conditions of equilibrium of the remaining structure. 

In our example not more than three bars were cut by the section. ' 
are only three forces the problem is determinate. By Art. 360, Ex. 2, ea 
any system can be replaced by three forces acting along three given stri 
and this resolution can he effected by a graphical construction. 

These reactions may also be easily found by the ordinary rules of 
statics, as in Art. 120, where this problem is solved by taking moments 
intersections of these lines. 

When the figure is so little complicated as the one we have just 
either the method of the force diagram or the method of sections m 
indifferently. In general each has its own advantages. In the first we 
reactions by constructing one figure with the help of the parallel ruler, 1 
be a large number of bars the diagram may be very complicated. In the 
sections when only three reactions are required we find these withou 
ourselves about the others, provided these three and no others lie on oni 

367. In these frameworks, each rod, when its own weight can be n 
in equilibrium under the action of two forces, one at each extremity. 1 
therefore act along the length of the rod, and thus the rods are only s 
compressed. This is sometimes a matter of importance, for a rod 
without breaking, a tensional or compressing force when it would yield 
transverse force. The structure is therefore stronger than when rigi 
joints is relied on to produce stiffness. 

In actual structures some of the external forces may not act at a 
instance, the weight of any rod acts at its centroid. In such cases tl 
force on any bar must be found either by drawing a funicular polygo 
rules of statics. This resultant is to be resolved into two parallel < 
acting one at each of the two joints to which the rod is attached. 

This transformation of the forces which act on a rod cannot affeci 
bution of stress over the rest of the structure, so that when these com] 
combined with the other forces which act at those joints the whole i 
rest of the structure on each rod has been taken account of. So far 
itself is concerned, it is supposed to be able to support, without sensil 
its own weight or any other forces which may act on it at points i 
between its extremities. 

368. Indeterminate Tensions. Let P^, Pg, ...P,^be a system 

equilibrium. Let Aff.A^ be two funicular polygons of this s; 

the corresponding corners A^, A^' ; Ag, A/ &c. 

be joined by rods. Let us also suppose that 

tlTlP P.'yf.PTTl Q.l Tinl'IJ’nrrwi 1Q v»/%y^n r* /\ 
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way a frame has been constructed with tensions along the rods apart from al 
external forces. See Art. 237. From the property of funicular polygons provec 
in Art. 357 the corresponding sides of this frame intersect in points all of which lit 
in a straight line. 

If there are only three forces the polygons become triangles. Since the forces 
Pj, Pg, P^ are in equilibrium the three straight lines A^A^', A^A^' which joir 
the corresponding angular points must meet in a point. Such triangles are callec 
co-polar. We see therefore that co-polar triangles admit of indeterminate tensions, 

Levy’s theorem, given in Art. 238, follows also from this proposition. Taking 
only six forces, because the figure has been drawn for a hexagon, let (P^, Pj 
(Po, Pg), (P3, Pq) be three sets of equal and opposite balancing forces. Let A^...A, 
be any funicular polygon, but let the second funicular polygon be constructed sc 
that Aj' coincides with A 4 , and let the pole be so chosen that A 2 ' and A^' coincide 
with /Ig and Aq, Art. 357. It then follows that the second funicular coincides 
throughout with the first. The cross bars A^A^, A^A^, A^A^ become the diagonals 
of the hexagon. Thus a frame of any even number of sides has been constructec 
in which the diagonals are in a state of thrust and the sides in tension. 

369. Tlie line of pressure. Let us suppose a series of connected bodies, 
such as the four represented in the figure, to be in equilibrium under the action oJ 
any forces, say the three P, Q, P. We suppose these bodies to be symmetrica] 
about a plane which in the figure is taken to be the plane of the paper. The firsi 
body is hinged to some fixed support at A and also hinged at B to the body BCC', 
This second body presses along its smooth plane surface CC' against a third bodj 
CC'D. This third body is hinged to a fourth body at P, and this last is hinged ai 
P to a fixed point of support. 

The pressure at A acts along some line Ap and intersects the force P at p 
The resultant of these two must balance the action at the hinge P, and musi 
therefore pass through P. This force acting at P intersects the force Q at q, anc 
their resultant must balance the pressure at CC'. This resultant must therefore 
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cut CC' at right angles in some point ill. Also the point 31 must lie zoithin the area 


and cuts at right angles the surface of pressure. This particular funicular polygon 
is called the line of pressure. 

370 . Let us tahe an ideal section, such as xy, which separates the whole 
system into two parts, and let it be required to find the resultant action across this 
section. 

This action is really the resultant of the forces across each element of the 
sectional area. But since each portion of the system must act on the other portion 
in such a way as to keep that portion in equilibrium, we may also find the resultant 
from the general principle that it balances. all the external forces which act on 
either of the two portions of the system : see also Art. 143. It immediately follows 
that the resultant action across xt/ is the force already described which acts along 
pq. Similar remarks apply to every section ; we therefore infer that the resultant 
action across any section is the force lohicli acts along the corresponding side of the 
line of pressure. 

If we move the section xy from one end A of the system to the other J?, there 
may be some difiSculty in determining which is the ‘‘corresponding side of the line 
of pressure ” when the section passes the point of application of a force. Suppose 
for example a to be the point of application of P. If a section as x'y' is ever so 
little to the left of a, the corresponding side is Ap, but when the section is ever so 
little on the right of a, the corresponding side is pq. If the section is parallel to 
the force P, the side corresponding to any section is the side of the line of pressure 
intersected hy]that section. When therefore the forces are all vertical it will be 
found more convenient to consider the actions across vertical sections than across 
those inclined. 

The resultant action across any section such as x'y' does not necessarily pass 
within the area of that section. The reason is that this action is the resultant of 
all the small forces across all the elements of area. As some of these elementary 
forces across the same sectional area may be tensions and some pressures, the line 
of action of the resultant may lie outside the area. If the forces all act iu the 
same direction like those across the section CG* (where two bodies press against 
each other), the resultant must pass within the boundary of the section. Some- 
times it is more useful to move the resultant parallel to itself and apply it at any 
convenient point within the boundary ; we must then of course introduce a couple. 
This is often done when the body is a thin rod. See Art. 142. 

371 . When the bodies are heavy we may find the action at any hinge or 
boundary hetioeen tioo bodies by the same rule. The weight of each body is to be 
collected at its centre of gravity and included in the list of external forces. The 
resultant action at any boundary is the force along the corresponding side of the 
funicular polygon. 

But if the action across some section as xy is required, this partial funicular 
polygon will not suffice. We must now consider the body BGC' to be equivalent to 
two bodies separated by the plane xy. The weights of each of these portions may 
be collected at its own centre of gravity, and a funicular polygon may be drawn to 
suit this case. Thus, if Q is the weight of the body BCG' acting at its centre of 
gravity jS, we remove Q and replace it by two weights acting at the respective 
centres of gravity of the portions Bxy aud xijGC'. The funicular polygon will 
therefore have one more side than before. It also loses the corner on the force Q 
and gains two new corners which lie on fche lines of action of these new weights. 
But since the action at B must still balance the external forces whose points of 


application are on the left of and the action at M must still balance the forces 
on the right of GC', it is clear that the sides and MJD of the funicular polj'gon 
are not altered. Therefore the two corners of the new funicular polygon must lie 
respectively on Bq and qD* Thus the new polygon is inscribed in the former p>cirtial 
unicular polygon. 

If we continue this process of separating the bodies into parts, we go on increasing 
the number of sides in the funicular polygon, but the side which passes through any 
real section is unchanged in position. Pinally, when the bodies are subdivided into 
elements, the line of pressure becomes a curve. This curve loill touch all the partial 
polygons of pressure at each hinge a.nd at each real surface of separation, 

EXAMPLES 

372 . Ex. 1. A framework is constructed of eleven equal heavy bars.' Nine 
of them form three equilateral triangles ABC^ BDE, DFG vith their bases AB, 
BD, BF hinged together in a horizontal straight line. The vertices C, E, G are 
joined by the remaining two bars. The Warren girder thus formed is supported at 
its two lower extremities A, F and loaded at the upper points C, B, G with weights 
u\, 102 , ^^ 3 * Construct a force diagram showing the stresses in the bars. 

Ex. 2. A horizontal girder has four bays AB, BG, CD, BE each 5 feet ; it is 
stiSened by three vertical members BB', GG', DD' each 3 feet, by horizontal 
members D'C', C'D' and by oblique members AB', B'G, CD', B'E. Find by a 
graphical construction the tensions and thrusts produced in the members when a 
uniformly distributed load W is supported by the girder. [St John’s Coll, , 1893.] 

Ex. 3. ABGBEFG is a jointed frame in a vertical plane, constructed as 
follows. ABGB and GFE are horizontal, A being vertically above G • ABFG, 
BCEF' are squares ; CD is equal to GE ; also BG, GF, BE are three diagonal 
stiSening bars. The frame is supported at the points A and G, while a weight is 
hung at D. Supposing the weights of each bar to act half at each of its ends, 
exhibit in a diagram the stresses in the various bars of the frame. Show that 
those in GF and BG are equal, likewise those in FE and CD, and determine which 
bars are struts and which are ties. The supporting force at A may be taken to be 
horizontal. [Coll. Ex., 1894.] 

Ex. 4. A roof ABGB is of the form of half a regular hexagon; it is stiffened 
by two cross-beams A C, BD ; and it rests on the walls at A and D. Find, by a 
stress diagram, the tensions and thrusts in its members produced by a uniform 
load of tiles. [St John’s Coll., 1892.] 

Ex. 5. A framework is composed of six light rods smoothly jointed so as to 
form a regular hexagon ABGDEF whose centre is at C. The points BF, OA, OC, 
OE are also connected, without disturbing the regularity of the hexagon, by light 
rods of which the first two are to be regarded as having no contact with one 
another. If the framework be suspended from A and a weight TV be attached to D, 
show by graphical methods that the thrust in BF will be Wisj3, and find the force 
along each of the other bars. [Trin. Coll., 1895.] 

Ex. 6. A regular twelve-sided framework is formed by heavy loosely jointed 
rods and each angular point is connected by a light rod to a peg at the centre. 
The whole rests on the peg in a vertical plane with a diagonal vertical. Show that 
the stresses in the rods are indeterminate ; and assuming that the horizontal rods 
are not under stress, draw a diagram in which lines are parallel to and proportional 
to the stress in each rod and calculate the stresses. [Coll. Ex., 1893.] 
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Ex. 7. The lines of action of six forces in equilibrium are known. One force 
is known, one other pair of the forces are in one known ratio, a second pair are in 
another known ratio, Eind a graphic construction determining the magnitudes of 
the five undetermined forces. [Math. Tripos, 1895.] 

Ex. 8. ABCD is 8. rhombus of jointed rods, and OB^ OB are two equal rods 
jointed to the rhombus at B and B and jointed at 0. Supposing all the joints 
smooth and parallel forces, not in the same line, applied to the framework at 0, A , 
C; construct a force diagram. Show that for equilibrium the directions of the 
forces must be parallel to BB. [Math. Tripos, 1891.] 

Ex. 9. Four forces act in the sides AB, BC, CB, BA of a quadrilateral ABGB, 
and are proportional to those sides. Construct the funicular, one of whose sides 
joins the middle points of .415 and BC, when the thrust in that side is represented 
by CA on the same scale as the given forces are represented by the sides of the 
quadrilateral. [St John’s Coll., 1893.] 

Ex. 10. Prove that if the lines of action of {n - 1) forces be given, it is always 
possible to adjust their magnitudes so that the system of {ii - 1) forces and their 
resultant reversed can hold in equilibrium a framework of jointed bars in the form 
of an equiangular polygon of n sides, a force acting at each corner. 

[St John’s Coll., 1890.] 

Ex. 11. Four points A, R, C, H are in equilibrium under forces acting between 
every two : prove the following construction for a force diagram of the system. 
With focus B a conic is described touching the sides of the triangle ABC, and B' 
is its second focus ; B'A', D'B', B'C' are drawn perpendicular to the sides of the 
triangle ABC ; then B'A'B'C' is a force diagram in which each side is perpendicular 
to the force it represents. [Math. Tripos.] 

Let AB cut B'G' hi P ; we notice (1) that AB, AB' make equal angles with the 
tangents drawn from A, hence the angles PAG', B'AB' are equal ; (2) that a circle 
can be described about B'B'G'A, hence the angles AC'P, AB'B' are equal. It follows 
that the triangles PAG', B'AB' are equiangular. Hence AB is perpendicular to B'C', 

Ex. 12. Nine weightless rods are jointed together at their ends ; six of them 
form the perimeter of a regular hexagon, and the other three each join one angular 
point to the opposite one ; to each joint a weight W is attached, and the frame 
is hung in a vertical plane by strings attached to adjacent angles A, B, so that AB 
is horizontal, and the strings bisect the hexagon angles externally. Find or show 
by a diagram the forces in all the rods. [Coll. Ex., 1887,] 

Ex. 13. Two points P, Q.are taken within a hexagon ABCBEF, the point P is 
joined to the corners A, B, C, B, and Q to the corners B, E, F, A, Construct the 
reciprocal figure. 


CHAPTER IX 


CENTKE OF GRAVITY 

373. The centre of parallel forces. It has been proved 
in Art. 82 that the resultant of any number of parallel forces 
Pi, Po, &c., acting at definite points Aj, A 2 , &c., rigidly connected 
together, is a force 2P. 

Let the rigid system of points be moved about in any manner 
in space ; let the forces Pi, Pg, &c. continue to act at these points, 
and let them retain unchanged their magnitudes and directions in 
space. It has also been proved that the line of action of the 
resultant always passes through a point fixed relatively to the 
points Ai, Ag, &c. This point is therefore regarded as the point of 
application of the resultant. It is called the centre of the parallel 
forces. The chief pz'operty of this point is its /ixzty relative to 
the system of points Aj, A 2 , &c. 

When the forces Pi, Pg, &c. are the weights of the particles of 
a body, the centre of parallel forces is called the centre of gravity. 
Thus the centre of gravity is a particular case of the centre of 
parallel forces. 

374. Definition of the centre of gravity. We take as a system 
of parallel forces the weights of the several particles of a body. 
Each particle is supposed to be acted on by a force which is 
parallel to the vertical. This force is called gravity. The 
resultant of all these forces is the weight of the body. We 
infer from the theory of parallel forces that there is a certain 
point fixed in each body (or rigid system of bodies) such that 
in every position the line of action of the weight passes through 
that point. This point is called the centre of gravity^. 

* The first idea of the centre of gravity is due to Archimedes, who flourished 
about 250 b.c. In his work on Centres of graviUj or aequipomUrants he determined 
the position of the centre of gravity of the parallelogram, the triangle, the ordinary 
rectilinear trapezium, the area of the parabola, the parabolic trapezium, &c. See 
the edition of his works in folio printed at the Clarendon Press, Oxford, 1792. 
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It is evident from this definition that if the centre of gravity 
of a body is supported the body will balance about it in all 
positions. 

. 376. A body has but one centre of gravity. This is evident from the demon- 
stration in the article already (juoted. The following is an independent x:)roof. 

If possible let there be two such points, say A and B. As we turn the system 
into all positions, the resultant heeps its direction in space unaltered. Place the 
body 80 that the straight line AB is perpendicular to the direction of the resultant 
force. Then the line of action of that force cannot pass through both A and B. 


■ 376. Let (xj, ^ 2 ) &c. be the coordinates of the 

points of application of the parallel forces Pj, P 2 , &c. respectively. 
Let these coordinates be referred to any axes, rectangular or 
oblique, but fixed in the system. By what has been already proved 
in Art. 80, the coordinates of the centre of parallel forces are 
_ IPx - SP^ 

’ y tp ‘ 

It is important to notice that, if all the forces were altered in 
the same ratio, the magnitude of the resultant would also be 
altered in the same ratio, but the coordinates of its point of 
application would not be changed. 


377 . When the weight of any two equal volumes of a 
substance are the same, the substance is said to be homogeneous 
or of uniform density. In such bodies the weights of different 
volumes are propoi'tional to the volumes. The weight of any 
elementary volume dv may therefore be measured by the volume. 
Hence by Art. 37 6 we have 
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^Jdv.x 


y~ fdv • 


_ fdv.z 


Jdv ' ^ fdv ' fdv 

We have here replaced the 2 by an integral, because the parallel 
forces we are considering are tlie weights of the elements of the 
body. 

From these equations all trace of weight has disappeared. 
We might therefore call the point thus determined the centre 
of volume. 


When the body is not homogeneous the weights of the 
elements are not proportional to their volumes. Let us represent 
the weight of a volume dv of the substance by pdv. Here p will 
be different for each element of the body, and will be known as a 
function of the coordinates of the element when the structure of 
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the body is given. For our present purpose the body is given 
when we know p as a function of x, y, z. We therefore have 


cr = 


\pdv . X 


- Jpdi^ 

y jpdv ’ 


._Jp dv.2 

jpdv 


In these equations we may replace p by Kp, where /c is any quantity 
which is the same for all the elements of the body. All that is 
necessary is that pdv should be proportional to the weight of dv. 

We may therefore define p to be the limiting ratio of the 
weight of a small volume (enclosing the point (ocyz)) to the weight 
of an equal volume of some standard homogeneous substance. 

For the sake of brevity we shall speak of p as the density of the 
body. If the body is homogeneous the product of the density into 
the volume is called the mass. If heterogeneous, then pdv is the 
mass of the elementary volume ctv, and Jpdv is the mass of the 
whole body. If we write dm = pdv, the equations become 




fdm . cc _ _ fdm , y 


Jdtn ' ^ Jdm ' Jdm 

When we wish to regard the mass of an element as a quality 
of the body apart from its weight, we may speak of the point 
determined by these equations as the centre of mass. 


Jdm.z 


378 . Equations similar to these occur in other investigations besides those 
which relate to parallel forces. In such cases the quantity here denoted by P or vi 
has some other meaning. Accordingly the point defined by these coordinates has 
had other names given to it, depending on the train of reasoning by which the 
equation has been reached. This may appear to complicate matters, but it has the 
advantage that the special name adopted in any case helps the reader to understand 
the particular property of the point to which attention is called. 

We here arrive at the point as that particular case of the centre of parallel 
forces in which the forces are due to gravity. There may therefore be some 
propriety in using the term centre of gravity. There are also obvious advantages 
in using the short and coloiudess term of centroid. Another name, much used, 
is the centre of inertia. This expresses a dynamical property of the point which 
cannot be properly discussed in a treatise on statics. 


379. The positions of the centres of gravity of many bodies 
are evident by inspection. Thus the centre of gravity of two equal 
particles is the middle point of the straight line which joins them. 
The centre of gravity of a uniform thin straight rod is at its middle 
point. The centre of gravity of a thin uniform circular disc is at 
its centre. Generally, if a body is symmetrical about a point, that 
point is the centre of gravity. If the body is symmetrical about 
an axis, the centre of gravity lies in that axis, and so on. 
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380. Working rule. To find the cenbrc of gravity of any 
body or system of bodies, we proceed in the following manner. 
We divide the body or system into portions which may be either 
finite in size or elementary. But they must he such that we know 
both the mass and position of the centre of gravity of each. Let 
be the masses of these portions, and let the coordinates 
of their respective centres of gravity be {xi, (.u, z.^y &c. 

The weight of each portion is the resultant of the weights 
of the elementary particles, and may be supposed to act at the 
centre of gravity of that portion (Art. 82). We may therefore 
regard the whole body as acted on by a system of parallel forces 
whose magnitudes arc proportional to niu m,>, &c., and whose 
points of application are the centres of gravity of Wi, &c. 
The position of the centre of gravity of the whole system is 
therefore found by substituting in the formulre 

_ _ 27717 / _ li,mz 

X = ^ — , y = — = -TT— . 

Xm ^ zm Z7n 


381. In using this rule it is important to notice that some of 
the masses may be negative. Thus suppose one of the bodies is 
such that its mass and centre of gravity would be known if only a 
certain vacant space were filled vp. We regard such a body as the 
difference of two bodies, one filling the whole volume of the body 
(including the vacant space) whose particles are acted on by gravity 
in the usual manner, the other filling the vacant space but such 
that its particles are acted on by forces equal and opposite to that 
of gravity. To represent this reversal of the direction of gravity 
it is sufficient to regard the mass of the latter body as negative. 
Since in the theory of parallel forces the forces may have any signs, 
it is clear that we may use the same formute to find the centre of 
gravity of this new system. 


382 . Ex. 1. A painter’s palette is formed by cutting a small circle of radius b 
^rom a circular disc of radius a. It is required to find the distance of the centre of 
gravity of the remainder from the centre of the larger circle. 


Let 0 and C be the centres of the larger and smaller circles respectively. Let 
OC = c. We take 0 as the origin and 00 as the axis of x. The masses of the two 
circles are proportional to their areas; we therefore put 7»2= -Trb^. The 

latter is regarded as negative because its material has been removed from the larger 
circle. The centres of gravity of the two circles are at their centres, hence a;j = 0, 
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is at its middle point. The centre of gravity of each strip therefore 
lies in AD. Hence the centre of gravity of the whole triangle lies 
in AD] see Art. 382, Ex. 2. 

In the same way, if we draw^A' from B to bisect AG in E, the 
centre of gravity lies in BE. The centre of gravity of the triangle 
is therefore at the intersection G of BE and AD. 

Since D and E are the middle points of GB and GAy the 
triangle GED is similar to the triangle GAB. Hence ED is 
parallel to AB and is equal to one half of it. The triangles DEG, 
ABG are therefore also similar, and DG : GA — ED : AB. Thus 
DG is one half of Aff, and therefore DG is one third of AD.- 

384. We have thus obtained two rules to find the centre of 
gravity of a uniform triangle. 

(1) We may draw two median straight lines from any two 
angular points to bisect the opposite sides. The centre of gravity 
lies at their intersection. 

(2) We may draw one median line from any one angular 
point, say A, to bisect the opposite side in D. The centre of 
gravity G lies in AD so that AG = |AD. 

It will be found useful to observe that the centre of gravity of 
the area of the triangle is the same as that of three equal particles 
placed one at each angular point of the triangle. 

Let the mass of each particle be m. The centre of gravity of 
the particles at B and G is the point D. The centre of gravity of 
all three is the same as that of 2m at D and m at A ; it therefore 
divides AD \n the ratio 1 : 2 (Art. 382). But the point thus 
found is the centre of gravity of the triangle. 

If the mass of each of these three particles is equal to one- 
third of the mass of the triangle, the resultant weight of the three 
particles is equal to the resultant weight of the triangle. And 
these two resultants have just been shown to have a common 
point of application. Hence these three 'particles are equivalent to 
the triangle so far as all resolutions and moments of weights are 
concerned. 

Also, when we use the method of Art. 380 to find the centre 
of gravity of any figure composed of triangles, we may replace 
each of the triangles by three equivalent particles whose united 
mass is equal to that of the triangle. The centre of gravity of the 


whole figure may then be found by applying the rule to this 
collection of particles. 

Ex. 1. The centre of gravity of the area of a triangle is the same as the 
centre of gravity of three equal particles placed one at -each of the middle points of 
the sides. 

Ex. 2. Lengths APy BQy CR are measured from the angular points of a triangle 
along the sides taken in order so that each length is proportional to the side along 
which it is measured. Show that the centre of gravity of tliree equal particles 
placed one at each of the points P, Q, R is the same as that of the triangle. 

Prove also that the centres of gravity of the triangles APR, RQP, CRQ, lie on 
the sides of a fixed triangle, which is similar and equal to ABC, 

Ex. 3. Lengths AP, BQ, &c. are measured from the corners of a polygon along 
the sides taken in order so that each length is proportional to the side along which 
it is measiu’ed, the sides not being necessarily in one plane. Show that the centre 
of gravity of equal particles placed at P, Q, &c. coincides with that of equal particles 
placed at the corners. Art. 79, 

Ex. 4. Similar triangles ABP, BCQ, cSrc. are described on the sides AB, BC, 
&G. of a plane polygon taken in order. Show that the centre of gravity of equal 
weights placed at P, Q, &c. coincides with that of equal weights placed at A, B, &c. 

Ex. 5. The perpendiculars from the angles A, B, C meet the sides of a triangle 
in P, Q, P : prove that the centre of gravity of six particles proportional respec- 
tively to sin- A, sin-P, sin-C, cos- A, cos^B, cos- C, placed at A, B, (7, P, (?, R, 
coincides with that of the triangle PQR. [Math. Tripos, 1872.] 

Ex. 6. A point G is taken inside a tetrahedron A BCD. Find by a geometrical 
construction the plane section which having its corners on the edges DA, DB, DC, 
has its centre of gravity at (?. Find also the limiting positions of G that the 
construction may be possible. 

/ 

386. Perimeter of a triangle. Ex. 1. A triangle ABC is formed by three 
thin rods whose lengths are a, h, c. If PT be the centre of gravity, prove that the 
areal coordinates of H are proportional to b-fc, c-i-a, a + h. 

Ex. 2. The centre of gravity of the perimeter of a triangle ABC is the centre of 
the circle inscribed in the triangle DEF, where P, E, F are the middle points of the 
sides of the triangle ABC. [Lock’s Statics.] 

Ex, 3. If H be the centre of gravity of the perimeter of a triangle, G the centre 
of gravity of the area, I the centre of the inscribed circle, prove that H, G, I are in 
one straight line, and that GH is one half of IG. If 0 be the centre of the circum- 
scribing circle, and P the orthocentre, show also that the triangles IGP, EGO are 
similar. 

Ex. 4. The sides of a polygon are of equal weight. Prove that the centre of 
gravity of the perimeter coincides with that of equal particles placed at the corners. 
Art, 385, Ex. 3. 

387. Quadrilateral areas. To find the centre of gravity of 
any quadrilateral area ABGD. 

Using the rule in Art. 380, we replace the triangle ADG by 
three particles situated at A, D, G respectively, each equal to 
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one-third of the mass of ADO. In the same way we replace 
triangle ADC hj three masses A, B, 0, each one-third of 
mass of ABO. Each of the masses at A and 0 is therefore 
if M be the mass of the whole quadrilateral. 

Consider next the masses at B and D ; call these lUi and 
Their united mass is also ^M, but this total mass is uneqi 
divided between the particles in the ratio of the triar 
ABO : ADO, i.e. in the ratio BE : ED. To obtain a r 



A B A B 


convenient distribution, let us replace these two masses by t 
others placed at B, D, and E. If the masses placed at B and L 
each and the mass placed at E is the sum of the mj 

is the same as before. It is also clear that their centre of grs 
is the same as that of the masses m-^ and mg. For by Art. 38C 
distance of their centre of gravity from E is given by 
Smic . BE — . DE -f . 0 

^ 2m 

But the distance of the centre of gravity of the masses m^ 
from E is given by 

_ BE — mg . DE _ BE"^ — DE‘^ 

“ BE + DE ’ 

which is the same as before. 

||| The centre of gravity of the area of the quadrilateral is ther^ 
||' the same as that of four equal 'particles, placed one at each ang 
III point of the quadrilateral, together with a fifth particle of equa 
j|l negative mass, placed at the intersection of the diagonals. 

We may put the result of this rule into an analytical i 
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partly because the analytical result follows at once, and partly 
because these equivalent points are used in rigid dynamics to 
enable us to write down the moments and products of inertia of a 
quadrilateral. 

We may replace the four particles at the an-gular points by four others, equal to 
these, , placed at the middle points of the sides, or in any of the equivalent positions 
described in Art. 385. 


388. Ex. 1 . Prove the following geometrical construction for the centre of 
gravity of a quadrilateral area. Let P, Q be points in PD, AC such that QA, FB 
are equal respectively to EC, ED; the centre of gravity of the quadrilateral coincides 
with that of the triangle EFQ. Quarterly Journal of Mathematics, vol. vi. 1864. 



Ex. 2. A quadrilateral is divided into two triangles by one diagonal PD, and 
the centres of gravity of these triangles are M and N. Let MN cut PD in I, from 
the greater NI take NG equal to illl the lesser. Prove that G is the centre of 
gravity of the area of the quadrilateral. [Guldin.] 

V Ex. 3. A trapezium has the two sides AB=a and CD = b parallel. Prove that 
the centre of gravity G of the quadrilateral area lies in the straight line joining the 
middle points 31 and N of AB and CD. Prove also that G divides H/iV so that 
31 G : = a + :2a + b. [Archimedes and Guldin.] 

Notice that the ratio 31 G : GN does not depend on the height of the trapezium 
but only on the lengths of the parallel sides. [Poinsot.] 

Ex. 4, Show that the centre of gravity of the quadrilateral area ABCD 
coincides with that of four particles placed at the corners whose weights are 
respectively /3 + 7 + 5, 7 + 0 + a, d + a-i-^, a + ^ + y where a, /3, 7 , 8 are the 
reciprocals of EA, EB, EC, ED and E is the intersection of the diagonals. 

[Gains Coll. 1877.] 

Ex. 5. Any comer D of a pentagonal area ABCDE is joined to the corners A, 
E, and the joining lines intersect EB, AD in F, G. Prove that the ordinate of 
the centre of gravity of the pentagonal area is given by 


Bz = 5 + c + d — 


f+g-a-e 


(b -e) [d-a] 


where a, b, c, d, e, f, g are the ordinates of A, B, C, D, E, F, G, referred to any 
plane of xy. 


389. Tetrahedron. To find the centre of gravity of a tetra- 
hedron ABGD. 


Let us divide the tetrahedron into elementar}' slices by drawing 
planes parallel to one face. Let ahc be one of these planes. 
■Rispp.t EH in E and ioin BE. then, exactlv as in the case of the 
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is the centre of gravity of the triangle ahc. It therefore follows 
that the centre of gravity of every elementary slice lies in DF- 
Hence the centre of gravity of the whole tetrahedron lies in ^DF. 
Thus the centre of gravity of a tetrahedron lies in the straight line 
which joins any angular point to the centre of gravity of the opposite 
face. 

Let K he the centre of gravity of the face BOD; join AK. 
The centre of gravity also lies in j) 

AK. Now both DF and AK lie 
in the plane DAE, they therefore 
intersect and the intersection G is 
the required centre of gravity. 

Exactly as in the corresponding 
theorem for a triangle, we have FK 
parallel to AD and —^AD. Hence 
from the similar triangles AGD, 

^(?i^,weseethatJ^(? = A(?i). Thus 

DG = IDF. 

To find the centre of gravity of 
a tetrahedron we join any corner 
(as D) to the centre of gravity (as F) ^ 

of the opposite face. The centre of gravity G lies in DF so that 
DG = IDF. 

m the case of a triangle, we may fix the position of the 
centre of gravity of a tetrahedron by means of some equivalent 
points. The centre of gravity of a tetrahedron is the same as that 

four equal particles placed one at each angular point. The 
proof is exactly similar to that for a triangle. 



\\h 


-4/i \ 

\/ 

\ / 

\/ 

'/'E 


390. Pyramid and Cone, To find the centre of g^'avity of 
the volume of a pyramid on a plane rectilinear base. 

Proceeding as in the case of the tetrahedron, we divide the 
pyramid into elementary slices by drawing planes parallel to the 
base. These sections are all similar to the base. The centre of 
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of each, tetrahedron, and therefore that of the pjo^amid, lies in a 
plane parallel to the base such that its distance from the vertex is 
I of the distance of the base. 

Joining these two results together, we have the following rule 
to find the centre of gravity of a pyramid. Join the vertex V to 
the centre of gravity F of the base and measure along VF from 
the vertex a length VG equal to three quartei'S of VF. Then G is 
the centre of gravity of the pyramid. 

When the base of the pyramid is cur\dlinear we regard the 
base as the limit of a polygon with an infinite number of elemen- 
tary sides. We have therefore the following rule. To find the 
centre of gravity of the volume of a cone on a circular or on an 
elliptic base ; join the vertex V to the centre of gravity F of the 
base, and measure along VF from the vertex a length VG equal to 
three quarters of VF, then G is the centre of gravity of the cone. 

391 . Ex. 1. A cone whose semivertical angle is tan"^l/-s,/2 is enclosed in the 
circumscribing sphere; show that it will rest in any position. [Math. T., 1851.] 

Ex. 2. A pyramid, of which the base is a square, and the other faces equal 
isosceles triangles, is placed in the circumscribing spherical surface ; prove that it 
will rest in any position if the cosine of the vertical angle of each of the triangular 
faces be f . [Math. Tripos, 1859.] 

Ex. 3. A frustum of a tetrahedron is bounded by parallel faces ABC, A'B'C'. 
Prove that its centre of gravity G lies in the straight line joining the centres of 

gravity E, E' of the faces ABC, A'B'C' and is such that where 

^ J ^ EE 4(l + 7i-rrr) 

n is the ratio of any side of the triangle A'B'C' to the corresponding side of the 

triangle ABC. [Poinsot.] 

Ex. 4. A frustum of a tetrahedron ABC JO is bounded by faces ABC, A'B'C' not 
necessarily parallel. Find its centre of gravity. 

Let DA, DB, DC be regarded as a system of oblique axes, let the distances of 
A, B, C, A', B', C' from D be a, b, c, a', h', c'. Then 

_ a^bc - a'“b'c' - _ 3 ah‘^c~ a'b''^c' - _ 3 a&c" - a'h'c'“ 

abc-a'h'c' ’ abc-a'b'c' ’ ^ ahc-a'b'c' 

To prove these results, we regard the tetrahedra as the diSerence of two 
tetrahedra whose volumes are as abc : a'b'c'. 

Ex. 5. The top of a right cone, semivertical angle a, cut off by a plane making 
an angle B with the axis, is placed on a perfectly rough inclined plane with the 
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corner. Prove also that the same theorem is true if we read faces for edges, Arts. 
79 and 86. 

Ex. 2. The centre of gravity of the four faces of a tetrahedron is the centre of 
the sphere inscribed in a tetrahedron whose corners are the centres of gravity of the 
faces of the original tetrahedron. 

Ex. 3. If H be the centre of gravity of the faces of a tetrahedron, G the centre 
of gravity of the volume, I the centre of the inscribed sphere, then iT, (r, I are in 
one straight line and HG is equal to one third of GI. 

Ex. 4, The straight lines which join the middle points of opposite edges of a 
tetrahedron are called the median lines. Show that the medians pass through the 
centre of gravity G of the volume and are bisected by it. 

Place particles of equal weight at the corners A, B, C, D. The centres of 
gravity of the particles Aj B and C, D are respectively at the middle points if, N 
of the edges AB, CD. Hence the centre of gravity of all four is at the middle 
point G of MN. 

Ex. 5. A polyhedron circumscribes a sphere ; show that the centres of gravity 
of the volume and of the surface, viz. G and ff, and the centre 0 lie in the same 
straight line and that OG = ^OH. [Liouville’s J., 1843.] 

393. Tlie isosceles tetrahedron. A7i isosceles tetrahedron is one whose 
^ o^^posite edges are equal. It follows from this definition that the sides of any two 
faces are equal each to each. 

Ex. 1. Show that the following five points are coincident, viz. (1) the centre of 
gravity of the volume, (2) the centre of gravity of the six edges, (3) the centre of 
gravity of the four faces, (4) the centre of the circumscribing sphere, (5) the centre 
of the inscribed sphere. Let this point be called G. 

Ex. 2. Show that the medians pass through G, are bisected by it and are 
perpendicular to their corresponding edges. Show also that the three medians are 
at right angles and form a system of three rectangular axes. See Casey’s Spherical 
Trigonometry j 1889, Art. 127. 

Let ilf, N, P, Q, B, S be the middle points of the edges AB, CD, BD, AG, AD, 
BC. Then PB, QS are parallel to AB and each is half AB', similarly PS, QB 
are parallel and equal to half CD. Since the opposite edges AB, CD are 
equal, it follows that PQBS is a rhombus, and therefore that the diagonals or 
medians PQ, BS are at right angles. The median MN being perpendicular 
to the plane containing PQ, BS is perpendicular to PB, QS and therefore to the 
edge AB. 

' 394. Double tetrabedra. To find the centre of gravitij of the solid hounded hy 

six triangular faces, i.e. contained hy two tetrahedra having a common face. 

Let the common base be ABC and D, D' the vertices. Join DD', and let it cut 
the base in E. We replace the tetrahedron ABCD by four particles, each one-fourth 
its mass situated at the points A, B, G, D. ^ 

Treating the other tetrahedron in the same wav. 
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masses situated at D and D', and each one-fourth that of the whole solid, togetl: 
with a third particle situated at E of the same mass Jiut taken negatively. T 
centre of gravity of the whole solid is the same as that of Jive equal particies plac 
at At C, D, D' together loith a sixth particle equal and opposite to any of the f 
placed at the intersection of DD' with the common face ABC. 

395. Ex. The centre of gravity of a pyramid on a plane quadrilateral ba 
is the same as that of five equal particles placed at the five apices, and a six 
equal but negative particle placed at the intersection of the diagonals of the bas 
[To prove this draw a plane through the vertex and a diagonal of the base ; tl 
: solid then becomes two tetrahedra joined together at a common face.] 

396. Circular arc. To find the centre of gravity of an a] 
of a circle. 

Let AGB be the arc, 0 its centre. Let the radius OG bise( 
the arc, let OG—a, and the angle 
AOB = 2a. Let JPQ be any element 
of the arc, and let the angle POG= 0. 

Then in the fundamental formula of 
Art. 380 m = adS, oo = a cos 6. lix be 
the distance of the centre of gravity 
of the arc from 0, 

__ Xmx ^adO .acos0 sin a 

x = -= — = a , 

jadu a 

since the limits of 9 are 6~— a and 
^ = + a. As this result is frequently 
used, it will be convenient to put it into a form which will b 
convenient for reference. 

Distance of c. G. 
of arc from centre 
This result was given by Wallis. 

397. Ex. A series of 2n straight lines are inscribed in a circular arc, eac 
straight line subtending an angle 20 at the centre. Prove that the distance of the 
centre of gravity from the centre is ?'cos0 sin 27z0/27zsin 0. Then deduce ti 
centre of gravity of a circular arc of any angle. [Guldin’s Problem 

398. Centre of gfravity of any arc. The coordinates c 
the centre of gravity of the arc of any uniform plane curve ar 
given by the formulae 


1 — sin (half angle) , __ chord 
I half angle 


A 
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according as the equation to the curve is given in the Carte 
form y=f(x) or the polar form r = F{6). If the curve be in t] 
dimensions we have an expression for z similar to those wri- 
above. The corresponding expressions for ds are given in w< 
on the differential calculus. 

399 . The process of finding the centre of gravity of an arc is merely th 
substituting for ds from the given equation to the curve and then integrating 
seems unnecessary to give at length examples of what is merely Integra tior 
shah therefore state only the results in a few cases likely to be useful. 

\/Ex. 1. The coordinates of the centre of gravity of an arc of the cat€ 

c fZ , . _ c{y-c) - 1 / cx\ 

' = from a; = 0 to a; = a; are x=x — , y = ^(y -\ — )• 

s \ s J 

These admit of a geometrical interpretation. Let PQ be amj arc oi 
catenary. Let the tangents at P and Q meet in T and the normals at P a: 
meet in N. If x, y be the coordinates of the centre of gravity of the arc PQ, 
S= abscissa of P, and y=half the ordinate of N. 

Ex. 2. Find the centre of gravity of the arc OP of a cycloid between the v 
0 where <p=Q and the point P, the equations to the curve being a; = 2a0 + asi: 
y=:a-a cos 20, and the arc OP being s = 4a sin 0. 

•D n , 2a (1- cos 0)2 (2 + cos 0) __ , 

^3 sin 0 ’ y 

Ex. 3. If G be the centre of gravity of any arc AP of the lemni 
r2=a2 cos 2^, prove that 00 bisects the angle AOP. One case of this is giv 
Walton’s Problems on Theoretical Mechanics, 

Ex. 4. The centre of gravity of any arc PQ of the curve r^ sin Bd = a^ lies i 
straight line joining the origin to the intersection of the tangents at P and Q. 

Ex. 5. If the density at any point of the arc vary as prove that the c 
of gravity of any arc PQ of the curve sin n9 = a!^ lies in the straight line jo 
the origin to the intersection of the tangents at P and Q. 

Ex. 6. The locus of the centre of gravity of an arc of given length o 
lemniscate ?‘2=a2cos 19 is a curve which is the inverse of a concentric ellipse. 

[R. A. Robert’s theo; 

400. Sectors of circles. To find the centre of gravity ( 
sector of a circle. 

Let AGB be the arc of the sector, 0 its centre. As in Art. 
let the radius OG bisect the arc, OG = a and the angle AOB = 
We divide the 
tarj triangles 


sector into elemen- 
:>f equal area. Let 
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bilged at equal distances along an arc ah of a circle. These are 
resented in the figure by the row of dots. In the limit when 
triangles are infinitely small this becomes a homogeneous arc 
b circle. The distance of the centre of gravity of the sector 
fi 0 is therefore given by the result in Art. 396, viz. 


_ sm a 
x = - 


la = ^ 


chord AB 


radius 0(7. 


a ^ ^ arc AB 

3 result was given by Wallis. 

Ol. Ex. To find the coordinates of the centre of gravity of the area of a 
rant of a circle JOB. 

‘his is a particular case of the last article, viz. -when a=jT. If x, y be the 


linates of G referred to OA, OB as axes, we have x=:OG cos a= ~ , y= 

OTT ^ 


4(2 

Stt 


02 . Ex. The distance of the centre of gravity of the area of a segment 
circle measured from the centre is f » where a is the semiangle 

le segment. 


a - sm a cos a 


403. Projection of areas. If any plane area is orthogo- 
y projected bn any other plane, the centre of gravity of the 
ection is the projection of the centre of gravity of the primitive 


Let the plane on which the projection is made be the plane of 
md let a be the inclination of the two planes. Let dS be any 
lent of the area of the primitive, dlL the area of its projection, 
n by a known theorem in conics dlL — dS cos a. We also notice 
the cc and y coordinates of dS and dli are the same because 
projection is orthogonal. The coordinates of the centre of 

ity of either area are known from x — — , y = , 

re the m for one area is dH and for the other is dS. Since 
e are in a constant ratio, the values of x and y are the same 
jach area. 


[n order to use effectively the method of projections we join to 
le two following well known theorems which are proved in 
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relation in the form of ratios of lengths of parallel straight lin' 
To do this it may be necessary to draw parallels to some of t 
lines in the primitive if there are no parallels to them mention 
in the given relation. Having put the geometrical relation in 
the form of ratios, the same relation is' true for the project 
figure. 








404. Elliptic areas. Since an elliptic area is well known 
be the orthogonal projection of a circle, we can deduce the centi 
of gravity of the various parts of an ellipse from those of t 
corresponding parts of a circle. The circle used for this purpc 
is sometimes called in conics jihe auxiliary ci^^ 

^ ‘ 405. To find the centre of gravity of an elliptic area. 

The coordinates of the centre of gravity of a quadrant AOB 
a circle, referred to OA, OB as axes, may be written in the form 

OA OB Sir ^ 


since OA, OB are both radii. But x and OA are parallel straig 
lines, and so also are y and OB. Hence these relations hold in t 
projected figure also. 

I If then OA, OB are the major and minor semiaxes of 
|lj ellipse, the coordinates of the centre of gravity of the area of \ 
:f| quadrant are given by (1). 

If we make the plane on which we project intersect t 
quadrant of the circle in any straight line not one of the boundi 
radii the circular quadrant projects into an elliptic quadre 
bounded by two conjugate diameters. 

If then OA, OB are any two semiconjugates of an ellipse, ; 
coordinates of the centre of gravity of the contained area are gii 
by equations (1). 

The position of the centre of gravity of a semi-ellipse was fi 
found by Guldin. 


406. Ex. 1. A chord PQ of an ellipse, centre C, passes always through a fi 
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s. 3. The area A of any elliptic sector POP' is A = ^ab{(p -0), and the 
inates of the centre of gravity referred to the principal diameters, are 
5 _ ^ sin 0' - sin ijj) ^ cos 0-cos 0' 

a “ “ 0'“3^ ’ b~ '^ 0'"-r^ ’ 

i (f>' are the eccentric angles of P and P'. 

s. 4. Show that the centre of gravity G' of the elliptic segment bounded by 

OA' sin^ 0 

hord PP' is given by OG' = ?,- : — ^ , where OA' is the conjugate of PP' 

° ^ 0 - sin 0 cos 0 •' ^ 

in 0 is the ratio of PP' to the parallel diameter. 

X. 5. The centre of gravity G of the area included between an ellipse and the 
angents drawn from any point T in the diameter OA' produced is given by 
OG _ ^ tan^ 0 sin 0 
OA'^ ^ tan 0-0 ’ 

j sin 0 is the ratio of half the chord PP' of contact to the semiconjugate of OT. 
low also that the coordinates of G referred to the tangents TP, TP' as axes are 
^ y _ 1 1 /-I 1 ^ 'P\ 

i the parabola, we have by rejecting the higher powers of 0, x=lTP, y=lTP', 
X. 6. The coordinates of the centre of gravity of the quadrilateral space 
led by arcs of four concentric and coaxial ellipses are , 

- — 5 'Pi ~ 01 ) + (siQ i>2 ~ sin (Pq) + &c. ^ f , 

^ ^1^1 (01^ “■ 0 l ) + <^2^2 (02^ “ 02) + 

, similar expression for y. 

^7. Analytical Aspect of Projections. The geometrical method which has 
leen used in projecting the ellipse into the circle, or conversely, is really equi- 
t to a change of coordinates. We write x — x', y=gy', where is a quantity 
r disposal, which we so choose that the equation to the ellipse reduces to the 
er form of a circle. We can obviously extend this principle and apply it to 
urve. Let us write x=fx', y=:gy'- we thus have two constants instead of one 
oose as we please. 

eoinetrically this is equivalent to two successive projections. By writing 
(' we project the primitive on a plane passing through the axis of x, and 
by writing x~fx' we project the projection on another plane passing through 
xis of y'. We may therefore in this generalized projection assume the two 
ems of projection already mentioned, and transform all formulae relating to 
s of parallel lengths from one figure to the other. 

%alytically, let the equations to the several boundaries of any area A be 
red into those of A' by writing x=fx', y=gy'- Let {x, y), {x', y') be the co- 
ates of the centres of gravity of A and A'. Then we have 
A = jj dxdy =fgjjdx'dij' =fgA', 
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408 . The method of projection does not apply so conveniently to fin^ 
centres of gravity of hyperbolic areas* because we have to use imaginary projeci 
By projecting the rectangular hyperbola instead of the circle we may find the c 
of gravity of any hyperbolic area. 

"We may however infer from any general proposition proved for the ellips 
corresponding theorem for the hyperbola by using the law of continuity, 
example, (see Ex. 2, Art. 406) the centre of gravity of a sector of an ellipse 
x~x to x~a is given by 5=| alzl^ixr'^h, where k has been written for [l-x^ja^ 
the sake of brevity. This must be true also for the imaginary branches c 
ellipse which originate in values of x>a._ Put k = h'j>J -1 and use the formi 
analytical trigonometry, 6 ^J{~ 1) =log (cos 6 + -1 sin 6), where 9 = sin“^/c ; W( 

for the centre of gravity of a hyperbolic sector 

^ = 1 , where k' = 

“ 3log(7i'+V*'" + l) IW 1 


f 409. Centre of gravity of any area. After having obta 
the fundamental formulae of Art. 380 the discovery of the cei 
of gravity of any area is reduced to two processes. (1) Wei 
to make a judicious choice of the element m, and (2) we ha^ 
effect the necessary integrations. The latter process is fully 
cussed in treatises on the integral calculus, in fact it is a pa 
that science rather than of statics. It will thus be unnecessa] 
do more here than make a few remarks on the choice of m 
special reference to centres of gravity. 

If the centre of gravity of the area bounded by two ordinates Aa, Bh be reqi 
we put the equation of the curve into 


the form ?/=/(a;). We choose as our 

element the strip PQiW. Here PiU= 2 ^ ^ y1 

and 77i=2/da;. The coordinates of the % 

centre of gravity of m are x and 
Hence, Art. 380, the formulae to be 
used are 

_ __ "Zmx __ jydx . x ___ 

lydx ’ \ydx qC 

If the centre of gravity of the 

sectorial area AOB is wanted, we put the equation into the form r=f{e). 
choose as our element the triangular strip POQ. Here OP=r, and m=z\rHd. 
Cartesian coordinates of the centre of gravity of m are frcos 9 and |r siu0. 
formulae to be used are 


___ cos 6 

^ ~ \hrHd ’ 


-_jir'^d9 .|r sin 6 
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, 0 . If the figure whose centre of gravity is required is a triangle or quadri- 
. whose sides are curvilinear^ the proper choice for the element m will depend 
i form of the curves. 

we join the angular points to the origin we have three or four sectors whose 
and centres of gravity may be separately found and thence, by Art. 380, the 
of gravity of the figure. Sometimes the bounding curves are of the same 
s so that when the process has been gone through for one sector the results 
e other sectors may be inferred. In such cases the method is very advanta- 
Eor example, we have already seen how the area and centre of gravity of a 
[lateral bounded by four elliptic arcs could be immediately deduced from the 
nd centre of gravity of an elliptic sector. See Ex. 6, Art. 406. 
tting this in an analytical form, we have for a curvilinear triangle whose sides 
=/iW; r"=/3(n, 

'Zmx=\ r^ cos 6dd + J\'^cos j r"^cos6"dd", 

a, j8, 7 are the inclinations of the radii vectores of the angular points to the 
1 X. In forming these integrals we travel round the triangular figure taking 
les in order. 

might appear at first sight that we are adding together all the three sectors 
d of adding some together and subtracting the others. But it will be clear 
i little consideration that in those sectors which should be subtracted from the 
. the dd is made negative by taking the limits in the same order as we travel 
the triangle. 

stead of joining the angular points to the origin we might draw perpendiculars 
} axis of a;. We then have 

fb [g , , fa , 

'Zmx= / xgdx+ I x ydx + I x y"dx", 

J a J b J c 

a, b, c are the abscissae of the angular points. As before, in taking the 
we travel round the sides in order. 

, 1 . Sometimes we may use double integration. Suppose we can express the 
ons to both the opposite sides of a curvilinear quadrilateral in one form by 
an auxiliary quantity il. That is, let the one equation represent one 
ary when u = a, and let the same equation represent the opposite boundary 
= Let this one equation be (f}{x,y, w) = 0. It is always possible to do 
or let/i [x, y) =0, [x, y) = 0 be the boundaries, then 

0=(M-a)/i(.r, y) + {u-b)f^{x, y)=0 

ents one or the other according as u = a ox u=^h*. But this particular form 
always a convenient mode of expressing <f>.^ In the same way let ^ (;r, y, r) = 0 
ent the other two boundaries when v = e and v—f. 

bien this has been accomplished we have only to follow the rules of the 
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To find the Jacobian it may be necessary to solve the equations 0 = 0, ^=0, 

to express a;, y in terms of u, v. We then have «/= ~ ^ ^ ^ . Unless we 

du dv dv du 

been able in the first instance to express <p and 0 so conveniently that this Jac( 
takes a simple form when expressed in terms of w, v, this method may lead to 
plicated analysis. The advantage of the method is that the limits of integr; 
ti=a to b, v = e to /are constants, so that the integrations maybe performed ii 
order or simultaneously. 


412 . Ex. 1. An area is cut ofi from a parabola by a diameter ON ai 
ordinate PN : prove that x=^x, y=%y. 

Ex. 2. Two tangents TP, TP' are drawn to a parabola ; show that th 
ordinates of the centre of gravity of the area between the curve and the tan| 
are x—\TP, y=lTP' referred to TP, TP' as axes. Art. 406, Ex. 5. [Wal 
Regard the area as the difference between a triangle and a parabolic segme] 


Ex. 3. The equations of a cycloid are x=a (1 - cos 6), y = a{d + sin 6). i 
that the centre of gravity of half the area is given by ^ = y = ^ 

2 \ yTT/ 


[Wa 


Ex. 4. Find the centre of gravity of the half of either loop of the lemnii 
r2=a2 cos 2d bounded by the axis. The result is 


___ ira -_3log(^/2 + l) -^2 

®-V2’ 2' “• 

Ex. 5. Four parabolas whose equations are y^=a^x, y^ = Vx, x^- 
x^=.fhj intersect and form a quadrilateral space. Find the centre of gravii 
We take as the equations to the opposite sides y'^ = u'^x and x^=v^y. Sob 
we find x = uv^, y^u^v and J This gives by substitution 




Ex. 6. The centre of gravity of the space bounded by two ellipses and 
hyperbolas all confocal lies in the straight line 

y ^ {^2 ~ <^ l ) « - ^ l ) + ( 21^2 + - ^ 2 ' ^ - (^'1 

X (^2 bj) (^2 “ bj ) (b2^+ bjbg + bj^ + b2^^ + * 

where the unaccented letters denote the semiaxes of the ellipse and the acce 
letters those of the hyperbola. 

57^ y^ xP' 7/^ 

We take as the equation to the opposite sides — = — j- — ^ 

u u~h V v~h 

where u>h and v<ch. These give hx’^ = uv, -hy^=:{u-h) {v -li), as show 
Salmon’s Conics. The result then follows easily enough. 

Ex. 7. If the density at any point of a circular disc whose radius is a 
directly as the distance from the centre, and a circle described on a radiu 
diameter be cut out, prove that the centre of inertia of the remainder will be 
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. 9. The curve for which the ordinate and abscissa of the centre of gravity of 
ea included between the ordinates x~a and x=x are in the same ratio as the 
ing ordinate y and abscissa x is given by the equation — 

[Math. Tripos, 1871.] 

13. Pappus^ Theorems. Before treating of the centres of 
[tj of surfaces or volumes it seems proper to discuss a method 
^hich the centres of gravity of the arcs and areas already 
i may be used to find the surface or volume of a solid of 
ution. The two following theorems were first given by 
>us at the end of the preface of his seventh book of Mathe- 
oal Collections. 

^et any plane area revolve through any angle about an axis in 
vn plane, then^ 

L) The area of the surface generated by its perimeter is equal 
? product of the perimeter into the length of the path described 
e centre of gravity of the perimeter. 

2) The volume of the solid generated by the area is equal to 
)roduct of the area into the length of the path described by the 
e of grav ity of the area. 

n both these theorems the axis is supposed not to intersect 
perimeter or area. 

14. Let AB be an arc of the curve, and let it lie in the plane 
Let it revolve about the axis of ^ through any elementary 
3 dO. Any element PQ = ds of the perimeter is thus 
ght into the position P^Q', and the area traced out by 
is ds . PP' = ds . oodO. The whole area or surface traced 
by the finite arc AB is dOjxds. But this is d6 . xs, if s be 
arc AB and x the distance of its centre of gravity from 
axis of 5 . If the arc now revolve again about Oz through 
3 ond elementary angle dd, an equal surface is again traced 

Hence, when the angle of rotation is 6, the area is s . x6. 
x9 is the length of the path traced out by the centre of 
ity of the arc. The first proposition is therefore proved. 
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by the whole area of the closed curve is dOJxdA. But this is 
d6 . xA, if A be the area 
of the curve and x the 2 

distance of its centre of 
gravity from the axis of 
revolution. Integrating 
again for any finite value 
of 9, we find that the 
volume generated is 
A . x9. This as before 
proves the theorem. 

In both these proofs 
Ave have assumed that 
the Avhole of the curve 
lies on the same side of the axis of rotation. For suppose 
Pj and Pg were two points on the curve on opposite sides of the 
axis of then their abscissse and x^ would have opposite signs. 
Thus the elementary surfaces or volumes (having the factor xd9] 
would also have opposite signs. The integral gives the sum of 
these elementary surfaces or A^olumes taken Avith their proper 
signs. It follows that, when the axis cuts the curve, Pappus’ 
two rules give the difference of the surfaces or volumes traced out by 
the tiuo parts of the curve on opposite sides of the axis of revolution. 

415. Ex. 1 . Find tlie surface and volume of a tore or anchor-ring. 

This solid may be regarded as generated by a complete revolution of a circle 
about an axis in its own plane. Let a be the distance of the centre from the axis, 
h the radius of the generating circle. Then a>6 if all the elements are to be 
regarded as positive. The arc of the generating circle is 27r&, the length of the path 
described by its centre of gravity is The surface is therefore 4:Tr^ab. The area 

of the circle is the length of the path described by its centre of gravity is 2-rra. 
The volume is therefore 2Tr^ab^. 

Ex. 2. Find the volume of a solid sector of a sphere with a circular rim and 
also the area of its curved surface. 

This solid may be regarded as generated by a complete revolution of a sector ol 
a circle about one of the extreme radii. Let 2a be the angle of the sector, 0 its 
centre. The arc of the sector is 2aa. The length of the path described by its 
centre of gravity G is 27r. OG sin a, where OG=(asin a)/a. The spherical surface u 
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16. It should be noticed that for any elementary angle dd 
ixis of rotation need only be an instantaneous axis. Suppose 
plane area to move so as always to be normal to the curve 
ibed by the centre of gravity of the area. Then as the centre 
'avity describes the arc ds, the area A may be regarded as 
ing round an axis through the centre of curvature of the path. 
3e the elementary volume is Ads, and the volume described is 
3roduct of the area into the length of the path described by 
;entre of gravity of the area. 

n the same way, if the area move so as always to be normal to 
pabh described by the centre of gravity of the perimeter, the 
bCe of the solid is the product of the arc into the length of the 
of the centre of gravity of the perimeter. 

L7. When the axis of rotation does not lie in the plane of the curve, we can 
modification of Pappus’ rule to find the volume generated by the motion of 
rea. 

it us suppose that the axis of rotation is parallel to the plane of the curve, 
ring to the figure of Art. 414, let CL be the axis, and let RL be a perpendicular 
Tom any point R within the closed curve. The elementary area dA at R will 
lescribe a portion of a thin ring whose centre is at L. The length of this 
mis 6 , RL. The area of the normal section of this ring is dA cos <p, .where <p 
! angle the normal RL to the ring makes with the area dA. The volume 
I out is therefore RL . coscp. ddA. But this is the same as x6dA. This is 
.me result as we obtained before when the axis of revolution was Oz. 
the element were to revolve round Oz it would trace out a ring of less radius 
it actually does in its revolution round CL, and these rings would be differ- 
situated in space. But the normal section of the larger ring is so much less 
that of the smaller ring that the two volumes are equal, 
e infer that Pappus’ rule will apply to find the volume if we treat the projection 
) axis on the plane of the curve as if it were the actual axis of rotation. The 
of rotation is to be the same for both axes. 

the area does not lie wholly on one side of the projection, it must be remem- 
that the volumes generated by the two parts on opposite sides of the projection 
ave opposite signs. 

i. 1. If the axis of revolution is incHned to the plane of the area at an angle 
)w that Pappus’ rule will give the volume generated if we treat the projection 
j axis on the plane as if it were the axis of revolution and regard the angle of 
on as 6 cos a instead of d. 

2. A Quadrant of a circle makes a eomnlete revolution about an a-ric 
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point between Aj and A 2 . If it is either, the areas traced out by arcs on opposite 
sides of that point will have opposite signs. 

Ex, 4. A solid is generated by the revolution of an area about the axis of z 
which lies in its own plane. The density D at any point P of the solid is a given 
function of z and p, where p is the distance of P from the axis. Prove that the mass 
may be found by Pappus’ rule if we regard D as the surface density at any point P 
of the generating area where the coordinates of P are z and p. 

418. Areas on the surface of a right cone. To find the 
centre of gravity of the whole surface of a right cone excluding the 
hose. Guldin’s Theorem. 

Let 0 be the vertex, G the centre of the base, then OC 
is perpendicular to the plane of 
the base. The required centre of 
gravity lies in OG. 

Divide the surface of the cone 
into elementary triangles by draw- 
ing straight lines from the vertex 
0 to points a, b, c, &c. in the base. 

The centre of gravity of each tri- 
angle lies in a plane parallel to the a 
base and dividing the sides Oa, Ob, 

&c. in the ratio 2 : 1. The centre 
of gravity of the whole surface is 
therefore at the intersection of this plane with OG. 

The centre of gravity of the surface of a right cone is two-thirds 
of the way from the vertex to the centre of the base. 

Ex. Show that the same rule applies to find the centre of gravity of the 
whole curved surface of a right cone on an elliptic base or more generally on anj 
base which is symmetrical about two diameters at right angles. 

419. To find the area and centre of gravity of a portion of the 
surface of a right cone on a circular base. 

Referring to the figure of Art. 418, let PQ = dS be an element 
of the surface of the cone, P'Q'—dU its projection on the base, 
The angle between PQ and P'Q' is the same as the angle between 
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• we take the axis of the cone for the axis of it is clear that 
id dli have the same coordinates of x and y. Hence, proceed- 
xactly as in Art. 403, we see that the projection of the centre 
avity of any portion of the surface of the cone on a plane 
mdicular to the axis is the centre of gravity of the projection. 
7e have yet to find the ^ coordinate of the centre of gravity. 
Qg any plane perpendicular to the axis as the plane of xy, we 
_ _ _JdSz _ /s'cZn 
“ JOT ’ 

the distance of the centre of gravity of any portion S of the 
ce from any plane perpendicular to the axis is equal to the 
ne of the cylindrical solid between S and its projection H on 
plane divided by the area H. 

,ese three results depend on the fact that the area of any element dS of the 
e bears a constant ratio to its projection dU on the plane of xy. This again 
es that every tangent plane to the surface should make a constant angle with 
ane of xy. Other surfaces besides right cones and planes possess this pro- 

Any developable surface which is the envelope of a system of planes making 
Q angle with the plane of xy will obviously satisfy the conditions. 

1. A cone of any form is intersected by a plane AB, and any straight line 
5 vn from the vertex to meet the section in JET. Prove that the conical volume 
m the plane of the section and the vertex is equal to the product of ^ OH into 
ojection of the area AB on a plane perpendicular to OH. 

2. A right cone, whose semi-angle is a, is intersected by a plane AB cutting 
ds in H and making an angle /3 with the axis. Show that, (1) the surface S 
) cone between the elliptic section AB and the vertex 0 is equal to the product 
area of the section AB into sin /S cosec a ; 

the centre of gravity of the surface S lies in a straight line drawn parallel 
axis of the cone from the centre C of the section AB ; 

the distance of the centre of gravity of the surface* S from C=^OH. 
ace both the surface S and the section AB project into the same elliptic area 
the two first results follow from what has been proved above. 

) prove the third result we divide the surface into elementary triangles by 
Qg straight lines from the ver- 
to the base AB. It follows, as 
. 418, that the centre of gravity 
5 surface lies in a plane drawn 
el to the base through a trisec- 
f OH. 

i. 3. A right cylinder stands 
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volume of the cylinder between the plane AB and the base is equal to the product 
of the area of the base into the ordinate of the plane at the centre of gravity of the 
area. 

By considering part of the perimeter of the base to be rectilinear and part 
curved, this gives the surface and volume of the portion of the cylinder cut olf by 
two planes parallel to the axis and two transverse to the axis. 

Ex. 4. A right cylinder stands on the base Ax^-hB]/‘^ = l, and is intersected by 
the plane z = li+])x->rqy> Prove that the coordinates of the centre of gravity of the 
volume are given by Jix ~p, 4Bhy = qy 2z = h +px + qy> 


420. Spherical Surfaces. There are two projections of the 
spherical surface which have been found useful. We can project 
any portion of the surface on the circumscribing cylinder and on a 
central plane. We shall consider these in order. 

Let the origin be at the centre of the sphere, and let the 
rectangular axes x, y, cut the surface in A, B, 0. Let the 
polar coordinates of any point P be as usual 0P=^a, the angle 
COP = 0 and the angle NO A = Let PL = p be a perpendicular 
on the axis of . 2 ^, then OL = z. 


Let a cylinder circumscribe the sphere and touch it along the 
circle of which AB is a quadrant. Any point P on the sphere is 
projected on the cylinder by 


producing LP to meet the 
cylinder in P'. According 
to this definition any point 
P and its projection P' are 
so related that their zb and 
<P'b are the same. 

The area of any element 
PQR on the sphere is 
PQ.QR, and this is equal 
to a sin 6d(j>.add. The area 
of the projection on the 
cylinder, viz. P'Q'R' is jb 
P'Q\Q'R\ and this 



IS 


adcb.dz', where / = (7P = a — acos 6. Substituting for we see 
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t follows from this result that the area of any finite portion 
e spherical surface is equal to the area of its projection on any 
mscribing cylinder. This rule enables us to find many areas 
e sphere which are useful to us. Thus the area cut off from 
iphere by any two parallel planes whose distance apart is h is 
1 to the area of a band on the cylinder whose breadth is h. 
area on the sphere is therefore 2irah. We notice that this 
t is independent of the position of the planes, except that they 
I be parallel. Thus the area of a segment of a sphere whose 
d sine is h is "Unrah. 

51. This important theorem is used also in the construction of maps. The 
on a terrestrial glote are projected in the roaSher fust described on a circum- 
ig cylinder. The cylinder is then unrolled on a plane. In this way the whole 
may be represented on a map of a rectangular form. The advantage of this 
action is that any equal areas on the globe are represented by equal areas on the 
This is true for large or small areas in w^hatever part of the globe they may 
aated. The disadvantage of the construction is that any small figure on the 
f not similar to the corresponding figure on the globe. If the figure is situated 
he curve of contact of the cylinder, the similarity is sufficiently close for 
3al purposes, but if the figure is situated nearer the pole of this curve of 
it, the dissimilarity is more striking. Thus a small circle very near the pole 
resented by an elongated oval. In some other systems of making maps, as 
ample Mercator’s, any small figure on the map is made similar to the cor- 
ding figure on the globe, but in that case equal areas on the map do not 
3 ond to equal areas on the globe. 

. A map is made on the following principle. Any point 0 on the surface of 
e of radius unity, and a corresponding point O' on a map being taken, the 
P', Q' corresponding to the two points P, Q on the globe are found by taking 
igths 0'P' = a tan iOP, O' Q' = a tan ^OQ, the angle P'O'Q' being made equal 
5 . Prove that any infinitely small corresponding portions on the sphere and 
"e similar. Show also that the scale of the map in the neighbourhood of any 
P' varies as a“ + O'P'^. 

the tangents are replaced by sines in the relations given above, prove that 

'.as of corresponding portions have a constant ratio. 

ese are called the stereographic projection and the chordal construction. 

22. The altitude of the centre of gravity of any portion of the 
e above the plane of contact is equal to the altitude of the centre 

J.V ^ • •7..* -..7' m- 
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the corresponding band on the cylinder, and is therefore half 
between the parallel planes, and lies on the perpendicular ra( 
In the same way the centre of gravity of a hollow thin h 
sphere of uniform thickness bisects the middle radius. 

423 . Ex. 1. A segment of a sphere of height h rests on a plane base : 
that the centre of gravity of the surface including the plane base is at a dis 
equal to a/i/(4a- h) from the base, where a is the radius of the sphere. 

Ex. 2. The distance of the centre of gravity of the surface of a lime froi 

axis is -where 2a is the angle of the lune. 

4 a 

Ex. 3. A bowl of uniform thin material in the form of a segment of a sph 
closed by a circular lid of the same material and thickness, which is hinged a 
a diameter. If it be placed on a smooth horizontal plane with one half of tl 
turned back over the other half, show that the plane of the lid will make wit 
horizontal plane an angle (f> given by Stt tan 0 = 4 tan ; a being the angb 

radius of the lid subtends at the centre of the sphere. [Math. Tripos, ] 

'■ 

/ 424 . To find the centre of gravity of any spherical triangle. 
v Let us begin by projecting any portion of the surface of the sphere on a c< 
.f-'" plane. Let this be the plane of xy. Let dS be any element of area, dll its p 

^ tion, let d be the angle the normal at dS 

makes with the axis of z. Then 
dU = dS cos 6 = dS . zja. 

Hence, integrating, we have aIL = Sz. 

It follows that the distance of the centre 
of gravity of any portion. S of the surface of 

a sphere from a central plane a, lohere 

o 

n is the projection of S on that plane*. 

This result follows from the equality 
QOS 6 = zja. Other surfaces besides spheres 
possess this property. These surfaces are 
generated by the motion of a sphere of constant radius, whose centre moves i 
manner in the plane of xy. As an example an anchor ring or tore may be ment 
Let us now apply this Lemma to the spherical triangle. Let A, G \ 
angles, a, b, c the sides, let 0 be the centre of the sphere, p its radius. Let < 
a perpendicular from C on the plane AOB, let AN, BN be the two elliptic 
which are the projections of the sides AG, BG of the spherical triangle. 

By the lemma, z ; p=area ANB : area ABG. Also 

(area ANB) = (area AOB) - (area AOG) cos A - (area BOG) cos B 
= ip2 (c - b cos A - u cos R). 


G 
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formula gives the distance of the centre of gravity from the plane AOB 
ining any side of the triangle. The distances from the planes BOG, GOA 
ining the other sides are expressed by similar formulae. 

X. 1. • If p, g, r be the perpendicular arcs from the angular points A, B, "(/on 
pposite sides, and G the centre of gravity of the spherical triangle, prove that 
cos AOG Gos BOG cos GOG 1 

a sin p h sin g c sin r ~~ 2E * 

is equivalent to the result given in Moigno’s Statique. 

X. 2. A surface is generated by the revolution of the catenary about its axis, 
bis be the axis of ^ and let the plane generated by the directrix be that of xy. 
portion S of its surface is projected orthogonally on the plane xy, and F is the 
re of the cylindrical solid formed by the perpendiculars from the perimeter of 
’rove that the x and ^ of and V are equal each to each, but the z of the first 
ible that of the second. [Giulio, also Walton.] 


t25. Any surfaces and solids of revolution, A known 
e curve revolves round an axis in its own plane which we shall 
as the axis of and the angle of revolution is 2a. It is 
ired to find the centres of gravity of the surface and volume 
generated. 

;t is clear that every point describes an arc of a circle whose 
re is in the axis of Thus the whole solid is symmetrical 
Lt a plane passing through and bisecting all these arcs. Let 
be the plane of xz. The 


res of gravity lie in this 
e. Let PP' be half the 
iescribed by P, the other 
being behind the plane xz 
not dravm in the figure. 

Liet PQ=ds be any arc of 
generating curve, then the 
of the elementary band 
ribed by ds is w = 2xads by Pappus’ theorem, 
ity lies in MP at a distance from M equal 



Its centre of 
to {x^ma)ja, 

se the coordinates of the centre of gravity of the surface are 
Jx^ds 


_ 'Imx 

X — : 


Sin a 


_ fxzds 

Z—'-Z — . 
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write for dcr either dxdz or rdddr according as we choose to 
Cartesian or polar coordinates, replacing the single integral i 
by that for double integration. 

It is evident that these integrals are those used in the hi^ 
Mathematics for the moments and products of inertia of the 
and areas. When therefore we have once learnt the rules to 
these moments of inertia, we seldom have to perform any inte 
tion; we simply quote the results as being well known. T] 
rules are usually studied in connection with rigid dynamics, j 
knowledge of them is essential for that science, but they are 
given in some of the treatises on the integral calculus, for exar 
in that by Prof. Williamson. 


Ex. 1. A portion of an anchor ring is geoerated by the complete revoluti 
a quadrant of a circle (radius a) about an axis parallel to one of the extreme 
and distant h from it. Prove that the distances of the centres of gravity o 
curved surface and volume from the plane described by the other extreme radio 
a (2h A a) ^ a{Sh^da) 

Trb:iz2a 2 {‘dirb ^ Aa) ' 

The axis of revolution is supposed not to cut the quadrant. 


Ex, 2. A semi-ellipse revolves through one right angle about the hour 
diameter. Show that the distance from the axis of the centre of gravity o 
volume generated is Babli^'Zr, where 2 r is the length of the diameter. 

Ex. 3. A triangular area makes a revolution through two right angles aboi 
axis in its own plane. Prove that the distance of the centre of gravity of the vo 


from the axis is — 

TT 


2 a“ + j 8 --l -72 


of the sides from the axis. 


, where a, /?, 7 are the distances of the middle p 


Ex. 4. A circular area of radius a revolves about a line in its plane at a disi 
c from the centre, where c is greater than a. If 2a be the angle through whi 
revolves, find the volume generated and prove that the centre of gravity of the 
is at a distance from the line equal to sin a/4ca. [Coll. Ex., 1 


426. To find the centre of gravity of a solid sector of a sp 
with a circular rim. 


Eeferring to the figure of Art. 400, let 0(7 be the mi 
radius of the solid sector, N the centre of the rim, G the centi 
gravity of the sector, V its volume, Fq the volume of the w 
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whose centre of gBavity is at p where Op — ^ OP. Hence, if G' 
be the centre of gravity of the surface, 0 (t = |0(t'. But 
00' =•! {ON + 00) by Art. 422. Hence the result follows. The 
volume V has been already found in Art. 415. 

The centre of gravity of a solid hemisphere follows immediately 
from this result. Putting ON = 0, we see that the centre of gravity 
of a solid hemisphere lies on the yniddle radius and is at a distance 
■| radius from the centre. 

The centre of gravity of a solid octant also follows at once. 
There are four octants on one side of any central plane and the 
centre of gravity of each of these is at the same distance from that 
plane. Hence the centre of gravity of all four must be also at the 
same distance, and this has just been proved to be fa. Hence, /or 
any octayit, the distance of the centre of gravity from any one of the 
three plane faces is f of the radius. 

427 . Ex. 1. The centre of gravity and volume of a solid segment of a sphere 
bounded by a plane distant 2 from the centre 0 are given by 

Ex. 2- Prove that in a sphere, whose density varies inversely as the distance 
from a point in the surface, the distance of the centre of gravity from that point 
bears to the diameter the ratio 2 : 5. [Math. Tripos, 1867.] 

Ex. 3. Prove that the centre of gravity of a solid sphere, whose density 
varies inversely as the fifth power of the distance from an external point, is 
at the centre of the section of the sphere by the polar plane of the external 
point. [Math. Tripos, 1872.] 

428. Centres of gravity of volumes connected with the 
ellipsoid. In order to deduce the centre of gravity of any portion 
of an ellipsoid from that of the corresponding portion of a sphere, 
we shall use an extension of that method of projections by which 
we passed from the areas of circles to those of ellipses. 

One point {xyz) is said to be projected into another {xyz) 
when we write x = q.x\ y = hy\ z — cz\ The points are then said 
to correspond. Volumes V, V' correspond when their boundaries 
are traced out by corresponding points. If {xyz), {x'yz') be the 
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We may also show* that (1) parallel straight lines corres] 
to parallels, and (2) the ratio of the lengths of parallel stra 
lines is unaltered by projection. Thus the rule already expla 
in Art. 403 for areas is true also for solids. 


We may apply these principles to an ellipsoidal solid, 
equation to an ellipsoid of semi-axes a, b, c is changed into th; 
a concentric sphere by writing x = ax\ y = hy\ z = cz' . It fol 
that all projective theorems may be transferred from the sphe; 
the ellipsoid. 

/ 429 . Ex. 1. Find the centre of gravity of a solid sector of an ellipsoid wi 
elliptic rim. 


Let 0 and N be the centres of the ellipsoid and of the rim. Then ON 
conjugate diameter of the plane of the rim. Let it cut the ellipsoid in C. 
corresponding theorem for a spherical sector is given in Art. 426. Sine 
values of OG and V there given depend on the ratios of parallel length 
may transfer them to the ellipsoid. The centre of gravity G of the ellip 
sector therefore lies in ON, and we have 


OG=i 


ON+OC 


2.0C "■ 


Ex. 2. The coordinates of a solid octant of an ellipsoid bounded by 
conjugate planes are y=^b, z=^c. 


Ex. 3. The centre of gravity and volume of any solid segment of an ell 

are given by 0 (t = | , V = + y 

2c + z 4c=^ 0’ 


where 2c is the conjugate diameter of the plane of the segment, ^ its or( 
measured along c, and Fq the volume of the whole ellipsoid. 


430 . Let us construct two concentric and coaxial ellipsoids forming be 
them a thin solid shell. Let (a, b, c), (a + da, &c.) be the semi-axes of 
ellipsoids, _p and j) + dp the perpendiculars on two parallel tangent planes. 
t = dp is the thickness of the shell at any point. Let d<r be an element < 

surface of one ellipsoid, dll its projection on the plane of then dn=( 


Ex. 1. Show that the ordinate z of the centre of gravity of any portion i 
shell is given by zV=c~J^ dll, where F is the volume of that portion of the* 


Ex. 2. If the shell is bounded by similar ellipsoids, so that — = — = — 

a b c 

prove that ^ : c = Ildc : F. 
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[f two parallel planes cut off a portion from this thin shell, prove that its 
re of gravity lies in the common conjugate diameter and is equidistant from 
planes. Art. 428. 


ilx. 3. If the shell is bounded by confocal ellipsoids, so that ada:=^bdb~cdc=pdp, 

•ethat ! = 

c FT V W \ 

re and are the moments of inertia of n about the axes of x and y 
ectively, Art. 425. 


!Ix. 4. If the density of a shell bounded by concentric, similar, and similarly 
ited ellipsoids vary inversely as the cube of the distance from a point within 
javity, that point is the centre of gravity. 

f the shell be thin, and the density vary inversely as the cube of the distance 
L an external point, the centre of gravity is in the polar plane of the point. At 
5 point of the polar plane is the centre of gravity situated? [Math. T., 1880.] 
iet the shell be thin, and let 0 be the point within the cavity. With 0 for 
!X describe an elementary cone cutting off from the shell two elementary 
mes. Let v and v' be these volumes, and r, / their distances from 0. By the 
erties of similar ellipsoids, we may show that vlf^=v'lr'^. Let D, D' be the 
ities of these elements. Since D — uLlr^j we find vDr=v'D'r\ i.e, 

jentre of gravity of two elements is at 0. It easily follows that the centre of 
ity of the whole thin shell is at 0. Joining many thin shells together, it also 
ws that the centre of gravity of a thick shell is at 0. 

ext, let 0 be an external point, and let the elementary cone whose vertex is at 
:ersect the polar plane of 0 in an element whose distance from 0 is p. Since p 
3 harmonic mean of r and ?*', we easily find vDr + v'D'r' — {vD + v'D') p, i.e. the 
■e of gra’vity of the two elementary volumes v and v' lies in the polar plane of 
[t follows that the centre of gravity of the shell lies in the polar plane of 0. 
astly, let any number of particles T/ig, &q., attract the origin according to 
Newtonian law, and let the resultant attraction be a force X acting along the 
of X. If the coordinates of the particles be &c., we find by resolution 






he two latter equations show that, if the masses Wg, &c. are divided by 
lers proportional to the cubes of their distances from the origin, the centre of 
jy of the masses so altered lies in the line of action of the force X. The first 
ion shows the distance of the centre of gravity from the origin. 

. this way many propositions on attractions may be translated into propositions 
ntre of gravity, and vice versa. 

will be shown in the chapter on attractions that the resultant attraction of a 
homogeneous shell bounded by similar ellipsoids at an external point 0 is 
il to the confocal ellipsoid passing through 0. The centre of gravity of the 
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the differences we have to indicate arise only from the varying 
choice which we ma}^ make for the element m. 

Let us first find the centre of gravity of a volume. ^For 
Cartesian coordinates 'we ioko m = dxdydz, and replace the 2 by 
the sign of triple integration. We have then 

- _ dz .X . __ _JJJdxdydz .y „ ^^^dxdydz . z 

^ jjjdxdydz ’ ^ jj^dxdy dz ’ ^ fjjdxdydz 

These formulae evidently hold for oblique axes also. 

For polar coordinates we take 7n — rdO .dr .r sin dd<p, and 
^ = r sin 0 cos y^ r sin 6 sin (j>, z = r cos 9, and replace 2 by the 
sign of triple integration. These relations are proved in treatises 
on the integral calculus. We find 

^ jj\r^sm^doos(l>drddd<p ^_ij\T^8m“&sm<l>drd6d(p daosOdrdddcp 

j j jr'^ sin 6 dr d6d(p ’ jjjr- si u ddrdOdxp 

For cylindrical coordinates we have 77i = pdcf> . dp . dz, and 
a}=p cos cj), y = p sin <p. Hence 

“ - lUf (pd<j)dpdz _ _ JjJp- sin (pdcpdpdz _ _ jjjpzd(f}dpdz 
^ jjjpd<pdpdz ’ ^ JJjpd^dpdz ’ ^ jjjpdtpdpdz 

Or again, if x, y, z be given functions of three auxiliary 
variables w, v, w, we can use the Jacobian form corresponding 
to that of Art. 411. We have then m = Jdudvdiu. 


432. To find the centime of gravity of the surface of a solid we 
find the value of m suitable to the coordinates we wish to use. 

If the equation to the surface is given in the Cartesian form 
z—f{x,y), we project the element of surface on the plane of xy. 
The area of the projection is dxdy. If be the direction 

angles of the normal to the element, the area of the element must 
be secy dxdy. This therefore is our value of m. We find 

\lsQ(i-/dxdy.x Wseo-fdxdy.y 

secy dxdy ' ]\secydxdy ^ 

Taking the equation to the normal, we find 
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If the surface is given in polar coordinates r = f{B, j>), we have 
m = Tded<t> |(^)' + sitf 6 (g)‘ + sin^ . 

433. In some cases it is more advantageous to divide th 
solid into larger elements. We should especially try to choose £ 
our element some thin lamina or shell whose volume and centre ( 
gravity have been already found. Suppose, for example, we wis 
to find X for some solid. We take as the element a thin slic 
of the solid bounded by two planes perpendicular to oo. If th 
boundary be a portion of an ellipse, triangle, or some other figui 
whose area A is known, we can use the formula 

_ {Adxx 
jAdx 

In this method we have only a single instead of a triple sign c 
integration. If the centre of gravity of A is known as well as it 
area, we can find y and z by using the same element. 

To take another example, suppose the solid heterogeneoui 
Then instead of the thin slice just mentioned we might tak 
as the element a thin stratum of homogeneous substance. 1 
the mass and centre of gravity of this stratum be known, 
single integration will suffice to find the centre of gravity c 
the whole solid. This method will he found useful whenever th 
boundary of the whole solid is a stratum of uniform density, for i 
that case the limits of the integral will be usually constants. 


434. Ex. 1. Find the centre of gravity of an octant of the solid 




From the symmetry of the case it will be sufficient to find z. It will als 
evidently simplify matters if we clear the equation of the quantities a,h, c\ w 
therefore put x = ax', y = l>y\ z = cz', hxt. 

If we take as our element a slice formed by 
planes parallel to xy, we shall require the area A 
of the section PMQ, This area is 
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^dz' . 


z' = 0 to 
z' = \ * 


^ ^ z \Adz',z' {[l-z'^)^G 

We have now, - = >■ r --^ = i 

If we put z""'=^ and write m for 1/n, this reduces to 

z J(l-{)a»|a»-idf r(2m+l)r(2m) r(3m + l) . 

“ r(4m + l) r(2TO+l)r(ni)’ 




‘df ■ 


using the equation r (x + 1) = aiF {x), this becomes 


- = g ^.?’ful ^.wherem=^. 
c (m) r (4m) n 


V Ex. 2. Find the centre of gravity of a hemisphere, the density at an; 
varying as the nth power of the distance from the centre. 

Here we notice that any stratum of uniform density is a thin hemis] 
shell, whose volume and centre of gravity are both known. We therefore t{ 
stratum as the element. W'e have the further advantage that the lin 
constants, because the external boundary of the solid is homogeneous. 


Let the axis of z be along the middle radius, let (r, r + dr) be the radii 
shell, and let the density D=fj(,r\ Then m — 2irr'^dr.fxr'^, also the ordinal 
centre of gravity is Jr, see Art. 422. Hence 

- _ ?i + 3 

^ n-\- 4 * 


The limits of the integral have been taken from r = & to ?’ = a, so that we hav 
the centre of gravity of a shell whose internal and external radii are 6 and < 

I 


a hemisphere we put Z? = 0. 


If ?i + 3 is positive, we then have z = ^ ^ 

^ 2 71 -h 4 


cases we find z = 0. If either 7i+ 3 or 71 + 4 is zero the integrals lead to loga 
forms, but we still find z = 0, 


Ex. 3. Find the centre of gravity of the octant of an ellipsoid when the 
at any point is D — 

To effect this we shall have to find the values of "Siinz and S 771 , which a 
integrals of the form Hlx^y'^z'^dxdydz 

for all elements within the solid. To simplify matters, we write (xla)^ = ^, <Si 
limits of the integral are now fixed by the plane ^ + 77 + ^=!. But these 
integrals known as Dirichlet’s integrals, and are to be found in treatises 
Integral Calculus. The result is usually quoted in the form 




r { 1 ) r jm) r (») 

r (Z + 777 4- 71+ 1) 


though Liouville’s extensions to ellipsoids and other surfaces are also given. 
r(p + l) = 1.2. 3...^? when p is integral, and in all cases in which p is ] 
r (p + 1) =pr (p). Also r (^) =^/Tr. 


The result now follows from substitution ; we find 
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If the density at any point of an octant of an ellipsoid is Dz=fji,xyz, show that 
J = 16c/35. 

Ex. 4. If the density at any point of an octant of an ellipsoid vary as the 

Qp j^2 ^ 2C^ 

square of the distance from the centre, show that z= — — — — r- . 

16 + + 


Ex. 5. To find the centre of gravity of a triangular area whose density at any 
point is I) = fix^y'^. 


To determine x and y we have to find Sm, 'Zmx and Smy. All these are integrals 
of the form dx dy. If yn yo, y^ are the ordinates of the corners of the triangle 

and A the area, it may be shown that 


2A 

= {n+l) (n+2) + (1). 

where the right-hand side, after division by A, is the arithmetic mean of the homo- 
geneous products of 2 / 2 » 2 ^ 3 • Thus when the density is D = the ordinate y 
may be found by a simple substitution. 

If we take y + /fa;= 0 as a new axis of x, (1) may be written in the form 
2A 

Jj (2/ + lix)^ dx dy = + (j/i + iVi +'kx^) + 

Equating the coefficient of k on each side, we find 


2A 


Jj7ra!/’>-i dx dy = ^ + (« - 1) + <fee. } . 

In general, if Hn be the arithmetic mean of the homogeneous products of 

2/i> 2/2 5 2/3’ 




d d\ 




One corner of a triangle is at the origin ; if the density vary as the cube of the 

S’?/ ^ *“ ?/ ^ 

distance from the axis of x, show that v = o — —a * ^iso write down the value of x. 

»' _ 7/ 4 


3 2/1** -2/: 


The same method may be used to find the centre of gravity of a quadrilateral, a 
tetrahedron or a double tetrahedron, when the density is D = /xx^y^z"^. See a paper 
by the author in the Quarterly Journal of Mathematics, 1886. 


435. Lagrange^s two Theorems. Def, If the mass of a 
particle be multiplied by the square of its distance from a given 
point 0, the product is called the moment of inertia of the particle 
about, or with regard to, the point 0. The moment of inertia of 
a system of particles is the sum of the moments of inertia of the 
several particles. 

436. Lagrange s first Theorem. The moment of inertia of a 

/-v-P r»l oKrvn*!- nir\X7 f ) to Ckmiol +ri +‘.nmT' rr\ rvrv-i f /-\P 
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referred to 0 as origin. Let x, y, z be the coordinates of the 
of gravity G. Also let ^ ^ 3/ = ^ + y , &c. Now 

2 (m . OA") = 2m {{x + x'f + (^ + y'J- + (^ + zy] 

= 2m . 4 - ^xZmx + 1y%my + 2zl,mz' + 2 (m 

Since the origin of the accented coordinates is the ce 
gravity, we have 2mic' = 0, hmy' ~ 0, 2m/ = 0. Hence j 

M = 2m, we have 2 (m . OA^) = ilf . + 2 (m . GA^) 

This equation expresses Lagrange's theorem in an analytica 

We notice that the moment of inertia of the body abo 
point 0 is least when that point is at the centre of gravity. 

An important extension of this theorem is required ii 
dynamics. It is shown that, if / (x, y, z) be any quadratic fi 
of the coordinates of a particle, then 

y, z) = Mf{x, y, z) + y', z'). 

437. Lagrange's second Theorem, If m, m' be the 
of any two particles, A A' the distance between them, th 
theorem may be analytically stated thus 

2 (mm' . A A'2) = i¥2 (m . GA^) 

The sum of the continued products of the masses take 
together and the square of the distance between them is e( 
the product of the whole mass by the moment of inertia abc 
centre of gravity. 

This may be easily deduced from Lagrange's first th 
We have by (A) 

27?iaOA/ = ikf. OG^ + 2m,(?A/, 
where 2 implies summation for all values of a, Puttir 
arbitrary point 0 successively at Ai, Ag, &c. we have 
ImaAiA/ = IT. AjG^ + 2maffAa^ 

2maA2A/ = M . Aaff^ + 2ma(?A/, 

&c. = &c. 

Multiplying these respectively by m 2 , &c. and addh 
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half the right-hand side. But the terms on the right-hand side 
are the same. Hence 

, A = M%m ^ . QA^. 

438. Ex. Let the symbol [ABC\ represent the area of the triangle formed 
by joining the three points A, G. Let [ABCD^ represent the volume of the 
tetrahedron formed by joining the four points in space A^ B, C, D. We may extend 
the analytical expression for the area and volume to any number of points by the 
same notation. We then have the following extensions of Lagrange’s two theorems 

[OA^A^r=MI^m^ [OGAJ + I^m^m^ [GA^A^f 
[0 A ^A ^A^f =1^11:171 [OGA^A^J^ + [GA^A^A^f 

&c. = &c. 

'Zm^m^A^A = MZm^GA ^ 

[A^A^Ayf=MZm^m^ [GA^A^f 
Zm^rn^rUyin^ [A^A^AyA$f= MZm^vi^my [GA^A^Ayf 
&c. = &c. 

The first of each of these sets of equations is of course a repetition of Lagrange’s 
equations. The remaining equations are due to Franklin. 

[A^jierican Journal of Mathematics^ Vol. x., 1S88.] 


439. Application to pure geometry. The property that 
every body has but one centre of gravity* may be used to assist 
us in discovering new geometrical theorems. The general method 
may be described in a few words. We place weights of the proper 
magnitudes at certain points in the figure. By combining these 
in several different orders we find different constructions for the 
centre of gravity. All these must give the same point. The 
following are a few examples. 

Ex. 1. The two straight lines which join the middle points of the opposite 
sides of a quadrilateral and the straight line which joins the middle points of the 
two diagonals, intersect in one point and are bisected at that point. [Coll. Exam.] 

Ex. 2. The centre of gravity of four particles of equal weight in the same plane 
is the centre of the conic which bisects the lines joining each pair of points. 

[Only one chord of a conic is bisected at a given point, unless that point is the 
centre. Since, by the last example, three chords are bisected at the same point, that 
point is the centre.] [Caius Coll.] 

17t O nnT-» rrV» rrrt ^ rf /I n Vk-I ^ 


CENTEE OF GRAVITY 


[chap. 


Place weights at the corners proportional to the areas of the opposite f 
The centre of gravity of these four weights lies in each of the three straight lir 

440 . The theorems on the centre of gravity are also useful in helping i 
remember the relations of certain points, much used in our geometrical figure 
the other points and lines in the construction. For instance, when the resu] 
Ex. 1 have been noticed, the distance of the centre of the inscribed conic from 
straight line can be written down at once by taking moments about that line. 

Ex. 1 . The areal equation to the conic inscribed in the triangle of refe] 
is Jmy+/Jiiz=0; show that the centre of the conic is the centre of gr 

of three particles placed at the middle points of the sides, whose weight? 
proportional to I, in, n. It is also the centre of gravity of three particles v 
weights are proportional to m + 7 i, n + Z, I -{-in, placed either at the points of co: 
or at the corners of the triangle. 

Let the conic touch the sides in D, B, F, then D and E divide BC and AG i: 
ratios in : n and I : ii. Let rj, ^be the weights placed at A, B, C whose cent 
gravity is the centre. Then 97 are respectively equivalent to ^{l-\-ii)ln 
7] (m + n)ln placed at E and D together with some weight at C, Art. 79. But 
the straight line joining C to the centre 0 bisects DE, we see by taking mor 
about CO that the weights D and E are equal. Hence ^ and tj are proportioi 
m + n and n -h Z. 

If the conic is a parabola Z+m4-n=0, because the weights must reduce 
couple. Hence the far extremity of the principal diameter, and therefore tl: 
focus, is the centre of gravity of weights Z, m, 11 placed at the corners A, . 
Since the product of the perpendiculars from the foci on all tangents are equa 
near focus is the centre of gravity of three weights a^jl, h-jm, c^jn placed a 
corners. 

Ex. 2. The areal equation to the conic circumscribed about a trianj 
lyz-{-mzx + nxy = 0. Show that its centre is the centre of gravity of six pari 
three placed at the corners whose weights are proportional to Z^, and 

at the middle points of the sides whose weights are - 27 n??,, - 2nl, - 2lm. 

Ex. 3. Three particles of equal weight are placed at the corners of a tru 
and a fourth particle of negative weight is placed at the centre of the circumsci 
circle. Show that the centre of gravity of all four is the centre of the nine-] 
circle or the orthocentre, according as the weight of the fourth particle is nr 
cally equal to or double that of any one of the particles at the corners. 

Ex. 4. The equation to a conic being Ap^ -f- Bq - -f Cr- -l- 2Dqr -l- 2Erp + 2F- 
in tangential coordinates, show that the centre of the conic is the centre of g 
of three weights proportional to A + E + F, B-{-F-i-D,C + D-{-E placed at the co 
For other theorems see a paper by the author in the Quarterly Journal, Vol 
1866. 

441 . Theorems concerning the resolution and composition of forces maybe 
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Ex. 2. ABCD is a quadrilateral, whose opposite sides meet in X and Y. Show 
that the bisectors of the angles A, Y, the bisectors of the angles B, D and the 
bisectors of the angles A, G intersect on a straight line, certain restrictions being 
made as to which pairs of bisectors are taken. See figure in Art. 132. 

[Apply four equal forces to act along the sides of the quadrilateral, and find their 
resultant by combining them in different orders.] [Math. Tripos, 1882.] 

Ex. 3. Prove, by mechanical considerations, that the locus of the centres of all 
ellipses inscribed in the same quadrilateral is the straight line joining the middle 
points of any two diagonals. [Coll. Exam.] 

Let A, B, C, D be the corners taken in order. Apply forces along AB, AD, CB, 
CD proportional to these lengths. The tangents measured from each corner to the 
adjacent points of contact represent forces whose resultant passes through the centre. 
Since these eight forces make up the four forces AB, AD, CB, CD, the resultant 
passes through the centre. Again the resultant of AB, AD and also that of CB, CD 
bisect the diagonal BD. Similarly the resultant force bisects the other diagonal. 

Ex. 4. If X, Y are the intersections of the opposite sides of a quadrilateral ABCD, 
prove that the ratio of the perpendiculars drawn from X and Y on the diagonal AC 
is equal to the ratio of the perpendiculars on the diagonal BD. Show also that 
each of these ratios is equal to the ratio of AB . CD sin Y to AD .BG sin X. See 
figure of Art. 132. 



CHAPTER X 


ON STRINGS 

442. The Catenary. The strings considered in this chf 
are supposed to be perfectly flexil^. By this we mean tha1 
resultant action across any section of the string consists of a si 
force whose line of action is along a tangent to the length oi 
string. Any normal section is considered to be so small tha^ 
string may be regarded as a curved line, so that we may spej 
its tangent, or its osculating plane. 

The resultant action across any section of the string is c 
its tension, and in what follows will be represented by the lett 
This force may theoretically be positive or negative, but : 
obvious that an actual string can only pull. The positive sij 
given to the tension when it exerts a pull on any object ins 
of a push. # 

The weight of an element of length ds is represented by 
In a uniform string w is the weight of a unit of length. li 
string is not uniform, w is the weight of a unit of length c 
imaginary string, such that any element of it (whose length i 
is similar and equal to the particular element ds of the a( 
str^g. 

443. A heavy uniform string is suspended from two i 
points A, R, and is in egidlihrium in a vertical plane, j 
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Let 0 be the lowest point of the catenary, i.e. the point at 
3h the tangent is horizontal. Take some horizontal straight 
Ox as the axis of x, whose distance from G we may afterwards 
)se at pleasure. Draw CO perpendicular to it, and let 0 be 
origin. Let yjr be the angle the tangent at any point P 
:es with Ox. Let Tq and T be the tensions at C and P, and 
7P = s. In the figure the axis of x, which is afterwards taken 
^present the directrix, has been placed nearer the curve than 
sally is in order to save space. 

rhe length GP of the string is in equilibrium under three 
js, viz. the tensions Pq and T acting at G and P in the direc- 
3 of the arrows, and its weight ws acting at the centre of 
ity G of the arc GP. 



Resolving horizontally, we have Pcos i/r = Pq (!)• ' 

lesolving vertically, we have P sin (2). 

)ividing one of these equations by the other, 

dy ^ , ws .\C 

(3). , 

Erud. 1691) but without the analysis, app&rently wishing to leave some laurels 
gathered by those who followed. David Gregory published a solution some 
after in the Phil. Tram. 1697. 

is the custom of geometers to rise from one difficulty to another, and even to 
new ones in order to have the pleasure of surmounting them. Bernoulli was 
)ner in possession of the solution of his problem of the chainette considered 
simplest case, than he proceeded to more difficult ones. He supposed next 
he string was heterogeneous and enquired w’hat should be the law’ of density 
he curve should be of apy given form, and what would be the curve if the 
were extensible. He soon after published his solution, but reserved his 
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If the string is uniform w is constant, and it is then ( 
venient to write Tq — wc. To find the curve we must integ: 
the differential equation (3). We have 



We must take the upper sign, for it is clear from (3) that, w 
X and s increase, y must also increase. When 5=0, y A 
Hence, if the axis of x is chosen to be at a distance c below 
lowest point C of the string, we shall have -d = 0. The equa 
now takes the form 

5 ^ + (4 


Substituting this value of y in (3), we find 


cds 

V(5- + c^) 


== dx, 


where the radical is to have the positive sign. Integrating, 
c log {s + ^/(s^ + c^)] = x + B. 

But X and s vanish together, hence jB = c log c. 

X 

From this equation we find + c^) + 5 = ce^. 

Inverting this and rationalizing the denominator in the u 
manner, we have 

+ c^) — 5 = ce ^ . 

Adding and subtracting we deduce by (4) 


C c 




C ^ 7 


2/ = 9 + « 




(£ 


The first of these is the Cartesian equation to the corn- 
catenary. The straight lines which have here been taken as 
axes of X and y are called respectively the directrix and the 
of the catenary. The point G is called the vertex. 

Adding the squares of (1) and (2), we have by help of (4) 
(s^ + c^) = w^y ^ ; 
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ultant tension at any point is equal to wy^ where y is the ordinate 
asured from the directrix. 


444. Referring to the figure, let PN be the ordinate of P, 
5n T=w.PJSF. Draw PL perpendicular to the tangent at P, 
in the angle PPL = yjr. Hence 

PL — PP . sin = s by (2), 

PL = PP . cos 'x/r = c by (1). 

These two geometrical properties of the curve may also be 
luced from its Cartesian equation (5). By differentiating (3) 
1 d-^ _ 1 c 

c ' 


find 


COS^i/r ds 


'P = 


cos- yjr ’ 


.(7). 


We easily deduce from the right-angled triangle PPH, that 
length of the normal, viz. PH, between the curve and the 
ictrix is equal to the radius of curvature, viz. p, at P. 


It will be noticed that these equations contain only one 
letermined constant, viz. c ; and when this is given the form of 
curve is absolutely determined. Its position in space depends 
the positions of. the straight lines called its directrix and axis, 
s constant c is called t he p arameter of the catenary. Two arcs 
catenaries which have their parameters equal are said to be 
j of equal catenaries. 


Since p cos^ ^lr—c,it is clear that c is large or small according 
.he curve is flat or much curved near its vertex. Thus if the 
ng is suspended from two points A, B in the- same horizontal 
>, then c is very large or very small compared with the distance 
w’een A and B according as the string is tight or loose. 


?he relations between the quantities ij, s, c, p, and T in the common catenary 
be easily remembered by referring to the rectilineal figure PLNH. We have ^ 
= y, PL~s, NL = c, PH=p, T=iv.PN and the angles LNP, NPH are each 
1 to Thus the important relations (1), (2), (3), (4), and (7) follow from the 
lary properties of a right-angled triangle. ^ ' ' 

;45, Since the three forces, viz., the tensions at A and B and the weight are in 
ibrium, it follows that their lines of action must meet in a point. Hence the 
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vertical, and be nearly straight, show that c is very large. 

Let yp' be the inclinations at A and B, and I the length of the string. 
l=s-s'=c (tarn// -tan yp'}. Since xp and yp' are nearly equal, c is large com 
with L 


^ Ex. 3. A heavy uniform string AB oi length I is suspended from a fixed 
'A, while the other extremity is pulled horizontally by a given force F=wa. 


l + sj{l 


that the horizontal and vertical distances between A and B are a log - 
and sj{l^ + a^)- a respectively. 

Ex. 4. The extremities A and B of a heavy string of length 21 are atl 
to two small rings which can slide on a fixed horizontal wire. Each of these 
is acted on by a horizontal force F=iol. Show that the distance apart of the 
is 2Zlog (1+^2). 

Ex. 5. If the inclination xp of the tangent at any point P of the eaten 
taken as the independent variable, prove that 




x—c log tan 




(-M). 


C 

cos yp ’ 




zct&nxpj p=- 


V 


~ COS“ xp * 

If X, y be the coordinates of the centre of gravity of the arc measured fre 

c 


' vertex up to the point P, prove also that x—x- 


yp 

• c tan J , 




cos yp 


+ X CO 


■|r 447. If the position in space of the points A and B of suspension a: 
length of the string or chain are given, we , may obtain sufficient equations 
the parameter c of the catenary, and the positions in space of its directrix am 
Let the given point A be taken as an origin of coordinates, and let the a 
horizontal and vertical. Let (7i, k) be the coordinates of B referred to .4, ai 
be the length of the string AB. These three quantities are therefore given 
(ic, y), (.r + Zi, y+k) be the coordinates of A, B referred to the directrix and i 
the catenary. Then y, c are the three quantities to be found. By Art. 4^ 

^ x-\-h xA-h 

2/=5(e'+e '). 


i/ + /c = - [e 


+ e 


) 


Also by Art. 443, since I is the algebraic difference of the arcs CA, CB, 

a?+/x x-hh X X 


1=^^ -e 






If G lie between A and B, x will be negative. 

These three equations are sufliicient to determine x, y and c. They 
however be solved in finite terms. We may eliminate 
Xf y in the following manner. 


Writing we find from (A) and (B) 


c / . . 1 \ 
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We notice that v contains only c and the known quantity h. Hence, subtractii 
the squares of tlieso oqualions in order to eliminate w, we find 

h h 

(D). 

This agrees with the (equation given by Poisson in his Traite de Mecanique, 

The value of r. lias to bo found from this equation. It gives two real fini 
values of c, one positive and the other negative but numerically equal. A negatr 
value for a would make y negative and would therefore correspond to a catena: 
with its concavity downwards. It is therefore clear that the positive value of c is ' 
be taken. 


To analyse the Cipiation (D), we let c 1/^, and arrange the terms of the equatic 

in the form 2 = ay = 0 (E), 

so tliat a and m arc both x)OHitive. Wo have and 2 m=}i. Since tl 

length I of tho string must bo longer than the straight line joining the points 
suspension, it is clear that a must he greater than 2/a. By differentiation, 


Thus dzidy is negative when 7 = 0, so that, as 7 increases from zero, z is at fir 
zero, then bocomos negative and finally becomes positive for large values of - 
There is tlioreforc some one value of 7, say 7=1, at which 2=0. If there cou! 
be another, say y = i', then dzjdy must vanish twice, once between 7=0 ai; 
7=f, and again between y=i and 7=1'. Wo shall now show that this is impossibl 
By differentiating twice wc have 

thus dhjdy- is positive wlum 7 is greater than zero. Hence dzjdy continually h 
creases with 7 from its initial value 2 vi-a when 7 = 0. It therefore cannot vanie 
twice when 7 is positive. It appears from this reasoning that the equation givi 
only one positive value of c. 


The solitary positive value of c having been found from (D), we can form 
simple equation to find w by adding one of the equations (C) to the other. In th 
way wo find one real value of x. The value of y is then found from the first of tl 
^ equations (A), it appears tliat, rohm a uniform stri'ny is suspended from tu 

dxed pomts of support,' there is only one position of equilibrium. 

The equation (D) can be solved by api/roximation when hje is so small that v 
can expand the exponentials and retain only the first powers of hJe which do nt 
disappear of themselves. This occurs when c is large, i.e. when the string is near! 
tight. In such cases, however, it will be found more convenient to resume tli 
problem from the beginning rather than to quote the equations (D) or (E). 




448 . 


Ex. 1. 


A uniform string of length I is suspended from two points A an 
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is small. Hence, expanding the exponentials and retaining only the lowest pow 

i. /'K *' .. , , 


of hjc which do not disappear, we have 


I 


a-i 

X 


Since the string considered in this problem is nearly horizontal, the tensior 
every element is nearly the same. If the string be slightly extensible, so that 
extension of any element is some function of the tension, the stretched string 
still be homogeneous. The form will therefore be a catenary, and its parame 
will be given by the same formula, provided I represents its stretched length. 

In order to use this formula, the length I of the string and the distanc 
between A and B must be measured. But measurements cannot be made with 
error. To use any formula correctly it is necessary to estimate the effects of si 

rr 1 • XT. 1 -XT • X* T T 25c ‘68h =t5Z±5/i 

errors. Taking the logarithmic differential we have ~ = — — j- . 

Here 8h and 5Z are the errors of h and I due to measurement. We see that 
error in c might be a large proportion of c if either 7t or I - h were small. In 
case l-h is small. Hence to find c we must so make our measurements that 
error of l-h is small compared with the small quantity I - h, while the lengt! 
need be measured only so truly that its error is within the same fraction of 
larger quantity /i. Thus greater care must be taken in measuring l-h than h. 

Suppose, for example, that h—SO feet and Z = 31 feet, with possible errors 
measurement either way of only one thousandth part of the thing measm 
The value of c given by the formula is 33*5 feet, but its possible error is as m' 
as one thirtieth part of itself. 

Ex. 2. A uniform measuring chain of length I is tightly stretched over a rr 
the middle point just touching the surface of the water, while each of the 
tremities has an elevation k above the surface. Show that the difference betw 

8 7c2 


the length of the measuring chain and the breadth of the river is nearly 7 



Ex. 3. A heavy string of length 2Z is suspended from two fixed points A, 1 
the same horizontal line at a distance apart equal to 2a. A ring of weight JV 
slide freely on the string, and is in 


equilibrium at the lowest point. Find 
the parameter of the catenary and the 
position of the weight. 

Let D be the position of the heavy 
ring, then BD and AD are equal por- 
tions of a catenary. Produce BD to 
its vertex C, and let Ox, OG he the 
directrix and axis of the, catenary DB. 
Let X be the abscissa of D. Then 
since Z is the difference of the arcs 



aj-l-a 


x+a 
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f the weight of the ring is much greater than the weight of the string, each 
g is nearly tight. Thus ajc is small, but xjc is not necessarily small, for the 
X C may be at a considerable distance from D. If we expand the terms con- 
ng the exponent ajc and eliminate those containing xjc, we find 
c = Waj^WsJil? ~ oP) nearly. 

he contrary holds if the weight of the ring is much smaller than the weight of 
string. If W were zero the two catenaries BD and DA would be continuous, 
the vertex would be at D. Hence when W is very small, the vertex will be 
D and therefore xja will be small. But ajc is not necessarily small. Ex- 
ing the terms with small exponentials, we find from (2) that x=^ WI2ic. Then 

Q ^ ^2; jp- 2-2. 

Lves l=^{e^-e 


e weight W were absent this equation would reduce to the one already dis- 
d above. If 7 be the change produced in the value of c there found by adding 
'eight W, we find, by writing c + 7 for c in the first term on the right-hand side, 



7 + 2 ^ c) =0, where k is the ordinate of B before the addition of W. 


the 2oeight W had been attached to any point D of the string not its middle 
, AD, BD would still form catenaries, whose positions could be found in a 
ir manner. We may notice that, however different the two strings may appear 
, the catenaries have equal parameters. For consider the equilibrium of the 
it TF ; we see .by resolving horizontally that the wc of each catenary must be 
ime. • ^ , 

the string he passed through a fine smooth rinn fixed in syace through which 
Id slide freely, the two strings on each side must have their tensions equal, 
e the tico catenaries have the same directrix. The parameters are not neces- 
equal, for the difference between the horizontal tensions of the two catenaries 
lal to the horizontal pressure on the ring, which need not be zero. 


E. 4. A heavy string of length I is suspended from two points A, A' in the 
horizontal line, and passes through a smooth ring D fixed in space. If DN 
perpendicular from D on AA' and NA = h, NA'=h\ DN=k, prove that the 
leters c, c' may be obtained from 

{cosh ^ oosech J ‘ - (coseoH 

similar equation with the accented and unaccented letters interchanged. 

:. 5. A portion AC of a uniform heavy chain rests extended in the form of a 
bt line on a rough horizontal plane, while the other portion GB hangs in the 
)f a catenary from a given point B above the plane. The whole chain is on 
unt of motion towards the vertical through B. If I be the length of the whole 
and h be the altitude of B above the plane, show that the parameter c of the 
,ry is equal to yu (Z -f { (u.- + 1) h^ + 2ghl}. 


weight; which slide on smooth rods intersecting in a vertical plane, and 
ed at the same angle a to the vertical : find the condition that the tension at 
)west point may be equal to half the weight of the chain; and, in that case, 
that the vertical distance of the rings from the point of intersection of the rods 
talog (^2 + 1), where 21 is the length of the chain. [Math. Tripos, 1856.] 
s. 9. A heavy string of uniform density and thickness is suspended from two 
points in the same horizontal plane. A weight, an nth that of the string, is 
led to its lowest point ; show that, if 6, <p be the inclinations to the vertical of 
mgents at the highest and lowest points of the string, tan 0= (1 + n) tan 6. 

[Math. Tripos, 1858.] 

X. 10. If a, /3 be the angles which a string of length I makes with the vertical 
3 points of support, show that the height of one point above the other is 

Zcos^(a4-j3)/cos4(a-jS). [I^et. Coll., 1855.] 

X. 11. A heavy endless string passes over two small smooth fixed pegs in the 
horizontal line, and a small smooth ring without weight binds together the 
: and lower portions of the string *. prove that the ratio of the cosines of the 
!S which the portions of the string at either peg make with the horizon, is equal 
at of the tangents of the angles which the portions of the string at the ring 
with the vertical. [Math. Tripos, 1872.] 

X. 12. A and B are two smooth pegs in the same horizontal line, and (7 is a 
smooth peg vertically below the middle point of AB ; an endless string hangs 
them forming three catenaries AB, BC, and CA : if the lowest point of the 
ary AB coincides with C, prove that the pegs AB divide the whole string into 
parts in the ratio of 2w-\-io' to 2io-io', where w and lo' are the vertical com- 
ats of the pressures on A and C respectively. [Math. Tripos, 1870.] 

X. 13. An endless uniform chain is hung over two small smooth pegs in the 
horizontal line. Show that, when it is in a position of equilibrium, the ratio of 
listance between the vertices of the two catenaries to half the length of the 
L is the tangent of half the angle of inclination of the portions near the pegs. 

[Math. Tripos, 1855.] 

X. 14. A heavy uniform string of length 4Z passes through two small smooth 
resting on a fixed horizontal bar. Prove that, if one of the rings be kept 
3nary, the other being held at any other point of the bar, the locus of the 
ion of equilibrium of that end of the string which is the further from the 

mary ring may be represented by the equation x — 2fj{ly) log - . [Coll. Ex.] 

X. 15. A heavy uniform string is suspended from two points A and B in the 
horizontal line, and to any point P of the string a heavy particle is attached, 
e that the two portions of the string are parts of equal Catenaries, 
rove also that the portion of the tangent at_A intercepted betweeu the verticals 
igh P and the centre of gravity of the string is divided by the tangent at B in 
io independent of the position of P. 

I 6, <phe the angles the tangents at P make with the horizon, a and /3 those 
3 by the tangents at A and B, show that ^ is constant for all posi- 
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Ex. 16. A heavy uniform string hangs over two smooth pegs in the same 
dzontal line. If the length of each portion which hangs freely be equal to 
5 length between the pegs, prove that the whole length of the string is to the 
tance between the pegs as \/(B) to logAy(3). Compare also the pressures on 
ih peg with the weight of the string. 

Ex. 17. A uniform endless string of length Z is placed symmetrically over a 
ooth cube which is fixed with one diagonal vertical. Prove that the string will 
) over the cube unless the side of the cube is greater than i^x/2 log (1 + ^2). 

[Emm. CoU., 1891.] 

Ex. 18. An endless inextensible string hangs in two festoons over two small 
;s in the same horizontal line. Prove that, if ^ be the inclination to the vertical 
3ne branch of the string at its highest point, the inclination of the other branch 
bhe same point must be either 0 or <p, where <p has only one value and is a function 
9 only. If cot p = then ^=0. [Coll. Ex.] 

Ex. 19. Four smooth pegs are placed in a vertical plane so as to form a square, 
diagonals being one vertical and one horizontal. Bound the pegs an endless 
dn is passed so as to pass over the three upper and under the lower one. If the 
actions of the strings make with the vertical angles equal to a at the upper 
13 and y at each of the middle and 5 at the lower peg, prove the following 
itions : sin jS log cot tan ^13 = sin y log cot ^y tan 

sin jS sin 5 + sin a sin 7= 2 sin a sin d. [Gains Coll.] 

Ex. 20. A bar of length 2a has its ends fastened to those of a heavy string of 
gth 2Z, by which it is hung symmetrically over a peg. The weight of the bar is n 
:es, and the horizontal tension times the weight of the string. Show that 

m2 + 7i-= |(7i-i-l) cosech^-7i coth . [Coll. Ex., 1880.] 

Ex. 21. One end of a heavy chain is attached to the extremity of a fixed rod, 
other end is fastened to a small smooth ring which slides on the rod : prove that 
the position of equilibrium log {cot ^0 cot =:cot 0 (sec cosec 0), 

sing the inclination of the rod to the horizon, and ^ that of the chain at its 
best point. [Coil. Ex.] 

Ex. 22. A string of length ira is fastened to two points at a distance apart equal 
la, and is repelled by a force perpendicular to the line joining the points and 
ying inversely as the square of the distance from it. Shovr that the form of the 
ng is a semi-circle. [Coll. Ex., 1882.] 

Ex. 23. A chain, of length 21 and weight 2W, hangs with one end A attached to 
sed point in a smooth horizontal wire, and the other end B attached to a smooth 
r which slides along the wire. Initially A and B are together. Show that the 
k done in drawing the ring along the wire till the chain at A is inclined at an ^ ' 

le of 45° to the vertical is Wl (1 - \/2-rlog l-h\/2). [Coll. Ex., 1883.] ^ 

Ex. 24. Determine if the catenary is the only curve such that, if AB be any arc 
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449. Stability of equilibriuni. Some problems on the equilibrium of h( 
strings may be conveniently solved by using the principle that the depth of 
centre of gravity below some fixed straight line is a maximum or minimum, 
218. If the curve of the string be varied from its form as a catenary, the use of 
principle will require the calculus of variations. But if we restrict the arbit 
displacements to be such that the string retains its form as a catenary, though 
parameter c may be varied, the problem may be solved by the ordinary processt 
the differential calculus. 

This method presents some advantages when we desire to know whether 
equilibrium is stable or not. We know, by Art. 218, that the equilibrium wil 
stable or unstable according as the depth of the centre of gravity below somej 
horizontal plane is a true maximum or minimum. 

Ex. 1. A string of length 2Z hangs over two smooth pegs which are in the s 
horizontal plane and at a distance 2a apart. The two ends of the string are free, 
its central portion hangs in a catenary. Show that equilibrium is impossible ur 
Z be at least equal to ae ; and that, if l>ae, the catenary in the position of st 

‘ equilibrium for symmetrical displacements will be defined by that root of ce 
which is greater than a. [Math. Tripos, 1^ 

Let 2s be the length of the string between the pegs. Taking the horizo 
, line joining the pegs for the axis of x, we easily find (Art. 399) that the depth 
. the centre of gravity of the catenary and the two parts hanging over the pe^ 
given by 2ly-=sy -ca-^{l-sf. 

Substituting for y and s their values in terms of c, we find 

dc \ p ) c ’ 

Cl 

where p stands for e^. It is easy to see that the second factor on the right-hand 
is negative for all positive values of c. Equating dyldc to zero, we find that 
possible positions of equilibrium are given by l=cp. To find the least value 
given by this equation we put dZ/cZc = 0 ; this gives c = a7so that I must be equs 
or greater than ae. 

For any value of I greater than ae there are two possible values of c, one gre 
and the other less than a. To determine which of these two catenaries is stable 
examine the sign of the second differential coefficient. Art. 220. We easily J 

when Z = c/), 21 ~ = (c - a) — 

In order that the equilibrium may be stable, this expression must be nega 
This requires that c should be greater than a. 

Ex. 2. A heavy string of given length has one extremity attached to a f 
point A, and hangs over a small smooth peg B on the same level with A, the o 
extremity of the string being free. Show that, if the length of the string ex 


451] 


HETEROGENEOUS CATENARY 


303 


his problem may be solved in a manner similar to that used 
:t. 443 for a homogeneous chain. Since the equations (1) 
2) of that article are obtained by simple resolutions, they 
)e true with some slight modifications when the string is not 
rm. In our. case the weight of the string measured from the 
t point is jwds between the limits s = 0,s=s, Art. 442. We 
therefore by the same resolutions 

Tcosy{r= To (1), Tsini/rrrr fwds (2). 

ividing one of these by the other as before, we find 


fwds = Tq tan -v/r, 


r. w= ■ 




p COS“^ yjr * * 

ituting for p and tan -x/r, their Cartesian^values 
d^y dx 
dx^ ds 






rp, Li-y WJ} rji 

‘ 0 J J ^ *^0 


1 + 


/dyYl — \ d^y 

\dx) ] dx^‘ 


.(4). 


onyersely, when the law of density is known, say w=f{s), 
equation (3) gives a relation between s and dyjdx which we 
write in the form dyjdx^^fi ( 5 ). We easily deduce from this 


^=/{l+(/i («))'} y-=/ {1 + (/i («))“} ^fi{s)ds, 

ce X and y can be expressed in terms of an auxiliary variable 
1 has a geometrical meaning. 


. 1 . Prove that the tension at any point P of the heterogeneous catenary is 
to the weight of a uniform chain whose length is the projection of the radius 
vature on the vertical and whose density is the same as that of the catenary 


. 2. A straight line BR is drawn through any fixed point B in the axis of y 
3 I to the normal at P to the curve, cutting the axis of x in R. Prove that 
I tension at P is (T^fc) times the length BR and (2) the weight of tbe arc OP, 
red from the lowest point 0, is {T^jc) times the length OR, where OB~c and 
he horizontal tension ; Art. 35. 

1. Cycloidal drain. A heterogeneous chain hangs in the form of a cycloid 
the action of gravity : find th e law of density. 

a cycloid we have p= 4(7 cos;/' and s = 4asin^, where a is the radius of the 
■circle. Substituting, we find Z4? = ^sec2'/'= — . 
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The chief interest connected with this chain is that, when slightly disturbed 
. its position of equilibrium, it makes small oscillations whose periods and amplil 
can be investigated. 

Ex. Drawing the usual figure for a cycloid, let 0 be the lowest point o; 
curve, B the middle point of the line joining the cusps. Let the normal at 
point P of the curve intersect the line joining the cusps in M, and let BB be d: 
through B parallel to MP to intersect the horizontal through 0 in R. Prove 
the centre of gravity of the arc OP is the intersection of BE with the vei 
through M. We find y = 2«;^cot \f/, if B is the origin. 


452 . Parabolic cbain. A heavy chain AOB is suspended 
chain DCE by vertical strings, which are 
so numerous that every element of AOB is 
attached to the corresponding element of 
DCE. If the weights of DCE and of the 
vertical strings are inconsiderable com- 
pared with that of A OB, find the form of 
the chain DCE that the chain AOB may 
be horizontal in the position of equi- 
librium. 



The tensions at 0, Jf of the chain AOB being equal and horizontal, the wei^ 
the length OM is supported by the tensions at C and P of the chain DCE. Thus 
may be regarded as a heterogeneous heavy chain, such that the weight of any h 
PC is nix. Besolving horizontally and vertically for this portion of the chain, we 
T cos-^=Tq, T sin \l/=imx. 

Dividing one of these by the other, 

mx = TQ tan T^dyjdx, ^mx^= Tq {y - c). ^ 

The form of the chain DCE is therefore a parabola. 

One point of interest connected with this result is that the chain AOB mig 
replaced by a uniform heavy bar to represent the roadway of a bridge. The ten 
of the chains due to the weight of the bridge would not then tend to break or 
the roadway. It is only necessary that the roadway should be strong enough to 
without bending the additional weights due to carriages. But this would n 
true if the light chain DCE were not in the form of a parabola. 

The results are more complicated if the weight of the chain DCE is taker 
account, and if the chains of support, instead of being vertical, are arrangi 
some other way. 

This problem was first discussed by Nicolas Fuss, Nova Acta Petrojpolt 
Tom. 12, 1794. It was proposed to erect a bridge across the Neva suspendi 
vertical chains from four chains stretched across the river. He decided tha 
chains of his day could not support the necessary tension without breaking. 

Ex. 1. Prove that in the parabolic catenary the tension at any point 
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Ex. 3. The centre of gravity G of an arc bounded by any chord lies in the 
.raeter bisecting the chord, and PG = ^PN where the diameter cuts the parabola 
P and the chord in N. 


Ex. 4. Referring to the figure, we notice that, since the tensions at 0 and P 
Dport the weight of the roadway OilJ, the tangents at C and P must intersect in a 
int vertically over the centre of gravity of 021. Thence deduce that the curve CP 
1 parabola. 

Ex. 0 . If the weight of any element ds of the string DOPE is represented by 
ds + ndx), show that the catenary is given by x= / ^ — - , where £ is the 

[gent of the inclination of the tangent to the horizon, and c is a constant. [Fuss.] 
Ex. 6. Prove that the form of the curve of the chain of a suspension bridge 
en the iceight of the rods is taken into account, but the weight of the rest of the 
dge neglected, is the orthogonal projection of a catenary, the rods being supposed 
tical and equidistant. [Hath. Tripos, 1880.] 


453. The Catenary of equal strength. A heavy chain, suspended from two 
jd points, is such that the area of its section i s proportional to the tension, 
id the form of the chain. 

If u'ds be the weight of an element ds, the conditions of the question require 
,t T=cw, where c is some constant. The equations (1) and (2) of Art. 450 now 

ome T qos^I/=Tq, rsin^=^Jrds. 


Substituting in the second equation the value of T given by the first, we have ^ 
,n ^=J sec \pds. Differentiating, we find c sec- \!/—sec '^dsjd'^ and .* . p cos '<p=c. 
This result also easily follows from the intrinsic equation of equilibrium (2) given 
Art. 454. We have Tdslp = u'ds cos ij/. But when the string is equally strong 
Dughout T—cw, hence pcos^=c. The projection of the radius of curvature on 
vertical is therefore constant and equal to 
To deduce the Cartesian equatijon we substitute for p and cos \!/, 




Y] d^^i 
j J dx“ c ’ 


, , , d?/ X 

tan-i Y = -H 
dx c 


A. 


he origin be taken at the lowest point, the constant A is zero. We then find 


y = c log sec - . 

Tracing this curve, we see that the ordinate y increases from zero as x increases 
n zero positively or negatively, and that there are two vertical asymptotes given 
c= i^TTC. When x lies between -J-ttc and -httc, the ordinate is imaginary ; when 
3 S between fTrc and ^ttc, the curve is the same as that between x= itWc. For 
iter values of x, the ordinate is again imaginary and so on. The curve therefore 
sists of an infinite number of branches all equal and similar to that between 
i^TTC. This is therefore the only part of the curve which it is necessary to 
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curvature and (2) the iceight of the arc OP is {TJc) times the projection of the rc 
of curvature on the horizontaL 

This curve was called the catenary of equal strength by Davies Gilbert, 
invented it on the occasion of the erection of tlie suspension bridge acrost 
Menai Straits. See Phil. Trans. 1826, part iii., page 202. In the first volun 
Liouville^s Journal, 1836, there is a note by G. Coriolis on the “ chaiiiette” of ( 
resistance. Coriolis does not appear to have been aware that this form of chair 
already been discussed several years before. , 

Ex. 1. Prove (1) a; = c^, (2) .s* = clog tan :} {7r + 2f). 1^4^ ^ ^ 

Ex. 2. Prove that the depth of the centre of gravity of any 'firG beiov 
intersection of the normals at its extremities is constant and equal to c. Prove 
that its abscissa is equal to that of the intersection of the tangents at the 
points. 

Ex. 8. The distance betrveen the points of support of a catenary of uni 
strength is a, and the length of the chain is 1. Show that the parameter c mu 
^ I . a, 


found from tanh 


Show also that this equation gives a positive 


of c greater than ajir. y_r C 

Ex. 4. Show that the horizontal projection of the span is in every case 
, than TT times the greatest length of uniform chain of the same material that ci 


hung by one end. Assume the strength of any part of the chain to be proport 
to the mass per unit of length. [Kelvin, Math. Tripos, 1 

If L be the length of uniform chain spoken of, the tension at the poi 
support is its weight, i.e. wL. Again, the tension at any point of the heterogei 
chain is cio, hence c must be less than L. tience the span must be less than 


t 454. String under any Forces. To form the general 
Kf irinsic equations of equilibriiim of a string under the action of 
^ y forces. Let A be any fixed point of reference on the sti 
AP = s, AQ = s + ds. Let T be the tension at P ; then, since 
a function of s, T ^dT the tension at Q^. 

Let the impressed forces on the element PQ be resolved a 
the tangent, radius of curvature, an^f^ormal at P. Thus P 
the force on ds resolved along the'^^hgent in the directio: 
Avhich s is measured; Gds is the force on ds resolved along 
radius of curvature p in the direction in which p is measi 
i.e. inwards; Hds is the force on ds resolved perpendicular tc 
plane of the curve at P, and estimated positive in either direc 
of the binormal. Thosp. f.hrpp rlirapt.inriQ r^rin 
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the forces T, T^dT acting along the tangents at P, Q and tl 
forces Pds, Gds, Eds. Kesolving ^ v 
along the tan gent at P, \\ 

{T+dT)oo^d^jr-T+Fds = 0, . xK 

which reduces to \ J 

dT+Fds = 0 (1). \ / 

Resolving along the radius of \ 

curvature at P, we have 

{T-\-dT)Qmd\lr + Gds = 0, jxl' 


■.T- + (7& = 0, 


We have now to resolve pe rpendicular to the osculating plai 


at P of the curve. Since two consecutive tangents to a cm^ 


lie in the osculating plane, the tensions have no componei 
perpendicular to this plane. We have therefore 

Eds = 0 (3). 

The three equations (1), (2), (3) are the general intrins 
equations of equilibrium. 


fpVv^The density of the string is supposed to be included in tl 
‘expressions Fds, Gds, Eds for the forces on the element. Tl 
equations of equilibrium therefore apply, whether the string 
uniform, or whether its density varies from point to point. 

From these equations we infer that the tensions T and T+d'. 
acting at the extremities of any element, are equivalent to tv 

ds 

other forces, viz. dT and T — , acting respectively along tl 

P 

tangent to, and the radius of curvature of, the curve at eith( 
extremity of the element. In problems on strings it is ofte 
convenient to replace the tensions by these two forces. Tl 
advantage of this change is that the direction cosines of tl 
tangent and of the radius of curvature are known by the diffe 
ential calculus. When therefore we form the equations of static 


juab ab’ De Tjue ui £iii^ jl ui uiit: juuu 

the forces on this element when resolved parallel to the positive 
directions of the axes be Xds, Yds, Zds. The element is in 
equilibrium under the action of the tensions at P and Q and these 
three impressed forces. 

Let us resolve all these parallel to the axis of x. The resolved 
dx 

tension at P is T ^ , and pulls the 

element PQ towards the left hand. 

At Q, s has become s + ds, the hori- 
zontal tension at Q is therefore 

and this pulls the element PQ to- 
wards the right-hand side. Taking 
both these and the force Xds, we have 



d 

ds 


T^) ds + Xds=[0. 



f Treating the other components in the same way, we find 


+ F=oy . 

\ + Z=0 


456 . Ex. 1. Show that the polar equations of equilibrium of a string in 
one plane under forces Pds, Qds, acting along and perpendicular to the radius 
vector, are 



r 

T 

dx^ 

ds^ 

\ 

dsj 

1, 

K 


ds ' 

ds. 

d 

' T 

dz" 

ds^ 


ds, 


d T 

{Tcos(p) - — sin2 0 + P=O, 


ds 


d T 

- (T sin <p) + — sin 0 cos 0 + Q = 0, 


ds 


where cos (p = drlds and sin (p=.rddjds. Thence deduce the equations of equilibrium 
of a string in space of three dimensions, referred -to cylindrical coordinates. 


* The equations of equilibrium of a string under the action of any forces in two 
dimensions were given in a Cartesian form by Nicolas Fuss, Nova Acta PetropolitancSy 
1796. He gives tw'o solutions, one by moments, and another by considering the 
tension. In this second solution, after resolving parallel to the axes, he deduces 
algebraically equations equivalent to those obtained by resolving along the tangent 


Ex. 3. The extremities of a string of given length are attached to two given 
ints, and each element ds of the string is acted on by a repulsive force tending 
•ectly from the axis of , 2 ; and equal to 2/jirds. If {rBz) be the cylindrical coordinates 
any point, prove that T — A~ /mt-, 


dz ” ’ 





Show how the five arbitrary constants are determined. Explain how a helix 
in certain cases, the solution. 


Ex. 4. A heavy chain is suspended from two points, and hangs partly immersed 
a fluid. Show that the curvatures of the portions just inside and just outside 
j surface of the fluid are as D-D' to D, where D and D' are the densities of the 
^in and fluid. [St John’s Coll.] 

The weights of the elements just above and just below the surface of the fluid are 
)portional to Dds and {D-D') ds. If T be the tension, the resolved parts of these 
ights along the normal must be Tdsjp and Tdsfp'. Hence DI{D - D')=p'lp. 

Ex. 5. A heavy string is suspended from two fixed points A and B, and the 
isity is such that the form of the string is an equiangular spiral. Show that the 
isity at any point P is inversely proportional to r cos- xj/, where ?• is the distance of 
Tom the pole, and is the angle which the tangent atP makes with the horizon. 

[Trin. Coll., 1881.] 

Ex. 6. A heavy string, which is not uniform, is suspended from two fixed points. 
)ve that the catenary formed of a given uniform string which touches at any 
nt the curve in which the string hangs and has the same tension at that point 
1 be of invariable dimensioiis. 


‘ 457. Constrained Strings. A string rests on a curve of 
y form in one ^Tdnefand is acted on by forces at its extremities, 
is required to find the conditions of equilibrium and the tension 
any point. 

There are four cases of this proposition which are of con- 
.erable importance; we shall consider these in order. 

Let us first suppose that the weight of the string is so slight 
it it may be neglected compared with the forces applied at the 
0 extremities of the string. Let us also suppose that the curve 
perfectly smooth. The forces on an element ds are merely the 
isions at its ends and the reaction or pressure of the curve, 
t Rds be this pressure, then R is the pressure per unit of length 
the string. For the sake of brevity this is usually expressed by 
dng that R is the pressure at the element. It is usual to 
imate the pressure of the curve on the string as positive when 

r\^ 
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Resolving along the tangent and normal to the string, we have 

by Art. 454, / dT= 0, T--Rds = 0. -' ■ 

We infer from these equations that, when a light string y^ests 
on a smooth curve ^ the tension is constant, and the pressure at any 
point varies as the curvature. 

468 . This theorem has a wider range than would perhaps appear at first sight. 
Since the curve may be of any form, the result includes the case of a string jn 
equilibrium under any forces which are at every point normal to the curve. 
Supposing the normal forces given, the form of the curve can be found from the 
result just proved, viz. that at every point the curvature is proportional to the 
normal force. 

As an example we may consider Bernoulli’s problem ; to find the form of a 
rectangular sail, two opposite sides of which are fixed so as to be parallel to each 
other and perpendicular to the direction of the wind. The weight of the sail is 
neglected compared with the pressure produced by the wind. Let us enquire what 
is the curve formed by a plane section of the sail drawn perpendicular to the fixed 
sides. 

Two answers may be given to this question according as the wind after acting on 
the sail immediately finds an issue, or remains to press on the sail like a gas in 
equilibrium. On the former hypothesis we assume as the law of resistance, that 
the pressure of the wind on any element of the sail acts along the normal to the 
element and is proportional to the square of the resolved velocity of the wind. We 
have therefore Il=iv cos- xj/, where xj/ is the angle the normal to the section of the sail 
makes with the direction of the wind, and iv is a constant. This gives c/p = cos- xJ/. 
By Art. 444 we infer that the curve is a catenary, whose axis is in the direction of 
the wind, and whose directrix is vertical. 

If the air presses on the sail like a gas in equilibrium, the pressure on each side 
of the sail is equal in all directions by the laws of hydrostatics, but the pressure is 
greater on one side than on the other. We have therefore R equal to this constant 
diifference, hence also p is constant, and the required curve is a circle. 

Ex. 1. A “ square sail ” of a ship is fastened to the mast by two yard-arms, and 
in such that when filled with wind every section by a horizontal plane is a straight 
line parallel to the yards. Show that, assuming the ordinary law of resistance, it 
will have the greatest effect in propelling the ship when 3 sin (a - 20) - sin a = 0, 
where a is the angle between the direction from which the wind comes and the ship’s 
keel, and 0 is the angle between the yard and the ship’s keel. [Caius ColL] 

Ex. 2. A light string has one end fixed at the vertex of a smooth cycloid ; prove 
that as the string, while taut, is wound on the curve, the line of action of the 
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e element ds. Let be the angle the tangent PK at P 
is with the horizontal. 


'he element PQ is in equilibrium under the action of 
; the ordinate PN, Rds along 
lormal P(?, and the tensions at 
,d Q. Resolving along the tan- 
and normal at P, we have 

-..(iX 


dT — ^ods sin y}r = 0\ 
— ivds cos — Rds = 0 1 


...( 2 ). 


^ods 



ince sin i/r = dyids, the first equation gives by integration 

T=^wy+G (3X 

[ence, if Pj, P be the tensions at two points whose ordinates 

1 .^ 2 , 

his important result maybe stated thus, If a heavy string 
n a sinooth carve, the difference of the tensions at amj two 
? is equal to the weight of a string ivhose length is the vertical 
ice bekveen the points. 


50 . It may be remarked that this result has been obtained 
by resolving along the tangent to the string, and is alto- 
r independent of the truth of the second equation. If then 
hole length of the string does not lie on the curve, but if 
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In the same way the tension is a maximum at the highest po 
Also no point of the string, such as G or O', can be beneath 
horizontal line joining the free extremities. 

To determine the pressure at any point P (see fig. of Art. 4 
we write the equation (2) in the form 

Rp^T — wp cos'x//’, 

where the pressure R of the curve on the string, when posit 
acts outwards, i.e. in the direction opposite to that in which 
radius of curvature p is measured, Art. 457. If Ti be the ten; 
at any fixed point A, and z the altitude of any point P abov( 
we have by (3) T=Ti-hivz. It therefore follows that 
Rp=i Ti + iu {z — p cos a/t). 

If we measure a length PS = p along the normal at P 
wards, the point S may be called the ardi-cgtit^e. It is clear 
^ ~ p cos-xlr is the altitude of S above A. Hence, if a heavy st 
rest on a smooth curve, the value of Rp at any point P exceedt 
tension at A by the weight of a string whose length is tKeld^ 
of the anti-centre of P above A. 

If the extremity A be fi'ee, as in the figure of this article, 1 
Rp at any point B is equal to iv multiplied by the altitude of 
anti-centre of B above A. If part of the string is free, as : 
and O', the pressure R is zero. Hence the anti- centres of cu 
ture all lie in the straight line joining the free extremities A 
P. This is the common directrix of all the catenaries. 

In these equations Rds is the pressure outwards of the c 
on the string. It is clear that, if R were negative and the st 
on the convex side, the string would leave the curve and equilibi 
could not exist. At any such point as B, the anti-centre is a 
B and R is clearly positive. But at such a point as E the j 
centre is below E, and if it were also below the straight line 
the pressure at E would be negative. If the string rest or 
concave side of the curve, these conditions are reversed, 
general, it is necessary for equilibrium that Rp should be pos 
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trix of the string. No part of tlie string can be below the 
3al directrix, and the free ends, if there are any, must lie on it. 
he the outward pressure of the curve on the string, Rp is equal 
/, where y' is the altitude of the anti-centre of P above the 
trix. It is therefore necessary that at every point of the )■ 

g the anti-centre should be above or below the directrix Ij f 
■ding as the string is on the convex or concave side of the curve. ( 1 , 

1. Show that the locus of the anti-centre of a circle is another circle. 

;. 2. Show that the coordinates of the anti-centre at any point P of an ellipse 
;d to its axes are given by ax = 2^^ cos 0 - c- cos-^ <p by — 2b^ sin 0 -f c- sin^ 0, 

C“ = a^-b^, and 0 is the eccentric angle of P. 

3. If S be the anti-centre at any point P of a curve, show that the normal 
locus of S makes with PS an angle 6 given by tan d—\dplds. 

11. It should be noticed that at the points where the string leaves the con- 
ing curve, both the curvature of the string and the pressure R may change 
fcly. Thus in the figure of Art. 460 at a point a little below F the radius of 
lUre of the string is infinite and R is zero. At a point a little above F the 
:ure of the string is the same as that of the body N, and the pressure R is equal 
. At such a point as E the abrupt change if any in the value of the product 

, accordance with the rule of Art. 460) is equal to the weight of a string whose 
L is the vertical distance between the anti-centres on each side of the point, 
lien the external forces which act on the string are such that their magnitudes 
lit of length are finite, an abrupt change of tension cannot occur. If the 
ns on each side of any point could differ by a finite quantity, an infinitesimal 
L of string containing the point would be in equilibrium under the influence 
• unequal forces acting in opposite directions. In the same way there can be no 
t change in the direction of the tangent excerpt at a point ichere the tension is 
or if the tangents on each side of any point made a finite angle with each 
the element of string at that point would be in equilibrium under the action 
' finite tensions not opposed to each other. 

12. Ex. 1. A heavy string (length 21} passes completely round a smooth 
'Utal cylinder (radius a) with the two ends hanging freely down on each side, 
arts of the string on the upper semi-circumference are close together, so that 
lole string may be regarded as lying in a vertical plane perpendicular to the 
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axis of the cylinder. Find the position of rest and the least length of string < 
sistent -with equilibrium. 

First, let us suppose that the string is in contact with the circle along the Ic 
semi-circumference as well as the upper. Then a length I - ^ira hangs verticall 
each side. Let L be the lowest point of the circle, the anti-centre of D is at a d 
2 g below the centre 0 of the circle. Hence, unless l--|7ra->2a, the string cai 
rest in contact with the circle. 


Secondly, let us suppose that a portion of the string hangs freely in the form 
catenary. Let P' be one of the points of contact of the catenary with the ci 
Let P be any point on the catenary, drawn in the figure merely to show the tria 
FLF, Art. 444. Let the angle P'OD^xf/, so that is the inclination of the tan 
at P' to the horizon. Let x, y be the coordinates of P', s—CF'. By examining 
triangle FLF, w’e see that y—c sectp, s = c tan \p. Since = sin we have b 
of Art. 443 fl^sin ^ 

sec tan 5^=6 ^ ( 

As already explained, the free extremities .4, P of the string are on a level witl 
directrix, Art. 460. Hence BF=y + a cos xp ; also the arc FE = ira, EF' = (-^tt - 
and F'C = s. The sum of these four quantities is I, 

c (sec xp 4- tan xp) 4 - a cos xp - cixp + ^7ra = I ( 


Putting ^; = -|log ^ » we find from (1) and (2) 


I \ l~smxp \ V ^ j 


xp-\-^Tr, 


’ 1 - sin ^ ’ 

_asin-^ I 

~ V a~ \/ l~ s'mxp 

The second of these equations gives the length of the string correspondi: 
any given position of equilibrium. 

To find the least value of I consistent with equilibrium, we equate to zer 
differential coefficient of 1. As this leads to some rather long reductions, the n 
only are here stated. Noticing that dvldxp = sec xp, we find 


dl _ (1 - v) (v cos2 \p - sin xp) 


= 0 . 


a dxp~~ 

By expanding v in powers of sin xp, we may show that [v cos- xp - sin xp) is ne| 
and does not vanish for any value of sin xp between zero and unity. Equati 
zero the factor (1-r), we find that smxp={e^-l)l{e^+l). As dljdxp changei 
from - to 4 - as sin xp increases, we see that Hs a minimum. Effecting the num 
calculations, we have ^='86, and l-§Tra= {e - xp) a, which reduces to (1*85) a. 

For any given value of I, greater than this minimum, there are two positi( 
equilibrium. In one a portion of the string hangs freely in the form of a cate; 
in the other the string fits closely to the cylinder or hangs free according i 
given value oil- ^rra is greater or less than 2a. 


Ex. 2. A uniform chain, having its ends fastened together, is hung rour 
V\ circumference of a vertical circle. If a be the radius of the circle, 2 a 7 tl 
Sa ' which the string touches, and I the whole length, prove 
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t63. Rough curve, light string. To consider the case in 
'Ji the weight of the string is inconsiderable, hut the curve is 
Referring to the figure of Art. 459, we shall suppose the 
emities A and B to be acted on by unequal forces F, F', Our 
ct is to find the conditions of limiting equilibrium; let us then 
)ose the string is on the point of motion in the direction AB. 
friction on every element PQ is equal to /uRds, where g, is 
coefficient of friction. This force acts in the direction opposite 
lotion, viz. from B to A. 

[ntroducing this force into the equations obtained in Art. 459 
Bsolving the forces along the tangent and normal, and omitting 
terms containing the weight of the element, we have 

dT-iMRds = 0 (1), T — -Rds = 0 (2). 

P 

dT ds 

Sliminating R, we find, ^ =ya — = Jad^jr ; 
log T = jayfr A, 

re A and B are undetermined constants. If Ti, F be the 
ions at two points at which the tangents make angles 
L the axis of o), this equation gives 

T, = (3). 

[t will be found useful to put the result in the form of a rule.. 
^ light string rest on a rough curve in a state bordering on. 
'•on, the ratio of the teyisions at any two points is equal to e to 
ooiuer of g times the angle between the tangents or behveen the 
>ials at those points. 

he sign to be given to yu, in this equation depends on the direction in which 
Tiction acts. In using the rule, however, no difficulty arises from this 
guity ; for (1) it is evident that that tension is the greater of the two which 
posed to the friction, and (2) it must be the ratio of the greater tension to the 
’ (not the lesser to the greater) which is equal to the exponential with the 
ive index. 

D determine the angle between the tangents ; let a straight line, starting from 
ition coincident with one tangent, roll on the string until it coincides with the 


•x/r's of A and B are therefore f{s) and f{s + 1). Hence, by taking 
the logarithms of equation (3), 

log - log = {/{s + 1) -/(s)}. 

From this equation s must be found. The other limiting position 
may be found by writing — /n for fi. 

465 . It should be noticed that the equation (3) of Art. 463 is 
independent of the size of the curve. Suppose a heavy string to 
pass through a small rough ring or over a small peg, and to be 
in a state bordering on motion; the weight of the portion of string 
on the pulley may sometimes be neglected compared with the 
tensions of the string on either side. If the strings on either side 
make a finite angle with each other, the pressures and therefore 
the frictions will not be small, and cannot be neglected. We 
infer that, ivhen a heavy tight string passes through a small rough 
ring, the ratio of the tensions on each side is given by the same rule 
as that for a light string. 


iX 


466 . Ex. 1. A rope is wound twice round a rough post, and the extremities 
are acted on by forces F, F'. Find the ratio of F : F' when the rope is on the 
point of slipping. [Here the angle between the tangents is 47r, hence the ratio of 
the greater force to the other is 


* Ex. 2. A circle has its plane vertical, and is pressed against a vertical wall by a 
^string fixed to a point in the wall above the circle. The string sustains a weight P, 
the coefficient of friction between the string and circle is fx, and the wall is perfectly 
rough. When the circle is on the point of sliding, prove that, if W be the weight of 
the circle and S the angle between the string and the wall, P (1 + cos S) TF + 2P. 

[Coll. Exam.] 




iX 




Ex. 3. A light string is placed over a rough vertical circle, and a uniform heavy 
rod, whose length is equal to the diameter of the circle, has one end attached to each 
end of the string, and rests in a horizontal position. Find within what points on 
the rod a given mass may be placed, without disturbing the equilibrium of the 
system : and show that the given mass may be placed anywhere on the rod, pro- 
vided the ratio of its weight to that of the rod does not exceed ^ 1), where ^is 

the coefficient of friction between the string and the circle. [Coll. Exam., 1880.] 
Ex. 4. A string, whose weight is neglected, passes over a rough fixed horizontal 
cylinder and is attached to a weight W ; P is the weight which will just raise JF, and 
F' the weight which will just sustain TF; show that, if P, P' are the corresponding 
resultant pressures of the string on the cylinder, P : P' : :P2 : P's. [Math. T. , 1880.] 
Ex. 5. A band without weight passes tightly round the circumference of two 
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Ex. 6. On the top of a rough fixed sphere .(radius c) is placed a heavy particle, 

I which are tied two equally heavy particles by light strings each of length cd ; show 
lat, when the latter particles are as near together as possible, the planes of the 

rings make with one another an angle where 2 sin -X) cos ^=sin X . 

id X is the angle of friction between the particles and the sphere, and between the 
rings and the sphere. [Coll. Exam., 1887.] 

Ex. 7. A uniform heavy string of length 21 passes through two given small fixed 
ngs A, H in the same horizontal line. Supposing the string to be on the point of 
ipping inwards at both A and B, find the position of equilibrium. 

If 26‘ be the portion of the string between the pegs, ?/ the ordinate of the catenary 
; either peg, the tensions at the two sides of either ring are proportional to y and 
~b‘. Referring to the triangle BLN in the figure of Art. 443, we see that the 
igle through which the string has been turned is the supplement of the least angle 

hose sine is c/y. Hence we have by (3) log = ^tt- sin"^ fx. Also if 2a be 

le known distance between the rings,we have a; = a. Substituting for y and s their 
lines in terms of a; or a given in Art. 443, we have an equation to find c. Hence 
and s may be found. 

[ Ex. 8. A, B, C are three rough points in a vertical plane ; P,Q,R are the greatest 
eights which can be severally supported by a weight JV when connected with it by 
rings passing over A, B, C, over A, B, and over B, G respectively. Show that the 

^affihient of friction at B is - log -SS.. [XIath. Tripos, 1851.] 

^ IT B vV 

Let a, 7 be the angles through which the string is bent at ABC, their sum is tt. 
y Art. 463 log P/ TV, log Q/ TP, log P/ TP are respectively equal to /xa + //? + yu" 7 , 
x-f Ac' (/3 + 7 ), jx' (a + p) +ac" 7 . The result follows by substitution. It is supposed 
lat B lies between the verticals through A and C. 


Ex. 9. A string, whose length is I, is hung over two rough pegs at a distance a apart 
1 a horizontal line. If one free end of the string is as much as possible lower than the 
fcher, the inclination to the vertical of the tangent to the string at either peg is given 


cot - = cos cosh At {tt-B). 


[St John’s Coll., 1881.] 


y the equation ^ sin 6^ . log 

Ex. 10. An endless uniform heavy chain is passed round two rough pegs in the 
ime horizontal line, being partly supported by a smooth peg situated midway in 
le line between the other pegs, so that the chain hangs in three festoons. If a, ^ 
re the angles which the tangents at one of the rough pegs make with the vertical, 
nd jx is the coefficient of friction, prove that the limiting values of a and /? are given 


y the equation e 


~ a+^) ^ ^ sin a log cot 

~ sin (3 log cot 4/3 * 


[XIath. Tripos, 1879.] 


467. Rough curve, heavy string. We shall noto consider 
he general case in luliich both the iveight of the strmg and the 
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In applying these equations to other forms of the string we 
must remember that the friction is fju times the pressure taken 
positively. Thus as the string is heavy it might lie on the 
concave side of the curve. We must then change the sign of R 
in the second equation, but not in the first. 

We shall presently have occasion to write p — dsld^lr. If the 
figure is not so drawn that s and increase together, we shall 
have — dsidyjr. To solve these equations, we eliminate R, 
dT 

— //.T = (sin — yu. cos -x/r) (3). 

This is one of the standard forms in the theory of differential 
equations. According to rule we multiply by and integrate ; 

.’. = Jwp (sin — pu cos yjr) dy\r + G (4). 

We cannot effect this integration until the form of the curve 
is given. By using the rules of the differential calculus we first 
express p as a function of 'x/^. Then substituting and integrating, 
we find = /('^) + G (5). 

The value of T having been found by this equation, R follows 
from either (1) or (2). It should he noticed that we have not 
tisswmed that the string is necessourily uniform. 

The pressure at any point is given by the equation 
Rp = T — wp cos "x/r. 

It may be noticed that this is the same as the corresponding 
e(.|uation for a heavy string on a smooth curve, Art. 460. 

If the string is not on the point of motion, we replace the term 
— puRds in (1) by — Fds, where F is the friction per unit of length. 

Ex. If the string is uniform and of finite length, and if the extremities are 
acted on by forces P^, P.^, prove that the whole friction called into play is 
|Pds = Po-Pi“ W2, where z = so that ^ is the vertical distance between the 

extremities of the string. 

, " .. 468 . It appears from the last article that the determination of the circumstances 
"of the equilibrium of a heavy string on a rough curve depends on the integral 
J= J76’pe (sin [X cos \p) d\p. 
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is a cycloid with its base inclined to the horizon at any angle, 1 1 
i have /?=4acos a), where a is the radius of the generatiug circle. Morelf 
tierally, if the curve is such that ivp can be expanded in a series of positive integral 
wers of sin and cos ’p, we can express top (sin p~ p cos p) in a series of sines and 
sines of multiple angles. In this case the integral can be found by a method 
nilar to that used for the circle. 

If the curve is a catenary we have pcos^p=c and 1= icc seGpe~^'^. More 
nerally, if the curve is such that p = a cos^^ lA, where n is a positive or negative 
teger, we may find I by a formula of reduction. We easily see that 

= ioa (cos py^~^e~^^ {?i + 2-ytc {n + 2) sin p cos p- [n+l- pr) cos- p}. 

469 . Ex. 1. A heavy string occupies a quadrant of the upper half of a rough 
rtical circle in a state bordering on motion. Prove that the radius through the 
wer extremity makes an angle a with the vertical given by tan (a-2e) = e" ^'^’^, 
lere = tan e. 

Ex. 2. A heavy string, resting on a rough vertical circle with one extremity at 
,e highest point, is on the point of motion. If the length of the string is equal to 
quadrant, prove that -^tt tan e = log tan 2e. [Coll. Ex., 1881.] 

Ex. 3. A single moveable pulley, of weight TF, is just supported by a power P, 
bich is applied at one end of a cord which goes under the pulley and is then fastened 
a fixed point ; show that, if p be the angle subtended at the centre by the part of 
.e string in contact with the pulley, p is given by the equation 

^ oosi> + e^i^'l'}i = W. [Coll. Ex., 1882.] 

Ex. 4. If a heavy string be laid on a rough catenary, with its vertex upwards 
id its axis vertical, so that one extremity is at the vertex, the string will just rest 
its length be equal to the parameter of the catenary, provided the coefficient of 
iction be (21og2)/7r. [Coll. Ex., 1885.] 


Ex. 5. A heavy string AB is placed on the concave side of a rough cycloidal 
irve whose base is inclined at an angle a to the horizon, with one extremity A at 


le lowest point and the other B at the vertex. Prove that the string will be in a 

, , , . ,. tan e- 2 tan a atan^ 

ate bordering on motion if r rii — = e ^ where tan e is the 

tan e + (1 - 3 cos- e) tan a 


lefficient of friction. 


Ex. 6. A heavy string rests on a rough cycloid with its base horizontal and 
lane vertical. The normals at the extremities of the string make with the vertical 
igles each equal to a, which is also the angle of friction between string and 
i^cloid. If, when the cycloid is tilted about one end till the base makes an angle a 
ith the horizontal, the string is on the point of motion, show that 
3-2see2a=e-‘’“‘™“. 


Let tlie form be known in which a heterogeneous unconstrained string, suppc 
at each end, rests in equilibrium in o^ plane under the action of any forces, 
this known curve be y=/ (x). Let us now suppose this string to be placed ii 
same position on a rough curve fixed in space whose equation is also y =f (x) 
the extremities of the string be acted on by forces such that the string is or 
point of slipping, then 

(r+Gp)e-'“''=C, Iipe->^^ = G { 

where C is constant throughout the length of the string. Here, as in Art. 
Gds is the resolved normal force inwards on the element ds. The standard 
is the same as that taken in Art. 467. The string is just slipping in that dire 
along the curve in which the f of any point of the string increases. Alsc 
pressure E of the curve on the string, when positive, acts outwards. If e 
of these assumptions is reversed, the sign of p must be changed. In order 
the string may not leave the curve, the sign of G should be such that R acts 
the curve towards that side on which the string lies. 

To prove these results, we refer to equations (1) and (2) Art. 454. Introdi 
the pressure R into these equations, we have 

dT+ Fds - pRds = 0, -i-Gds-Rds^O (t 

P 


Eliminating JR, as in Art. 467 - j(F- pG) pe'-^^d^p + C ( 

When the string is hanging freely, R = 0 ; by eliminating T between the € 

tions (2) we find that Fp=-^(Gp) is true along the curve. When the stri; 


constrained to lie on a curve which possesses this property, we can substitute 


value oi Fp in the equation (3). We then find Te~^'^= - e'^^^Gp+C. The 
result to be proved follows immediately, the second is obtained by substituting 
value of T in the second of equations (2). 

^ 471 . Ex. 1. A uniform heavy string ^15 is placed on the upper side of a r 

curve whose form is a catenary with its directrix horizontal. If the lower extr( 
is at the vertex, find the least force F which, acting at the upper extremity 
just move the string. 

At the ujoper end of the string we have T=F, G= -goos at the lower J 
G=-~g, ^ = 0 . Hence by Art. 470 {F - gp cos \p) -~gc, F=g(y-ce 

The upper sign of p gives the larger value of F, i.e. the force which will just ] 
the string upwards, the lower sign gives the force which will just sustain the si 
Instead of quoting equation (1), the reader should deduce this result fron 
equations of equilibrium. 

Ex. 2. A uniform string AB rests on the circumference of a rough circle i 
the action of a central force tending to a point 0 situated at the opposite extn 
of the diameter through A. If the force of attraction vary as the inverse cu 
the distance, prove that the force F acting at A necessary to prevent the s 

from slipping is F=k {sec^ -1), where ^ is the angle AOB, — the for 
A, and a is the diameter. 
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472. Endless and other string^s. When a heavy inextensible string rests in 
equilibrium in contact with a smooth curve without singularities in a vertical plane, 
the pressure and tension can be found as in Art. 459, with one undetermined 
constant. This constant is usually found by equating to zero the tension at the 
free extremity. If, however, the string is either endless or has both its extremities | 
attached to the curve and is tightened at pleasure, there is nothing to determine the! 
constant. ♦ 


Let us suppose the string to be in contact along the under side of the curve. Let 
the string be gradually loosed until its length exceeds the length of the arc in contact 
by an infinitely small quantity. The string is then just on the point of leaving the 
curve at some unknown point Q, and is then said to the curve. If the 

length of the string were still further increased a finite portion of the string would 
be off the curve and hang in the form of a catenary. In the same way if the portion 
of the string under consideration rest with its weight supported on the upper and 
concave side of the curve, we may conceive the string to be gradually tightened 
until it separates from the curve at some point Q. If still further tightened or 
shortened a finite part of the string would hang in the form of a catenary, while 
the remainder would still rest on the curve. 

To determine the position of the point Qwe notice that the pressure of the curve 
on th'S'^Strihg measured towards that side on which the string lies must be positive 
at every point of the curve and zero at Q, The pressure thus measured is therefore 
a minimum at Q. 

Eeferring to Art. 460, the outioard ^pressure R is given by 

Rp=zTq + 2 o (t/ -pcos (1). 

Differentiating, and remembering that both R and dRjds are zero at Q, we find 

0 = ^- cos^^+ psin f 
d$ ^ds ds 


except when p is infinite at the point thus determined. Since d?//ds = sin and 
p=dsld\f/, this gives at once 2 tan (2). 


This equation determines the points at which Rp is a maximum, a minimum, 
or stationary. When both R and dRjds are zero, we have 


dm dmp , ( 2 d?p\ , . , 


, 1 ^ 
p ds 


The sign of this expression determines whether E is a maximum or a minimum. 
When the length of the string is finite, some of these maxima or minima may be 
excluded as being beyond the given limits. But we must then also take into 
consideration the extremities of the string, for it is manifest that the pressure at 
either end may be less than that at any point between the limits of the string. The 
required point Q is that one of all these points at loliich the pressure measured towards 
the string is least. The undetermined constant Tq is then found by making the 
pressure zero at this point. 


the constant Tq be determined by making the statical directrix pass through that 
anti-centre, Art. 460. If 11 represent the outward pressure on the string, Ep is then 
positive at every point of the string and equal to zero at Q. The string therefore 
leaves the curve at Q. 

Next, let the string rest on the upper and concave side of a curve. If gradually 
tightened it will leave the curve at the point Q whose anti-centre is highest. For, 
choosing the constant Tq so that the statical directrix passes through the anti- 
centre, and assuming that the whole string is still above the directrix (Art. 460), 
tl,ie value of Ep is negative at every point of the string and equal to zero at Q. 

473 . Ex. 1. A heavy string just Jits round a vertical circle: show that the 
tension at the highest point is three times that at the lowest. 

Let Tq, 2\ be the tensions at the lowest and highest points, and let a be the 
radius. Then 1\ - T'Q = 2ioa. Since p is constant the only solution of (2) is \p = 0, 
and this makes the outward pressure E a minimum. The pressure is therefore zero 
at the lowest point. The weight, viz. zads, of the lowest element is therefore 
supported by the tensions at each end, i.e. zvds - Tgdsla. These equations give 
Tq—wu^ and l\ = ^ioa. 

We may obtain the result more simply by using the geometrical rule given in 
the last article. The locus of the anti-centre is obviously another circle of radius 
2a and concentric with the given circle. Taking the tangent at its lowest point for 
the statical directrix, the altitudes of the highest and lowest points of the given 
circle are as 3 : 1, Art. 460. The tensions at these points are therefore also in the 
same ratio. We see also that if the string be slightly loosened, it will begin to 
leave the curve at the loioest poirit. 

Ex. 2. A heavy string (length 21) rests on the inner or concave side of a segment 
of a smooth sphere (radius a, angle 2^) and hangs down symmetrically over the 
smooth rim which is in a horizontal plane. Find the conditions of equilibrium. 

Since every point of the string must be above the statical directrix, it will be 
seen on drawing a figure that (/3-bl-coS|0). Since the string rests on the 
concave side, the outward pressure E must be negative and therefore every point of 
the anti-centric curve must be below the statical directrix, hence a (jS-f cos /3). 
These two conditions require that /3 should be less than ,^7r. If the second inequality 
be reversed the string will leave the spherical segment at the highest point. 

Ex. 3. A heavy string is attached to two points of the arc of a catenary with 
its axis vertical, and rests against its under surface. If the string is gradually 
loosed, show that it will leave the curve at every point at the same instaut. 

Ex. 4. A heavy string has one end fastened to the lowest point of the arc of a 
cycloid with the axis vertical and the vertex at the lowest point. The string 
envelopes the arc outside up to the cusp, and passing over a small smooth pulley 
has the other end hanging freely. Prove that the least length of the string hanging 
down which is consistent with equilibrium is equal to six times the radius of the 
generating circle. Find also in this case the resultant pressure on the cycloid. 

[Queens’ Coll.] 

Ex. 5. A heavy string just fits the under surface of a cycloidal arc, the extremi- 


e and the catenary have four consecutive points coincident, and (2) that the 
lescent arc is situated at a point of the curve determined by 2tan;/' = d/)/d9. 

Cx. 7. A string is bound tightly round a smooth ellipse, and is acted on by a 
ral repulsive force in the focus varying directly as the square of the distance, 
i the law of variation of the tension, and prove that, if the string be slightly 
sued, it will leave the curve at the points at a distance from the focus equal to 
;imes the semi-major axis, provided the eccentricity be greater than 3/4. If 
jccentricity be less than 3/4, where will it leave the curve? [Coll. Ex., 1887.] 

474. Central forces. A string of given length is attached to 
fixed points, and is under the action of a central force. Find 
relation between the form of the curve and the law of /orce. 
the arc be measured from any fixed point A on the string in 
direction AB, and let s = AP. 

0 be the centre of force, and 
Fds be the force on the ele- 
it ds estimated positive when 
ng in the positive direction of 
radius vector, he. when the 
e is repulsive. 

The element PQ is in equilibrium under the action of the 
iions T and T -f dT and the central force Fds. Resolving 
ig the tangent at P, we have 

dT + Fds cos = 0, 

re </> is the radial angle, i.e. the angle OP A. Since cos ^ = drjds, 
dT 

reduces to — F =0 ••(!)• 

dr^^^ 

We might obtain a second equation by resolving the same 
ss along the normal at P, but the result is more easily found 
aking the moment of the forces which act on the finite portion 
tring AP. This portion is in equilibrium under the action of 
tensions Tq, T and the central force tending from 0 on each 
lent. Taking moments about 0, these latter disappear; we 

therefore Tp = A _ (2), 

re p is the perpendicular from 0 on the tangent at P, and A 
le moment about 0 of the tension Tq. 



p+. In.norAn+.H n.l n.nv l.wn nninf.s A 7? nf l.Tifi ftnrvfi meAt iu 17. Thpri tbfi n.rr*. 


324 


INEXTENSIBLE STRINGS 


[CHA 


R of the central forces on all the elements. This resultant force must therefo 
along the straight line joining the centre of force 0 to the intersection C c 
tangents at A and B, Also if OY, OZ are the perpendiculars from 0 o 

YZ 

tangents at A and B, we see by compounding the tensions that B = A . qy~ 

As the point P moves from A to B, the foot of the perpendicular on the ta 
at P traces out the pedal curve. This curve, when sketched, exhibits to tb 
the magnitude of the tension at all points of the catenary. 


475. Two cases have now to be considered. 

Suppose the form of the string to be given, and lei 
force be required. By known theorems in the differential calc 
we can express the equation to the curve in the form p = '\p 
The equations (1) and (2) then give 

rp -d. Jp — 

'f{ry f(ry 

The constant A remains indeterminate, for it is evident 
the equilibrium would not be affected if the magnitude of 
central force were increased in any given ratio. The tensio: 
any point of the string and the pressures on the fixed point 
suspension would be increased in the same ratio. 


Secondly, Suppose that the force is given, and that the i 
of the curve is required. Eliminating T between (1) and (2^ 

find j=B-fFdr (4 

This differential equation has now to be solved. Put = 
and JFdr= f(u); we find by a theorem in the differential calc 




Separating the variables, we have 
+ Adu- 


•(f 


= e + c. 




When this integration has been effected the polar equatic 
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ats. We have also given the length of the string. To use 
5 datum we must find the length of the arc. We easily find 

{dsy = (dry + (rdey = L + (udey}. 

Substituting from (5), we have 

Q = f {*7\ 

* ^ 

Taking this between the given limits of u, and equating the 
lit to the given length of the string, we have a third equation 
ind the three constants. 


uhe equation (6) agrees with that given by John Bernoulli, Opera Omnia, Tomus 
rtiis, p. 238. He applies the equation to the case in which the force varies 
rsely as the wth power of the distance, and briefly discusses the curves when 
and 71 = 2. ^ 

!i76. Ex. 1. A string is in equilibrium under the action of a central force. 

' be the force at any point per unit of length, prove that the tension at that 
t=Fx, where % is the semi-chord of curvature through the centre of force. 

T 

V also that F=A , where is a constant. 

P P 

5x. 2. A uniform string is in equilibrium in the form of an arc of a circle under 
Influence of a centre of force situated at any point 0. Find the law of force. 
C be the centre, OC = c, CP = a. Then 2ap=:r^ + a^ -c'^, 

F= - A — -= iaA j-r . — ? — ' 
dr p [r^ + aP-c^F 

f the centre of force is situated at any point of the arc not occupied by the 
g the law of force is the inverse cube of the distance, 
ince Tp~A, A is positive, hence F is 
iive, i.e. the force must be repulsive. If the 
re of force is outside the circle, p is negative 
bat part of the arc nearest 0 which is cut off 
le polar line of 0. If the string occupy this 
of the arc, A is negative and the force F 
: be attractive. 

i^'e have taken r or w as the independent 
.ble. If the centre of force be at the centre 
le circle, this would be an impossible sup- 
ion. This case therefore requires a separate 
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n>l. Show that the form of the string between A and B is r’'~^=6”“®oos()i-2) ff. 
If 71=2 the curve is an equiangular spiral. 

Ex. 5. A closed string surrounds a centre of force = /4W"’, where 72 >1 and <2. 
Show that, as the length of the string is indefinitely increased so that one apse 
becomes infinitely distant from the centre of force, the equilibrium form of the string 
tends to become r'^-^=zh '^-^ cos (72 - 2) 6. If 7i=|- the form of the curve is a parabola. 

Ex, 6 . A uniform string of length 21 is attached to tioo fixed points A^B at equal 
distances from a centre O of repulsive force =fm^. If 0A = OB = b and the angle 

A OB = 2^, prove that the equation to the string is “-=1 + — 


r cos a 

where the real and imaginary values of M and a are determined from the equations 


M_ , cos (jS sin a) 


cos a '' 'I 

The equations (1) and (2) of Art. 474 become here 
Proceeding as explained in Art. 475, we find ± ^ 


sin zhj sin (/S sin a). 


dT=fjidUj 

Ada 


Tp = A. 
= 0+C7. 


This integral is one of the standards in the integral calculus, and assumes 
different forms according as A^ - fj? is positive, negative or zero. Taking the first 
assumption, we have after a slight reduction 

A^ — u? f \ ^ 

— [e + C). 


The formula really includes all cases, for when A^ - y? is negative we may write 


for the sine of the imaginary angle on the right-hand side its exponential value. 
Proceeding to find the arc in the manner already explained, we easily arrive at 
jSs= ±{(B}-+/t)2-A2}4+T), 

where the radical must have opposite signs on opposite sides of an apse. 

The conditions of the question require that the string should be symmetrical 
about the straight line determined by 0 = 0. We have therefore C = 0 andD = 0. 


Putting J =/4 sec a, the equation to the curve reduces to — ^ - = 1 ± 

B r cos a 


We also have BH^= {Bh — yP' sec- a. 

Eliminating B between these equations, we find ? sin a= =k 5 sin (/3 sin a). We now 
put 31 for the coefficient of IJr and include the double sign in the value of a. 
Since r=b when 0= i/5 the three results given above have been obtained. 

Ex. 7. A string is in equilibrium in the form of a closed curve about a centre 
of repulsive force =y,u^. Show that the form of the curve is a circle. 

Beferring to the last example, we notice that, since r is unaltered when 0 is 
increased by 27r, r must be a trigonometrical function of 0. Hence sina=l or 0. 
Putting 31 cos a = Ar', the first makes 31 fr— cos 0, which is not a closed curve, the 
second gives ilf=7*, which is a circle. 

Ex. 8. If the curve be a parabola, and the centre of force at the focus, and if 


Hx. 11. Show that the catenary of equal strength for a central force which varies 
he inverse distance is r^'-cos = where l-?i is the ratio of the line density 
he tension. Show also that this system of curves includes the circle, the rect- 
ilar hyperbola, the lemniscate, and when n is zero the equiangular spiral. 

[0. Bonnet, Lioiiville^s J., 1844.] 

Sx. 12. A string is placed on a smooth plane curve under the action of a central 
e F, tending to a point in the same plane ; prove that, if the curve be such 
a particle could freely describe it under the action of that force, the pressure 

he string on the curve referred to a unit of length will be equal to — — " , 

/ p 

re 0 is the angle which the radius vector from the centre of force makes with 
tangent, p is the radius of curvature, and c is an arbitrary constant. 

1 the curve be an equiangular spiral with the centre of force in the pole, and if 
end of the string rest freely on the spiral at a distance a from the pole, then 

pressure is equal to ^ . [Math. Tripos, I860.] 

Sx. 13. A free uniform string, in equilibrium under the action of a repulsive 
ral force JP, has a form such that a particle could freely describe it under a 
ral force J?’' tending to the same centre. Show that F=^hpF', where h is a 
itant. If V be the velocity of the particle and T the tension of the string, show 
that T = kpv^. See Art. 476, Ex. 1. 

Sx. 14. It is known that a particle can describe a rectangular hyperbola about 
pulsive central force which varies as the distance and tends from the centre of 
curve. Thence show that a string can be in equilibrium in the form of a 
rngular hyperbola under an attractive central force which is constant in 
nitude and tends to the centre of the curve. Show also that the tension varies 
le distance from the centre. 

i’or a comparison of the free equilibrium of a uniform string with the free 
Lon of a particle under the action of a central force, see a paper by Prof, 
nsend in the Quarterly Journal of Mathematics^ vol. xm., 1873. 

1 : 77 . When there are two centres of force the equations of equilibrium are best 
d by resolving along the tangent and normal. Let r, r' be the distances of any 
,t P of the string from the centres of force; P, F' the central forces, which are 
e regarded as functions of r, r' respectively. Let p, p' he the perpendiculars 
L the centres of force on the tangent at P. We then have 

dT-\-Fdr + F'dr'^0..,{l), - - pi- ^ (2). 

p r r' ' ' 

first equation gives T—B- JPdr - jP'dr' (3) . 

nay suppose the lower limits of these integrals to correspond to any given point 
n the string. If this be done B will be the tension at P^. Substituting the 
e of T thus obtained from (1) and (2) and remembering that p^rdrjdp, 

^ (pfPdr) + -A {v'{F'dr’)-B • 
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on the other hand, if we find T from (2) and substitute in (1), we find after redaction 

‘■=>- 

Thus of the four elements, viz. (1) the force (2) the force (3) the tension 2", 

(4) the equation to the curve, if any two are given, sufficient equations have now ^ 
been found to discover the other two. 


- d 
V 




Ex. 1. A string can be in equilibrium in the form of a given curve under the 
action of each of two different ccnti'es of force. Show that it is in equilibrium 
under the joint action of both centres of force, and that the tension at any point is 
equal to the sum of the tensions due to the forces acting separately. 

Ex. 2. Prove that a uniform string will be in equilibrium in the form of the 
curve r^ = 2a"cos20 under the action of equal centres of repulsive force situated at 
the points, (a, 0), ( - a, 0), the force of each per unit of length at a distance B being 
fAjR. Prove also that the tension at all points will be the same and equal to 

[Coll. Ex., 1891.] 

478. string on a surface. A string rests on a smooth 
'' surface under the action of any forces. To find the position of 
equilibrium. 

Let the equation to the surface be f{x, y, z) — 0. Let Rds be 
the outward pressure of the surface on the string. Let (?, m, ri) 
be the direction cosines of the inward direction of the normal. 
By known theorems in solid geometry, I, m, n are proportional to 
the partial differential coefficients of f{x, y, z) with regard to 
X, y, 5 respectively. 

If the equations are required to he in Cartesian coordinates, we 
deduce them at once from those given in Art. 455 by including R 
among the impressed forces. We thus have 

^ {Tf)+X-m = Q 

ds\ dsj 

E S) + 

^{T^+Z-Rn = Q 

ds \ dsJ 

We have here one more unknown quantity, viz. R, than we 


he element PQ is in equilibrium under the action of (1) the 
3 Xds, Yds, Zds acting parallel to the axes of coordinates, 
1 are not drawn in the figure, (2) the reaction Rds along NP, 
le tensions at P and Q, which have been proved in Art. 454 
equivalent to dT along PQ and Tdsjp along PG, 

esolving these forces along the tangent PA, we have 

dT+Xas^+Yds^ + Zds'^^O, 

as as as 

/. T + J(Xdx+Ydy + Zdz) = A (1). 

he forces are said to be conservative, when their components 
, Z are respectively partial differential coefficients with regard 
/, -S', of some function W which may be called the work function, 
i09. Assuming this to be the case, the integral in (1) is equal 
le work of the forces. It 
^s from this equation that 
nsion of the string plus the 
of the forces is the same at 
oints of the string. Taking 
ntegral between limits for 
VO points P, P' of the string, 
ie that the difference of the 
ns at two points P, P' is in- 
dent of the length or form of the string joining those points 
3 equal to the difference of the works at the points P', P taken 
^erse order. 

^e shall suppose that, while p is measured inwards along PG, 
ressure R of the surface on the string is measured outwards 
JVP, Art. 457. We shall also suppose that (I, m, n) are the 
ion cosines of the normal PN measured inwards. With this 
'Standing we now resolve the forces along the normal PN to 
irface ; we find 

Td^ 

~cosx+ Xds l+Ydsm + Zds n - Rds = 0. 
f a theorem in solid geometry, if p be the radius of curva- 
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a plane containing the normal to the surface and the tangent 
the string, then p'cos % = p. We therefore have 

-, + Xl + Ym+Zn=R (2] 

P 

It follows from this equation that the resultant pressure 
the surfa.ce is equal to the normal pressure due to the tension 
the pressure due to the resolved part of the forces. The tensior 
any point P having been found by (1), the pressure on the surf 
follows by (2), provided we know the direction of the tangent ^ 
to the string. This last is necessary in order to find the value oi 

Lastly, let us resolve the forces along the tangent PB to 
surface. Let X, /a, v be the direction cosines of PB. Since PI 
at right angles to both PN and PA, these direction cosines maj 
found from the two equations 

We then have by the resolution 

^ sin + ^X -f Yix + - 2 ^ 1 / = 0 (3 

Ex. An endless string lies along a central circular section of a smooth ellipi 
prove that {b- -p-), where F is the force per unit of length which ac 

transversely to the string in the tangent plane is required to keep the string 1 
place, p is the perpendicular from the centre on the tangent plane and b is 
mean semi-axis. [Trin. Coll., U 

480. Geodes ics, If any portion of the string is not actec 
by external forces, we have for that portion X = 0, Y=0,Z 
The equation (1) then shows that the tension of the string 
constant. The equation (2) shows that the pressure at any p 
IS proportional to the curvature of the surface along the string. ' 
equation (3) (assuming the string not to be a straight line) sh 
that % = 0, i.e. at every point the osculating plane of the c\ 
contains the normal to the surface. Such a curve is calle 
geodesic in solid geometry. 

Converselv, if the string rest on the surface in the form ( 
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moves along the string the concavity changes from one side of the string to the 
other. Such a point may be regarded as a point of geodesic inflexion. It follows 
from the erpation (3) that a strmg stretched on a surface can have appoint of geodesic 
wjlexion only ivhe7i the force transverse to the strmg and twagential to the surface 
is zero. 

481. A string on a surface of revolution. When the 
surface on which the string rests is one of revolution, we can 
replace the rather complicated 
equation (3) of Art. 479 by a 
much simpler one obtained by 
taking moments about the axis 
of figure. If also the resultant 
force on each element is either 
parallel to or intersects the 
axis of figure, there is a further 
simplification. This includes 
the useful case in which the 
only force on the string is its weight, and the axis of figure of the 
surface is vertical. 

Let the axis of figure be the axis of z, and let (r, 0, (/>) be the 
polar coordinates and {r\ <j>, z) the cylindrical coordinates of any 
point on the string, so that in the figure r' = ON, z = PN, and 
cj> = the angle NOx. Then from the equation to the surface we 
have ^ = /(/). Let the forces on the element ds be Pds, Qds, Zds 
when resolved respectively parallel to r', r'd(p, and z. 

We shall now take moments about the axis of figure. The 
moment of R is clearly zero. To find the moment of T, we 
resolve it perpendicular to the axis and multiply the result by the 
arm /. In this way we find that the moment is Tr' sin -v/r, where " 
y/r is the angle the tangent to the string makes with the tangent 
to the generating curve of the surface, i.e. 'xjr is the curvilinear 
angle OPA. The equation of moments is therefore 

d {Tr' sin y^) + Qr'ds = 0 (4). 

Wfi nlan bnvrA rpRnlvincr fl.lmior tbp ta-nocpTit fi.R in Art. 
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to xy in Q, Then PQ = PP' sin i.e. rd(^ = ds.mi^lr. We 
therefore have 

{rd<^y = [{dry -f- {rdj))- + {dzy] sin- a/t (6), 

Eliminating T and sin-x/r between (4), (5) and (6) we have an 


equation from which the form of the string can be deduced. 

If the only force acting on the string is gravity, and if the axis is vertical, the 


equations take the simple forms 

lY sin xj/ = 10 'B =w {z A) (7) . 

Eliminating T and sin i//, by help of (0), we have 

( 8 ). 


Substituting for z from the equation of the surface, viz. z=f (?•'), this becomes the 
polar differential equation of the projection of the string on a horizontal plane. 
The outivard normal inesHure of the surface on the string may be deduced from 
equation (2) of Art. 470. 

482. Heavy string on a sphere. Using polar coordinates referred to the 
centre 0 as origin, the fundamental equations take the simple forms 
T sin d sin ^ = ioB\ T = io {a cos 6 + A), 

(sin 6d(p)^— {(sin Odxpy^ + {dd)-} sin-;/', Ra = iv {2a cos 6 A) , 
where ^ is the angle the string makes with the meridian arc drawn through the 
summit and B = aB'. These give as the differential equation * of the string 

f dd\- . „ f a cos 0 A\^ 

[dA +sm-0 = sin^e{--j^y 

The tension at any point P = loz where z is the altitude of P above a fixed hori- 
zontal plane called the directrix plane, and every point of the string must be above 
this plane. The plane is situated at a depth A below the centre of the sphere. At 
each point P let the normal OP be produced to cut in some point S a concentric 
sphere whose radius is twice that of the given sphere. The point S is the anti-centi'e 
of P, and the outward pressure on the string is loz'/a where z' is the altitude of S 
above the directrix plane. As already explained every anti-centre must lie above or 
below the directrix plane according as the string lies on the convex or concave side 
of the sphere, Art. 460. 

The values of the constants A , B depend on the conditions at the ends of the 
string. We see that B' = 0, (1) if either end is free, for then T vanishes at that 
end, (2) if the string pass through the summit of the sphere, for then sin 6 vanishes, 
(3) if a meridian can be drawn from the summit to touch the sphere, for sin xl/ = 0 
at the point of contact. In all these cases, sin vanishes throughout the string, 



equations yield only two available values ot cos B ; for tracing the two curves 
common abscissa is ^“Cos ^ and whose ordinates are the reciprocals of the 
dues of T, we have an ellipse and a rectangular hyperbola, which, since T must 
sitive, give only two intersections. Let d = a, 0 = ^he the meridian distances 
highest and lowest points of the string, both being positive. Then 


a 


sin 2a - 
sin a - 


sin 2/3 
sin /3 ’ 


B . . ^ cos a~cos B 

= sin a sin B ; — ^ . 

a ' sm a - sm /8 


ows that the directrix plane passes through the centre of the sphere when a 
are complementary. In general the tensions, and therefore the depths of the 
rix plane below the highest and lowest points, are inversely as the distances 
se points of the string from the vertical diameter. 

has been proved in Art. 480, that the string can have a point of geodesic 
nn when the transverse tangential force is zero. This requires that the 
ian drawn from the summit should touch the string, and this, we have 
y seen, cannot occur. It follows that the strinc/ must be concave throughout 
gth on the same side. 


the form of the string is a circle its plane must be either horizontal or vertical, 
L the latter case it must pass through the centre of the sphere. To prove this 
^e the string a virtual displacement without changing its form, it is easy to 
at the altitude of the centre of gravity can be a max-min only in the cases 
Dned. In both cases the altitude is a maximum and the equilibrium is 
3re unstable. Art. 218. In the same way it may be shown that any position 
ilibrium of a heavy free string on a smooth sphere is unstable. 


. 1. A heavy uniform chain, attached to two fixed points on a smooth 
I, is drawn up just so tight that the lowest point just touches the sphere, 
that the pressure at any point is proportional to the vertical height of the 
above the lowest point of the string, [Coll. Ex., 1892.] 


. 2. A string rests on a smooth sphere, cutting all the sections through a 
iiameter at a constant angle. Show that it would so rest if acted on by a 
varying inversely as the square of the distance from the given diameter, and 
le tension varies inversely as that distance. [Coll. Exam., 1884.] 


. 3. A string can rest under gravity on a sphere in a smooth undulating 
lying between two small circles whose angular distances from the highest 
>f the sphere are complementary, without pressing on the sides of the groove, 
the acute angle at which the string cuts the vertical meridian prove that the 
at which ^ is a minimum occur at angular distances ^tt from the highest 
md find the value of ^ at these points. [Math. T., 1889.] 


3. String on a Cylindrical Surface. Ex. 1. A heavy string is in equili- 
on a cylindrical surface whose generators are vertical, the extremities of the 
being attached to two fixed points on the surface. Find the circumstances of 
lilibrium. 

FQ = ds be any element, wds its weight. Let the axis of z be parallel to the 
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along a tangent to the string, we have as in (1) Art. 479, T wz A. Reso 

. „ I n,. i-t i7q - ( t—'\-w = 0. These are the same a: 

vertically, we have by Art. 4/8, yJ- j 

equations to determine the equilibrium of 
a heavy string in a vertical plane. The 
constants, also, of integration are deter- 
mined by the same conditions in each 
case. We see therefore that if the cylinder 
is devcloyed on a vertical plane, the eqm- 
librinm of the string is not disturbed. The 
circumstances of the equilibrium may 
therefore be deduced from the ordinary 
properties of a catenary. 

To find the pressure on the cylinder, 
either resolve along the normal at P to the surface, 

found in Art. 479. 



N2f 


1 cos2 sin2 -ip 

We thus find also ^ = -~— 

p Pi ^ 


C0S“ ; 

Pi 


Euler’s theorem on curvature, where p, is the radius of curvature at ^ 
section AMN of the cylinder made by a horizontal plane, and is the ang 
tangent at P to the string makes with the horizontal plane. 

Vx 2 If a string be suspended symmetrically by two tacks upon a v 


cylinder, and if Si, H - 


. be the distances above the lowest point of the ca 
at which the string crosses itself, then ZiZ 2 n-i-i— (^n+i ~ [Math. Tripos, 

Ex 3 If an endless chain he placed round a rough circular cylinde 
pulled at a point in it parallel to the axis, prove that, 


nulled at a point in it parauei uu - - , , 

li slipping, the curve formed by it on the cylinder when developed 'vil ^e a Par 
and find the length of the chain when this takes place. [Math. 1 

Ex 4. A heavy uniform string rests on the surface of a smooth right c 
cylindCT, whose radius is a and whose axis is horizontal. If (a. 9. z) he the cyli: 
cLrdinates of a point on the string, 8 being measured from the vertical, pro 
r acdd 

T=w{h + acos6), z= j 


- , where b and c are two constant 


{{b + a cos 6)^ - 

It is clear that the tension resolved parallel to 2 : is constant, i.e. Tdzjc 
Combining this result with the value of T found in Art. 483, Ex. 1, we obti 
second result in the question. 

Ex. 5. The extremities of a heavy string are attached to two small rings 
can slide freely on a rod which is placed along the highest generator of 
circular horizontal cylinder, and are held apart by two forces each equal to w 
lowest point of the string just reaches to a level with the axis of the oylinde. 
he the distance between the rings and L the length of the string, prove that 


= [ 


d\p 




L 


-I- 


dxp 
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string at any point to the axis is sec ^ (l + ^/a), where z is the height of the point 
above the axis, supposing the string cuts the highest generator at an angle of 60'^. 

[June Exam.] 

Ex. 7. A heavy uniform string has its two ends fastened to points in the 
highest generator of a smooth horizontal cylinder of radius a, and is of such 
a length that its lowest point just touches the cylinder. Prove that, if the 
cylinder be developed, the origin being at one of the fixed points, the curve on 

which the string lay is given by c- = a^cos'^ ^ + cos . [Math. T., 1883.] 

484. String on a right cone. Ex. 1. A string has its extremities attached 
to two fixed points on the surface of a right cone, and is in equilibrium under the 
action of a centre of repulsive force F at the vertex. Show that the equilibrium is 
not disturbed by developing the cone and string on a plane passing through the 
centre of force. 

Let the vertex 0 be the origin, ( 7 *', 6', z) the cylindrical coordinates of any point 
P on the string. Let OP — r, Taking moments about the axis and resolving along 
the tangent, we have as in Art. 481, 

rr'sin^=P, T + JPdr=(7 (1). 

We may imagine the cone divided along a generator and together with the 
string on its surface unwrapped on a plane. Let (r, 6) be the polar coordinates of 
the position of P in this plane. Let p be the perpendicular from 0 on the tangent 
to the unwrapped string, then sin f. The equations (1) become 

Tp=B\ T-\-\Fdr=C (2). 

These are the equations of equilibrium of a string in one plane under the 
action of a central force, and the constants of integration are determined by the 
same conditions in each case. We may therefore transfer the results obtained 
in Art. 474 to the string on the cone. In transferring these results we notice that 
the point (?', 6) on the plane corresponds to {r'd'z) on the cone, where 7''=rsina, 
^'sina = ^, 2 = 7’ cos a. 

rrn ^ ^ T sin (b B cos a . 1 cos- cb sin^ S 

The pressure R is given by P = — = — ~ — , since -= 

p sin- a p CO r sec a 

by Euler’s theorem on curvature. Art. 479. 

Ex. 2. The two extremities of a string, whose length is 21, are attached to the 
same point A on the surface of a right cone. The equation to the projection of 
the string on a plane perpendicular to the axis is rrr' = I cos (ff' sin a), the point 
A being given by 6' = Tr. Show that the string will rest in equilibrium under the 
influence of a centre of force in the vertex varying inversely as the cube of the 
distance. 

Ex. 3, A heavy uniform string has its ends fastened to two points on the 
surface of a right circular cone whose axis is vertical and vertex upwards, the 
string lying on the surface of the cone. Prove that, if the cone be developed 
into a nlane. the curve on which the string lay is given by n(a + br) = l, the 
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The required conditions may be deduced from the equa 
for a smooth surface by introducing the limiting friction, 
pressure of the surface on the element ds being Rds, the lim 
friction will be fjuRds, This friction acts in some directior 
lying in "the tangent plane to the surface. See figure of Art. 
Let be the angle SPA. Eesolving along the principal ax 
any point of the string exactly as in Art. 479, we have 
dT Xdw Ydy 4- Zdz + jiRds cos -x/r = 


- + Xl+ Ym + Zn — R 


— > tan 4“ X\ Y jji -{• Zv 4 i-t-R sin 'x^ = 0 


These three equations express the conditions of equilibriu 

486 . The simplest case is that in which the applied f 
can be neglected compared with the tension. We then ] 
putting zero for X, F, Z, 

dP -n , 

^ + fiR'Cos Y = 0 \ 


— tan X + sin 'xir = 0 


It easily follows from these equations that tan % + sin -x/r 
This requires that tan % should be less than ^ ; thus equilib 
is impossible if the string be placed on the surface so tha 
osculating plane at any point makes an angle with the no 
greater than tan“^ /x. Eliminating ijr and R from these equat 




.tan=XF = 0, 


•• log T=C- 

J P 


Thus, when the string is laid on the surface in a given form 

is bordftri'no' nn motion, tho tension a.t fj.nv noint oa.n bo fonnd 


If a light string rest on a rough surface in a state bordering c 
motion, and the form of the string he a geodesic, then (1) t) 
friction at any point acts along the tangent to the string, 'and (! 
the ratio of the tensions at a/ny two points is equal to e to the powi 
of ± times the sum of the infiyiitesimal angles turned through by 
tangent which moves from one point to the other. 

The conditions of equilibrium of a string ou a rough surface are given in Jelletl 
Theory of Friction. He deduces from these the equations obtained in Art. 486. 

487 . Ex. 1. A fine string of inconsiderable weight is wound round a rig 
circular cylinder in the form of a helix, and is acted on by two forces F, F' at i 

F^ cos^ ct 

extremities. Show that, when the string borders on motion, log ^ ^ y, — ^ 

where s is the length of the string in contact with the cylinder, a the angle of tl 
helix and a the radius of the cylinder. 

Since the helix is a geodesic, this result follows from the equations of Art. 41 
by writing for 1/p' its value cos2 given by Euler’s theorem on curvature. 

Ex. 2. A heavy string AB, initially without tension, rests on a rough ho] 
zontal plane in the form of a circular arc. Eind the least force F which, applii 
along a tangent at one extremity B, will just move the string. 

Let 0 be the centre of the arc, let the angle A OP — 6, the arc AP = s. Let t] 
element PQ of the string begin to move in some 
direction PP', where P'PQ = xp ; then by the nature ^ 
of friction the angle \p must be less than a right 
angle. The friction at P therefore acts in the 
opposite direction, viz. P'P, and is equal to fiwds. 

The equations of equilibrium are 

dT - {iwds Gosxp^O) 

Tdd - ixiods sin 

Substituting in the first equation the value of 
T given by the second, we have, since ds = add, 

d\p=d9, and therefore \p = d-\-C (2). 

We have by substituting in (1) T~ fjjioa sin ^ 

If every element of the string border on motion, the equations (1) hold througl 
out the length. Since T must be zero when 6 = 0, we find that (7 = 0. Hence, 
aa be the given length of the string AB, the force required to just move it is give 
by P=p, 2 yasina. It is evident that this result does not hold if the length of tl 
string exceed a quadrant, for then xp at the elements near B would be greater tha 
a right angle. 

Supposing the arc AB to be greater than a quadrant, let the force F acting at 
increase gradually from zero. When F = ixwa sin a, where acjTr, it follows froi 
what precedes that a finite arc EB, terminating at B and subtending at 0 an ang 
BOB equal to a, is bordering on motion, and that the tension at E is zero. Whe 
F^jxica the resolved part of the tension at B along the normal is fiivadO, and is jui 
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iming up, the force required to move tin? ntring in FzLzfxaw nin a if the 
han a eiuadrant. If the length oxeunnl a (luadrant, the foreio in fniWj 
legins to move at tlie extremity at which t]l(^ force is applied. Sec A 
Ex. 3. If a woightloBB Htring Htredcheid by two widgliin lie in one plane j 
rough sphere of radiuH a, show that tin* (lishimM? of the plants from tlui 
cannot exceed a sine, whore e Ih the angle of friction. j St John’s Coll. 


488. Virtual Work. The equations of e(puHhriuin of a string ] 
deduced from the principle of virtual work by taking (‘uch ehniient sojairaU: 
following the general method indicah.'d in Art. ‘203. In fact tin?, left-hand 
the x equation given in Art. -inr)^ aft(‘r niultijdiciition by d.s' . d.r, is the 
moment resulting from a displucennmt d.r. 'riiis method reijuires that the t 
at tbo ends of tlie ebnnent shouhl b(* inclmled as part of the impnjHsed forcei 
principle may also be (‘xpressed as a max-min condition (Art. *21‘2) in 
which incdudcH only the giv(*n (external forces. As an ('xainple of this 
consitlor the followiiig ])robIeni. 

A ho.tmxjeru'om Htrintj of (jlvrn /, y/.nv/ at itn r.rt n'mitim A, 1 

equiUhrium in one plane in a field of force irlio.’ie potential ie T. Jtia reqi 
find the form of the atrinij. 

Supposing to h<‘ th(» lin<‘ density at a ]ioint whos(.‘ arc, distance 

is .S', tbo w'ork hmetion for th<‘ whol(‘ string is jl’an/.v, the limits Is'ing 0 to 
shall take the arc h as tin* indep(!n<l<*nt variable and regard .r, y as two func 
A' connected by tla^ equation 



Eollowing Lagrange’s rul<‘ we removi? tln^ n^stiLaion (1) and nnikti 

Ol"- ; 

a max-min for all variations ef .r and //, tln‘ (jnantity X being an n,rbitrary fi 
of .S', afterwards cbo.S{m to make the r(‘sulting values of .r, // satisfy tlu? conditi( 

As the limits are li.xed, then? is no obvious adva,ntag(? in varying all the 
nate.s. We shall tlK'refore talo? the variation of u on the supposition that 
variable and a constant. W(‘ havj? 


<5// : 


f I /dr (/r ^ \ ('(ir do.r di/ doi/\ 


do.r 

ds 


dy ddy\ 

ds f/.s* 


. d.S'. 


Integrating tin? tliird and fourth terms by parts and rc^meinbering tliat 
vjinish a,t the fixed (uids of tin? string, wi‘ find 


5u 




dr 


dy 




d.s 


dy \ ds. 


At a luax-min, tins must be /.ero for all values of dj\ oy, heuce 
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"A 


may be determined as functions of s. It is evident that these agree with the 
equations already found in Art. 455, with -2\ written for T. 

We may also deduce the value of X by multiplying the equations (3) respectively 
by dx/ds and dy/ds and adding. We then find 


ds X ds 




ds’ 


which agrees with the equation to determine the tension in Art. 479. 

If the string is in three dimensions and constrained to rest on a smooth surface, 
we make J Vmds a max-min subject to the two conditions 


+ + F{x, y, z)=0 (I), 

where accents denote differentiations with regard to s. Following the same 
method as before we make 


w =z J{ Vm + X (jc'- + 2 / - + -l)-\-ixF {x, y, z) } ds 

a max-min. Varying only x, y, z and integrating by parts exactly as before, we 
find on equating the coefficients of 6x, 8y, 8z to zero 

-S-IWt)-'!-”. *“■•» 

the two latter equations being obtained from the first by writing y and z respec- 
tively for X. These three equations joined to the conditions (I) determine x, y, z, X, 
in terms of s. These agree with the equations obtained in Art. 478, when - 2X 

and - fjL {FJ^ -i- F/ + Fg^)^ are written for T and B. 


489. Elastic Strings. The theory of elastic strings depends 
jm a theorem which is usually called Hooke's law. This may he 
briefly enunciated in the following manner. Let an extensible 
string uniform in the direction of its length have a natural length 
Zj. Let this string be stretched by the application of two forces 
at its extremities, and let these forces be each equal to T. Let 
the stretched length of the string be I Then it is found by 
experiment that the extension I — li bears to the force T a ratio 
which is constant for the same string. 

If the natural or unstretched length of the string were 
doubled so as to be 2^^, the force T being the same as before, it 
is clear that each of the lengths would be stretched exactly as 
before to a length L The extension of this string of double length 
will therefore be twice that of the single string. More generally, 
we infer that the extension must be proportional to the natural 
Ip.ncrtb whp.n the stretchinp* force is the same. 


the same extension that each string alone would require. It 
follows that the force required to produce a given extension is 
proportional to the area of the section of the unstretched string. 
The coefficient E is therefore proportional to the area of the 
section of the string when unstretched. The value of E when 
referred to a sectional area equal to the unit of area is called 
Young’s modulus. 

To find the meaning of the constant E, let us suppose that the 
string can be stretched to twice its natural length without violat- 
ing Hooke's law. We then have 1 = 21-^, and therefore E—T. 
Thus E is a force, it is the force which would theoretically stretch 
the string to twice its natural length. 

490. This law governs the extension of other substances 
besides elastic strings. It applies also to the compression and 
elongation of elastic rods. It is the basis of the mathematical 
theory of elastic solids. But at present we are not concerned 
with its application except to strings, wires, and such like bodies. 

The law is true' only when the extension does not exceed 
certain limits, called the limits of elasticity. When the stretching 
is too great the body either breaks or receives such a permanent 
change of structure that it does not return to its original length 
when the stretching force is removed. In all that follows, we 
shall suppose this limit not to be passed. 

The reader will find tables of the values of Young’s modulus 
and the limits of elasticity for various substances given in the 
article Elasticity, written by Sir W. Thomson (Lord Kelvin),, 
for the Encyclopcedia Britannica. 

491 . Ex. 1. A uniform rod AB, suspended by two equal vertical elastic strings,, 
rests in a horizontal line ; a fly alights on the rod at G, its middle point, and the 
rod is thereupon depressed a distance if the fly walk along the rod, then when 
he arrives at P, the depression of P below its original level is 2h {AF^ + BF^JjAB^, 
and the depression of Q, any other point of the rod, is 2h (AF .AQ+BF . BQ)IAB^. 

[St John’s Coll., 1887.] 

Ex. 2. A heavy lamina is supported by three slightly extensible threads, whose 
unstretched lengths are equal, tied to three points forming a triangle ABC. Show 
that when it assumes its position of equilibrium the plane of the lamina will meet, 
what would be its position in case the threads were inelastic in the line whose areal 

p.nnfl.tinn is A-'ini.fW whp.rp. W. fr a.rp f.hp mnninli n.nri .r. . 
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(v'> - 492. A uniform heavy elastic string is suspeiided hy one 
^ tremity and has a weight W attached to the other extremity. 1 
the position of equilibrium and the tension at any point 

Let OAj be the unstretched string, PiQi any element of 
length. Let OA be the stretched string, PQ the correspond 
position of PjQi. Let w be the weight of a unit 
of length of unstretched string, = OAi, = OP^, 

I = OA, X = OP. The tension T at P clearly sup- 
ports the weight of PA and W. Hence 

T-=w{l^ — x-^+ W (1). 

If PA were equally stretched throughout we 
could apply Hooke’s law to the finite length PA. 

But as this is not the case we must apply the law 
to an elementary length PQ. We have therefore 

dx — dx^ — dx-yeT (2 

where e has been written for the reciprocal of E. 

dx 


M. 


Pi 

Qx 


Eliminating 2\ 


dxy 


W}. 


Integrating, x =Xy'{-€ [w {lyXy — ^xi") + Wx-^ H- 0. 

The constant G introduced in the integration is clearly zero, si 
Xy and X must vanish together. Putting Xy=ly, we find 
^ ^ + eWly. 

If the string had no weight, the extension due to W would 
eWly. If there were no weight W at the lower end, the extern 
would be \ewli. Hence the extension due to the weight of the sti 
is equal to that due to half its weight attached to the lowest pc 
We also see that the extension due to the weight of the string 
the attached weight is the sum of the extensions due to each of t 
treated separately. 




Ex. 1. A heavy elastic string OA placed on a rough inclined plane a 
.e line of greatest slope is attached by one extremity O to a fixed point, and I 
weight W fastened to the other extremity A. Find the greatest length of 
stretched string consistent with equilibrium. 
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line of greatest slope. Supposing the inclination of the plane to be less than tai 
find the greatest length to which the string could be stretched consistent 
equilibrium. Compare also the stretching of the different elements of the strir 
The frictions near the lower end A of the string will act down the plane, a 
those near the upper end A' will act up the plane. There is some point 0 sepan 
the string into two portions OA, OA' in which the frictions act in opposite direct 
Each of these portions may be treated separately by the method used in the 
example. An additional equation, necessary to find the unstretched length ^ oi 
is obtained by equating the tensions at 0 due to the two portions. The result 


-I -‘T) ’ (l - . 


A Ex. 3. A series of elastic strings of unstretched lengths Zj, ly.. are fast 
1 together in order, and suspended from a point, Ij being the lowest. Show tha 
total extension is 

^ “f* + .. .) d" 10 jt^ (^2^2 "h ^3^8 ■!"•••) 4" ^^^2^2 (^3^8 4" • . • ) 4" AlC. , 

where 2 i? 2 , &c. are the weights per unit of length of unstretched string, ej , e, 
the reciprocals of the moduli of elasticity. [Coll. Exam., 1 


\ ^ 493. Work of an elastic string. 

V^lastic string be altered by the action of an external force. 


If the length of a 1: 


work done hy the tension is the product of the compression of 
string and the arithmetic mean of the initial and final tensions. 

In the standard case let the length be increased from a t 
then a — a' is the shortening or compression of the string, 
before, let li be the unstretched or natural length. 

By referring to Art. 197, we see that the work required is 

■ (a - ky 




k 


2k 


the limits of the integral being from Z = a to l = a\ This re 


may be put into the form Tf){ob ^ a'), where Ti am 

represent the values of T when a and a are written for 1. 
rule follows immediately. See the autho7'’s Rigid Dynamics Ic 


This rule is of considerable use in dynamics where the length of the string 
undergo many changes in the course of the motion. It is important to notice 
the rule holds even if the string becomes slack in the interval, provided 
tight in the initial and final states. If the string is slack in either terminal 
we may still use the same rule provided we suppose the string to have its natu 


494] 


HEAVY STRING ON SMOOTH CURVE 


343 


I, so that when the string (of length a) is just taut it shall be vertical. Show 
le work which must be spent in turning the wheel so as just to lift the mass 
s ground is Mga + Ealo^ EI{E + Mg), where E is the tension which would 
the length of the string, neglecting the weight of the string. [Math. Tripos.] 

.3. A disc of radius r is connected by n parallel equal elastic strings, of 
;1 length \ , to an equal fixed disc ; the wi*ench necessary to maintain the 
,t a distance x apart with the moveable one turned through an angle 6 about 
mmon axis, consists of a force X and a couple L given by 


X — 7iEx 


fi-f). 


L^2nEr^ sin $ 




~ + 4^52 siji 2 [Coll. Exam., 1885.] 

e disc being moved to a distance x from the other and turned round through 
jle 0, we first show that the length of each string is changed from to 
the rule above, the work function is JF=n. 


Xdx->fLdd — -:r-~ dx + -rrrdd, 
dx d6 


Art. 208 we have 

ecting the differentiations X^dWjdx, L^dWjdd^ we obtain the results given. 

4. Heavy elastic string on a smootli curve. Ex. 1. A heavy elastic 
is stretched over a smooth curve in a vertical plane : show that the difierence 
in the values of T + T^/2E at any two points of the string is equal to the 
of a portion of the string whose unstretched length is the vertical distance 
in the points. It follows from this theorem that any two points at which 
nsions are equal are on the same level. 

ds-^ is the unstretched length of any element ds of the string, we have by 
’s law dSj=idsEI{T ->rE). If then w is the weight per unit of unstretched 
, the weight of any element ds of the stretched string is equal to w'ds, where 
B/(T + jB). Let us now form the equations of equilibrium, using the same 
and reasoning as in Art. 459, where a similar problem is discussed for an 
nsible string. We evidently arrive at the same equations (1) and (2) with 
tten for iv. Substituting for 'w' and integrating, we find that (1) leads to the 
given above. 

. 2. A heavy elastic string is stretched on a smooth curve in a vertical plane: 
;hat 


T+^ = wy, 


j,2 


T is the tension at any point P, R the outward pressure of the curve on the 
per unit of length of unstretched string, lo the weight of a unit of length of 
itched string, and y, y' the altitudes of P and its anti-centre above a fixed 
ntal line called the statical directrix of the string, Art. 460. Show also that 
't of the string can be below the directrix, and that the free ends, if there are 
Qust lie on it. 
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equation ^ , where y is the vertical height above the free extremi 


and b the natural length of a portion of the string whose weight is the coefficie] 
elasticity. If the natural length of each vertical portion be I, and if (i + b)2 = 
and if the curve be a circle of radius a, prove that the natural length of the poi 
in contact with the curve is 2^ (ah) log Cj2 + 1). [J une Exam., 

V Ex. 5. An elastic string, uniform when unstretched, lies at rest in a sm 
^ circular tube under the action of an attracting force (^7-) tending to a centre or 
circumference of the tube diametrically opposite to the middle point of the st: 
If the string when in equilibrium just occupies a semicircle, prove that the gre? 

tension is {X {\ + 2fjt,pa^)}^ -X, where X is the modulus of elasticity, a the radii 
the tube, p the mass of a unit of length of the unstretched string. 

[Trinity Coll., 1\ 

Ex, 6. An infinite elastic string, whose weight per unit of length when 
stretched is m, and which requires a tension ma to stretch any part of it to dc 
its length (when on a smooth table), is placed on a rough table (coefficient fj) 
straight line perpendicular to its edge. The string just reaches the edge, whi' 
smooth. A weight ^map, is attached to the end and let hang over the edge. I 
weight takes up its position of rest quietly, so that no part of the string re-cont 
after having been once stretched, show that the distance of the weight belov 
edge of the table is ^ap (3/4+4), and that beyond a distance (/t + 2) from the 
of the table the string is unstretched, [Trinity ( 

495. Ziiglit elastic string on a rough curve. Ex. 1. An elastic stri 
stretched over a rough curve so that all the elements border on motion. ] 
external forces act on the string except the tensions E, E' at its extremities. 




where \p is the angle between the normals to the curve at its extrem 


■ V ■ 

V \ so t 


This follows by the same reasoning as in Art. 463. 

Ex. 2. An elastic string (modulus X) is stretched round a rough circula 
that every element of it is just on the point of slipping ; if T, T are the ten 
at its extremities, the ratio of the stretched to the unstretcbed length is 


r , r(T+\) 

Og J. + ' 


[St John’s Coll., 1 


v/ 


Ex. 3. An endless cord, such as a cord of a window blind, is just long er 
to pass over two very small fixed pulleys, the parts of the cord between the pi 
being parallel. The cord is twisted, the amount of twisting or torsion 
different in the two parts, and the portions in contact with the pulleys being u 
to untwist. If the pulleys be made to turn slowly through a complete revol 
of the string, show that the quotient of the difference by the sum of the torsi< 
decreased in the ratio : 1. [Math. Tripos, ] 

Ex. 4. An elastic band, whose unstretched length = 2a, is placed rounc 
rough pegs A, B, C, E, which constitute the angular -points of a square of sic 
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es, fjL the coelBcient of friction, and T the tension with which the strap is 
m. [Math. Tripos, 1879.] 

X. 6. A rough circular cylinder (radius a) is placed with its axis horizontal, 
i string, whose natural length is I, is fastened to a point Q on the highest 
ator of the cylinder and to an external point P at a distance I from Q, PQ being 
ontal and perpendicular to the axis of the cylinder ; the cylinder is then slowly 
id upon its fixed axis in the direction away from P; show that the string will 
jontinually along the whole of the length in contact with the cylinder until 
e natural length of the part wound np)=a//^, when all slipping will cease, and 
ap to this stage the relation between S and 0 (the angle turned through by the 
:ler) is =: {I - a<p) a^, where S=a<p, [Coll. Exam., 1880.] 


196. Elastic string, any forces. To form the equations of 
librium of an elastic string under the action of any forces. 


Let dsi be the unstretched length of any element ds of the 
ig. Then by Hooke’s Iom ds-=-dsi{T-\- E)IE. The forces on 
element, due to the atti-action of other bodies, will be pro- 
ional to the unstretched length. Let then the resolved parts 
lese forces along the principal axes of the string be FdSi, Gdsi^ 
1 , as in Art. 454. The equations of equilibrium (1), (2), and 
)f that article are obtained by equating to zero the resolved 
s of the forces along the principal axes of the curve; these 
btions will therefore apply to the elastic string if we replace 
Gds, Hds, by Fds^^, Gds^,Hds-^. The equations of equilibrium 
he elastic string may therefore be derived from those for an 
istic string by treating the forces as 



Gds 


E 

T-^E^ 


Hds 


E 

T + E’ 


■educing all the impressed forces in the ratio EiT-^- E. 


97 . Suppose, for example, that the string rests on any smooth surface. The 
.ition along the tangent to the string (as in Art. 479) gives 

( 1 +^,) dr+Xdx+Ydij + Zdz = 0. X+^ + l(Xdx + Ydy +Zdz) = G. 

follows that T+P^/2P + the work function of the forces is constant along the 
} length of the string, Art. 479. 

When aravitv is the only foixe actina, show that the equations of equili- 
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anti-centre S above a certain horizontal plane, 6 the angle the vertical makes with 
the plane containing the normal to the surface and the tangent to the string, and 
w the weight of a unit of unstretched length. If PS be a length measured out- 
wards along the normal to the surface equal to the radius of curvature of a normal 
section of the surface drawn through the tangent at P to the string, S is the anti- 
centre of P. 

If the surface is one of revolution with its axis vertical, we replace the third 
equation by Tr's>m \p=B, where r' is the distance of P from the axis of the surface, 
t/^ the angle the tangent to the string makes \vith the meridian and B is a constant. 
See Art. 481. 


498 . To take another example, suppose that the elastic string is under the 
action of a central force. Taking moments about the centre of force, and resolving 
along the tangent to the string, we find, after integration, 

Tp=A, T+'f^ + \]!'dr=G. 

These equations may he treated in a manner somewhat similar to that adopted 
for inelastic strings. 


499 . Ex, 1. An elastic string rests in equilibrium in the form of an arc of a 
circle under the influence of a centre of force at any unoccupied point of the circle. 

Show that the law of force is P=-.™ f 1 -1- . 

rJ r-J 


Ex. 2. An elastic string, whose elements repel each other with a force propor- 
tional to the product of their masses into the square of their distance, rests in 
equilibrium on a smooth horizontal plane. If T be the tension at a point whose 

(P 

distance from one extremity is y, show that (T-f-P)--}- = where c is a 

constant depending on the nature of the string. Explain also how the constants of 
integration are to be determined. 


Ex. 3. An elastic string, whose elements rej^el each other with a force which 
varies as the distance, rests on a smooth horizontal plane. If and 21 be the 
unstretched and stretched lengths of the string, show that c^ = tan cZj, where Ec-dx 
is the force due to the whole string on an element whose unstretched length is dx 
when placed at a unit of distance from the middle point of the string. 


Ex. 4. A uniform elastic string lying on a rough horizontal plane is fixed to 
two points, and forms a curve every part of which is on the point of motion. 


Show that the tension is given by the equation 



where lo is the weight per unit of length of the unstretched string, /x the coefficient 
of friction and p the radius of curvature. [Math. Tripos, 1881.] 
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We may here use the same method as that employed in Art. 
to determine the form of equilibrium of an inelastic string, 
nxing to the figure of that article, let the unstretched length 
P (i.e. the arc measured from the lowest point up to any point 
)e Si, and let the rest of the notation be the same as before, 
sider the equilibrium of the finite portion GP ; 


Tcosf = To. 


...( 1 ), 

dy 

diXj 


tan = 


T sin ylr — tVSi 

WSi 


T 

0 


C 



From these equations we may deduce expressions for x and y 
3rms of some subsidiary variable. Since Si~ c tan 'v/r by (3), it 
be convenient to choose either or ^|r as this new variable, 
idding the squares of (1) and (2), we have 

P = (c“ + (4). 


Since dxjds = cos 'x/r and dy/ds = sin 'y[r, we have by (1) and (2) 


f To ^ f wc ^ T\ ^ ivc . 1 .5i H- V(c“ + 5^*) 

J T ds= ]-^{l + ^)ds, = -^-s, + c\og , 

r WSx 7 r T\ ^ W , , ON . y/ O ON 

=J -jrds==wJ y ( 1 + (c- -I- Sx^) + V(C“ + 5r), 


re the constants of integration have been chosen to make 
) and y = c+ chul2E at the lowest point of the elastic catenary, 
axis of X is then the statical directrix, Art. 494, Ex. 2. 

51. ‘^Ex. 1. Prove the following geometrical properties of the elastic catenary 

4(1) «''J/ = 2’+25. 4^(2) P="^“{l+|V(<^^ + %=)}, 

4^ (3) s = Si + ^ + Si=) + o'* log *l±^'±iL) J , 

which reduce to known properties of the common catenary when E is made 
te. 


5. 2. Let M, M' be two points taken on the ordinate PN so that 3IM' is 
ed in N by the statical directrix and let each half be equal to T^j^Exo. If M 
ove the directrix draw 3IL perpendicular to the tangent at P. Show that 
.Pi¥, s^~PL, c=:ML, xo . 3IN=T^I2E and that 31' is the projection of the 

ip.ntrp. nn t.hp orrlina.f.p 
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502. It is usual to regard the complex machines as construct 
of certain simple combinations of cords, rods and planes. The 
combinations are called the mechanical jjowers. Though giv 
variously by different authors, they are generally said to be six 
number, viz. the lever, the pulley, the wheel and axle, the inclin 
plane, the wedge and the screw*. 

Mechanical advantage. In the simplest cases they £ 
usually considered as acted on by two forces. One of these, 
the force applied to work the machine, is usually called the pow 
The other, viz. the force to be overcome, or the weight to be rais< 
is called the weight. The ratio of the weight to the power is call 
the mechanical advantage of the machine, 

503 . As a first approximation, we suppose that the several parts of the mach 
are smooth, the cords used perfectly flexible, the solid parts of the machine ri^ 
and so on. In some of the machines these suppositions are nearly true, but 
others they are far from correct. It is therefore necessary, as a second approxii 
tion, to modify these suppositions. We take such account as we can of 
roughness of the surfaces in contact, the rigidity of the cords and the flexibilit;; 
the materials. After these corrections have been made, our result is still only 
approximation to the truth, for the corrections cannot be accurately made, 
example, in making allowance for friction we assume that the bodies in contact 
equally rough throughout, and that the coefficient of friction is properly kno 
The results however thus obtained are much nearer the real state of things t] 
our first approximation. 


06] 


THE LEVER 


349 


force P acting at one extrcniiby of the combination produce 
i at the other extremity such that it could be balanced by a 
} acting at the vsame point. Then, for this machine, P may 
arded as the power and Q as the weight, 
t the machine be made to work, so that its several parts 
) small displacements consistent with their geometrical 
ns. Such a displacement is called an actiud displacement 
machine. Taking this as a virtual displacement, the work 
force P is equal to that of the force Q together with the 
3f the resistances of the machine. These resistances are 
1 &c., in overcoming which some of the work done by the 
is said to be wasted or lost. The work done by the force Q 
ed the useful 'work of the machine. The efficiency of a 
le is the ratio of the useful taork to that done by the power 
the machine receives a.ny small actual displacement It 
vs that the efficiency of a machine would be unity if all 
ts were perfectly smooth, the solid parts perfectly rigid, and 
In all existing machines however the efficiency is neces- 
less than unity. 

. Ex. In any machine for raising a weight show that, if the weight 
suspended by friction when the machine is left free, the elliciency is less 
e half. If however a force P be required to raise the weight, and a force P' 
red to prevent it from descending, show that the efficiency will be (P + P')/2P, 
ig the machine to be itself accurately balanced. [St John’s Coll., 1884.] 
n the force P just raises a weight Q, the friction acts in opposition to the 
' ; on the contrary it assists P' in supporting Q. The frictions in the two 
e evidently the same in magnitude, being the extreme amounts which can 
d into play. Let x, y be the virtual displacements of the points of appli- 
f P, Q when the machine is worked, and let the same small displacement be 
i each case. Let U be the work of the frictions. Then Px=Qtj + U, and 
I - U. The efficiency of the machine is measured by the ratio Qy/Px. 
ting U, we easily obtain the result given. If any of the resistances, other 
ction, have no superior limit, but continually increase with the increase of 
er, it is easy to see by the same reasoning that the efficiency will be less 
} value found above. 

5. The lever. A lever is a rigid rod, straight or bent, 
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When the forces act in any directions at any points of the body, the problem is 
one in three dimensions, the solution of which is given in Art. 268. In what follows 
we shall also neglect the friction at the axis, as that case has already been considered 
in Ai-t. 179. 

507 . To find the conditions of equilibrium of two forces acting 
on a lever in a plane perpendicular to its axis. 

The axis of the lever is regarded in the first approximation as 
a straight line; let (7 be its intersection with the plane of the forces. 



Let the forces be P and Q. Let them act at A and B on the arms 
GA, GB in the directions DA, DB. When the lever is in its 
position of equilibrium, the forces P, Q and the reaction at the 
fulcrum must form a system of forces in equilibrium. Hence the 
resultant of P and Q must act along DC, and be balanced by the 
pressure on the fulcrum. 

The conditions of equilibrium follow at once from the principles 
stated in Art. 111. Let GM, GN be perpendiculars drawn from G 
on the lines of action of the forces. Taking moments about G, we 
have P . GM — Q . CN = 0. It follows that in a lever, the poiuer 
and the weight are to each other inversely as the perpendiculars 
drawn from the fulcrum on their lines of action. 

508 . To find the pressure on the fulcrum, we find the resultant of the two forces 
P, Q by any one of the various methods usually employed to compound forces. 
For example, if the position of I) be known, let <p be the angle ADB ; we then have 
p 2 _p 2 ^ q 2 ^ 2 PQ cos <p, where R is the required pressure. 

Let CA = a, CB = b, and let a, ^ be the angles the directions of the forces P, Q 
make with the arms CA, CB. Let 7 be the angle ACB. If these quantities are 
known, we may find the pressure by another method. Let 6 be the angle the line 
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resolutions will sometimes be more convenient than those given above as 
lens. 

► 9 . When several forces act on the lever, we find the condition of equilibrium 
latimj to zero the sum of their moments about the fulcrum, each moment being 
with its proper sign. The moments are taken about the fulcrum to avoid 
ucing into the equation the reaction at the axis. 

' find the pressure on the fulcrum we transfer each force parallel to itself, in the 
perpendicular to the axis, to act at the fulcrum. We thus obtain a system of 
acting at a single point, viz. the intersection of the axis with the plane of the 
. The resultant of these is the pressure on the axis. 

.O. In the investigation the weight of the lever itself has been supposed to be 
fiiderable compared with the forces P and Q. If this cannot be neglected, let 
the weight of the lever. There are now three forces acting on the body 
d of two. These are P, Q acting at A and P, and TF acting at the centre of 
y G of the lever. Let the fulcrum be horizontal, and let CL be the per- 
3ular distance between the fulcrum and the vertical through G. Let us also 
se that in the standard figure the weight TF and the force P tend to turn the 
round the fulcrum in the same direction. The equation of moments now 
les P . CM - Q . CN + W . GL = 0. The pressure on the fulcrum is found by 
junding the forces P, Q, IF. 

. 1 . Levers are usually divided into three kinds according to the relative 
ons of the power, the weight, and the fulcrum. In the first kind, the fulcrum 
ween the power and the weight. In the second kind the weight acts between 
Icrum and the power, and in the third kind the power acts between the fulcrum 
be weight. The investigation in Art 507 applies to all three kinds, the only 
ction being in the signs given to the forces and the arms, in resolving and 
; moments. 

L2. The mechanical advantage of the lever is measured by the ratio Q:P. 
ratio has been proved to be equal to CN : C3I. By applying the power so 
ts perpendicular distance from the fulcrum is greater than that of the weight, 
11 power may be made to balance a large weight. Thus a crowbar when used 
've a body is a lever of the second kind. The ground is the fulcrum, the weight 
lear the fulcrum, and the power is applied at the extreme end of the bar. 

>13. If the lever be slightly displaced by turning it round its 
um through a small angle, the points of application A, B of 
forces P, Q are moved through small arcs AA\ BB', whose 
res are on the fulcrum. Thus the actual displacements of the 
ts of application of the power and the weight are proportional 
leir distances from the fulcrum. It is however the resolved 
of the displacement A A' in the direction of the force P which 


If then mechanical advantage is gained by arranging the h 
so that the weight is greater than the power, the displacemen 
the weight is less, in the same ratio, than that of the power, € 
displacement being resolved in the direction of its own force, 
follows that what is gained in power is lost in speed, 

614 . The reader may easily call to mind numerous instances in which L 
are used. As examples of levers of the first kind we may mention the com 
balance, pokers, &c. 

Wheelbarrows, nutcrackers, &c. are examples of levers of the second kind, 
these the weight is greater than the power. They are used when we wish to mul 
the force at our disposal. 

In levers of the third kind the weight is less than the power, but the vi: 
displacement of the weight is greater than that of the power. Such levers then 
are used when economy of force is a consideration subordinate to the spee 
working. 

615 . The most striking example of levers of the third kind is found ir 
animal economy. The limbs of animals are generally levers of this descrip 
The socket of the bone is the fulcrum ; a strong muscle attached to the 
near the socket is the power ; and the weight of the limb, together with v 
ever resistance is opposed to its motion, is the weight. A slight contractio 
the muscle in this case gives a considerable motion to the limb : this effe< 
particularly conspicuous in the motion of the arms and legs in the human bod; 
very inconsiderable contraction of the muscles at the shoulders and hips giving 
sweep to the limbs from which the body derives so much activity. 

The treddle of the turning lathe is a lever of the third kind. The hinge w 
attaches it to the floor is the fulcrum, the foot applied to it near the hinge is 
power, and the crank upon the axis of the fly-wheel, with which its extremi 
connected, is the weight. 

Tongs are levers of this kind, as also the shears used in shearing sheep. In t 
cases the power is the hand placed immediately below the fulcrum or point w 
the two levers are connected. Ga'pt. Katefs Mechanics. 

516. The principle of virtual work may be conveniently u 
to investigate the conditions 
of equilibrium in the lever. 

Let P, Q be two forces 
acting at A and B, and let 
G be the fulcrum. If the 
lever be displaced round G 
through a small angle S6, so 
that Ay B come into the positions A\ B', we have 




dnciple of virtual 
In this balance 
lur rods AA', A'B', 

BA are hinged at 
extremities and 
a parallelogram, 
lides AB, A'B' are 
hinged at the 
s C, C' to a fixed 

ial rod OCC. The line CC' must be parallel to A A' and BB', but need not 
sarily be equidistant from them. Two more rods ilOI'', NN' are rigidly 
led toAA', BB' so as to be at right angles to them. These support the weights 
I Q suspended in scale-pans from any two points H and K. As the combina- 
burns smoothly round the supports C, O', the rods A A', BB' remain always 
al, and MM', NN' are always horizontal. 

'le ^peculiarity of the machine is that, if the weights P, Q balance in any one 
on, the equilibrium is not disturbed by moving either of the weights along the 
)rting rods 31 M', NN'. It may also be remarked that, if the machine be turned 
I its two supports 0, 0' so that one of the rods 3131', NN' descends and the 
ascends, the two weights continue to balance each other. 

) show this, let the equal lengths CA, C'A' be denoted by a, and the equal lengths 
J'B' by 1). Let the inclination to the horizon of the parallel rods AB, A'B' be 
: the machine is displaced so that the angle 9 is increased by dd, the rod A A' 
nds a vertical space a cos Odd, and the rod BB' ascends a space hQOsddO. 
i the weights of all the parts of the machine are neglected in comparison with 
I Q, we have by the principle of virtual work Pa cos &d9—Qb cos 9d$. This 
Pa=:Qb ; thus the condition of equilibrium is independent of the positions 
at which P and Q act on the supporting rods, and is also independent of the 
lation 9 of the rods AB, A'B' to the horizon. 

the balance is so constructed that the weights P, Q are equal, when in equili- 
L, we can detect whether any difference in weight exists between two given 
s by simply attaching them to any points of the supporting rods. The 
itage of the balance is that no special care is necessary to place them at equal 
ices from the fulcrum. 


£. 1. If the weights of the rods AB, A'B' are lo, w' and the weights of the 
3 A A' 31', BB'N' are W, W', prove that the condition of equilibrium is 
(P+W)a^{Q + W')h-^i [lo + w') (a - &) = 0. 
ce show that, if the weights P, Q balance in one position, they will as before 
ce in all positions. Find also the point of application of the resultant pressure 
s stand EF on the supporting table. 

s:. 2. If the balance be at rest and horizontal, prove that the horizontal 
ire on either support bears to either weight the ratio of the difference of the 
)ntal distances of the centres of gravity of the weights from the central plane 
I balance to the distance between the supports. [Math. Tripos, 1874.] 
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J, Hy iakiiH( momantH about A' for the system AilI'A' we have Xa= 
Wo }iave also A+A'=0, Y^Y'=zP, Thus Z, X' 
Kiinuii while K(‘])arato values of Y and Y' are indeterminate, Arts. 268, 
Similarly if A’, , I", ; A'/, >y, are the corresponding components at the points B 
w»* have Ap/ Pk wliero NKzxk. Since the rod AB is acted on by Z, 7; Z^ 
(r<-v«'r!i«‘d) at the (^xtreinities, the horizontal comi)onent of pressure at the pin 
A Aj , wiiiidi at oiku* leads to the given result. 


510. Tlx© Common Balance. In the common balance two equal scale-] 
A’, Fmv. snsjxmihid by equal iino strings from the extremities Z, H of a stra 
rod or b(>am. The rod AJi can turn freely about a fulcrum 0, with which 
eonma'ted )>y a sliort rod OC wliich bisects AB at right angles. The centr 
gravity <} of the biMiin JOB lies in the rod OC, and therefore, when the beam 
till' empty sealcH are in (Mpulibrium, the straight line AB is horizontal. 

The bodies to he weiglied are placed in the scale-pans, and if their weights 
unequal, the horizoutality of the 
beam AJi is disturbed. The centre 
of gravity (t of the beam is now 
no longin' uiidei* the point of sup- 
jiort, and in the new jiosition of 
('quililirium the inehnation 0 of 
th<' rod AB to tlie liorizon is such 
that the moment of the weight of 
the beam about the fulcrum 0 is 
e<iual to that of tlie weight of the bodies and the scale-pans. It is therefore evic 
that tlie fulcrum sliould not coincide with the centre of gravity of the beam. 

Let 1\ (^) be tlie weights in the scales E and lo the weight of either scale 
}}' be tlu*. weight of the beam AOB. Let OG = h, OC = c, AB = 2a. Let 0 be 
imdimition of AB to the horizon when the system is in equilibrium. Tal 
moments alamt O, we liave 



( q- 7r) (a cos 0 -}- c sin d) - {Q + ?(?) (a cos 0 -c sin 9) + Wh sin 0 = 0. 


The coeHicmmt of /N- w in this equation is the length of the perpendicular froi 
on the vt'rti(*al AM, and is easily found by projecting the broken line OC, CA 
the horizontal. Tlie otlier coollicionts are found in the same way. We there 


liavii tun 0 


(0 - P) a 

f/»q. 0 + 


For a minut(? account of a balance with illustrative diagrams the reader is 
ft*rred to the tract, “The. tlieory and use of a physical balance,” by J. Walker, It 


519. A (/(lod hnJance haa three requisites. The first is that when loaded v 
e<iual weights in the pans the rod AB should be horizontal. This is secured 
milking tlie arms AC, CB equal. To determine when the beam is horizonta 


beam. If the balance is so constructed that h and c have opposite signs, tl 
sensibility can be greatly increased. This requires that the fulcrum 0 should 1 
between G and C. 

The third requisite of a balance is usually called stability. When the balain 
is disturbed, it should return readily to its horizontal position. The bea 
oscillates about its position of equilibrium, and the quicker the oscillation tl 
sooner can it be determined by the eye whether the mean position of the bea 
is or is not horizontal, The balance should be so constructed that the times 
oscillation are as short as possible. The discovery of the nature of the oscillatio: 
is a problem in dynamics, and cannot properly be discussed from a statical point 
view. 


520 . Ex. 1. If one arm of a common balance, whose weight can be neglecte 
is longer than the other, prove that the true weight of a body is the geometric 
mean of the apparent weights when weighed first in one scale and then in t 
other. [Coll. Exan 


Ex. 2. A balance has its arms unequal in length and weight. A certa 
article appears to weigh or Qo according as it is put in the one scale 
the other. Similarly another article appears to weigh or Eq. Find the tr 

weights of these articles ; and show that if an article appears to weigh t 

Q1E2 ~ 


same in whichever scale it is put, its weight is 


Qi-Q2-^ii+^2 


[Coll. Exam., I881 

Ex. 3. In a false balance a weight P appears to weigh Q, and a weight P' 
weigh Q ' : prove that the real weight X of what appears to weigh Y is given 
X{Q-Q'} = Y{P- P') a-P'Q- PQ'. [Math. Tripos, 1871 

Ex. 4. A true balance is in equilibrium with unequal weights P, Q in its scab 
If a small weight be added to P, the consequent vertical displacement of Q is eqi; 
to that which would be the vertical displacement of P were the same small weig 
to be added to Q instead of to P. [Math. Tripos, 187J 

Looking at the expression for tan 6 in Art. 518, we notice that the chan^ 
produced in 9 by altering either P or Q by the same small quantity are equal wi 
opposite signs. The effect of increasing P or Q is therefore to turn the balance t 
one way or the other through the same small angle. The vertical displacemer 
of the weights are therefore equal in the two cases. 

Ex. 5. If the tongue of the balance be very slightly out of adjustment, prc 
that the true weight of a body is nearly the arithmetic mean of its apparent weigh 
when weighed in the opposite scales. [Coll. Exac 

Ex. 6. A delicate balance, whose beam was originally suspended by a kni 
edged portion of itself {higher than its centre of gravity) resting upon a horizon 
agate plate, has its knife-edge worn down a distance e so that it becomes cur'? 
(curvature = l/r), and has a corresponding hollow made in the agate pL 
(curvature = 1//)). If slightly different weights P and Q be placed in the sea 
(whose weights may be neglected), show that the reciprocal of the sensibility 


increased by iP+Q + W) 




[Coll. Exam., 189 
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521. The Steelyards. The common steelyard is a lever ACS with unequal 
arms AG, GB, the fulcrum 
being situated at a point a 
little above G. The body Q ^ 
to be weighed is suspended 
from the extremity B of the 
shorter arm, and a given 
weight P is moved along the 
longer arm GA to some point I£ such that the system balances. Let G be the 
centre of gravity of the beam, %o its weight. The three weights, P acting at H, 71 ' at 
Gj and Q at P are in equilibrium. Taking moments about C, we have 

P .HG + io.GG=Q.GB (1). 

Let P be a point on the shorter arm GB, such that lo . GG = P . CD-, the 
equation (1) then becomes P . I-W=Q . GB (2). 

Thus the weight of Q is determined by measuring the distance IID. To effect 
this easily, we measure from D towards A a series of lengths , P’lPj,, EoE^, &c, 
each equal to GB. The weight of the body Q is therefore equal to P, 2P, BP, (fee. 
according as the weight P is placed at the points E^, P3 , &g. when the system 
is in equilibrium. The intervals E^Eo, E.,E^, &c. are usually graduated into 
smaller divisions, so that the length JPP can be easily read. The points Pj, E.,, 
c&c. are marked 1,2, <&c. in the figure. 

An instrument of this form was used by the Bomans and is therefore often 
called the Boman steelyard. 



522. In the Danish steelyard the weights P and Q act at fixed points of the 
lever, but the fulcrum or 

point of support G is made I i. ^ 

to slide along the rod AB ' ^ q “ T Tjv 

until the system balances. / \ / \ 

The weight P, being fixed, 

can be conveniently joined Q 

to that of the lever. Let, 

then, P' be the weight of the instrument, so that P'=P + io, and let G be the centre 
of gravity. Taking moments about G, we evidently have P'. GG=Q. GB, and 

... bG= ^ . This expression enables us to calculate the values of BG when 

Q — P, 2P , 3P , &c. Marking these points of the rod AB with the figures 1, 2, 3, 
&c. , the weight of any body placed at B can be read off when the place of the fulcrum 
0 has been found by trial. 

If G, G be two successive marks of graduation when the weights suspended at B 

oro f) n xtra qooUtt ^ ^ T 


are Q and Q + S, we easily find that ■ 


since the right-hand side 
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)dy to be weighed is heavier than the fixed weight the pressure on the point of 
rt is less than in the balance. The steelyard is therefore better adapted to 
ire large weights. There is on the other hand this advantage in the balance, 
by using numerous small weights the reading can be effected with greater 
ion than by subdividing the arm of the steelyard. 

i4. Ex. 1. The weight of a common steelyard is Wy and the distance of its 
im from the point from which the weight hangs is a when the instrument is in 
:t adjustment ; the fulcrum is displaced to a distance a + a from this end ; show 
he correction to be applied to give the true weight of a body which in the 
feet instrument appears to weigh W is (TY+P + iy) a/(a + a), P being the 
ible weight. [Math. Tripos, 1881 ] 

i. 2. In a weighing machine constructed on the principle of the common 
ard the pounds are read oil by graduations reaching from 0 to 14, and the 
i by weights hung at the end of the arm ; if the weight corresponding to one 
be 7 oz., the moveable weight 1- lb., and the length of the arm one foot, prove 
he distances between the graduations are f in. [Math. Tripos.] 

L 3. In graduating a steelyard to weigh pounds, marks are made with a file, 
jht X being removed for each notch. With the moveable weight P at the end 
e beam, n lbs. can be weighed after the graduation is completed, (?i + l) 
i it is begun. Show that 7i (?i + l) a;=2P, and find the error made in weighing 
inds. The centre of gravity of the steelyard is originally under the point of 
Qsion. [Coll. Exam,, 1885.] 

s:. 4. Show that, if a steelyard be constructed with a given rod whose weight 
sonsiderable compared with that of the sliding weight, the sensibility varies 
;ely as the sum of the sliding weight and the greatest weight which can be 
ed. [Math. Tripos, 1854.] 

5. A common steelyard is graduated on the assumptions that its weight is 
d that the moveable weight is ir, both which assumptions are incorrect. If 
lasses whose real weights are P and R appear to weigh P + X and R + Y, then 
eight of the steelyard and the moveable weight are less than their assumed 

3 by -(A-Y) and ^ (A- r) + ^ (PY-PuY), where h, a are the distances 

the fulcrum to the centre of gravity of the bar and to the point of attachment 
! substance to be weighed, and D=P ~ R + X - Y. [Math. Tripos, 1887.] 

s. 6. The sum of the weight of a certain Roman steelyard and of its moveable 

t is Sy the fulcrum is at the point G and the body to be weighed is hung at 
id B. The steelyard is graduated and after graduation the fulcrum is shifted 
ds B to another point G'. A body is then weighed, the old graduation being 
and the apparent weight is TV, Prove that the true weight is greater than the 
ent weight by (8 + IF) GG'/BG'. [Trim Coll., 1889.] 

t. 7. If, on a common steelyard, the moveable weight P, which forms the 
be increased in the ratio 1-i-k : 1, prove that the consequent error in Q, the 
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Ex. 9. An old Danish steelyard, originally of weight W lbs., and accurate; 
graduated, is found coated with rust. In consequence of the rust, the apparei 
weights of two known weights of X lbs. and Y lbs. are found when weighed by tl 
steelyard to be (X-a;)lbs., [Y’-y] lbs. respectively. Prove that the centre of gravr 
of the rust divides the graduated arm in the ratio W : Yx~Xy ; and that i 

weight is, to a first approximation, ■^^^x + y- [Math. Tripos, 188£ 


Ex. 10. A brass figure ABDG, of uniform thickness, bounded by a circular a 
BDC (greater than a semicircle) and two tangents AB, AG inclined at an angle 2 
is used as a letter- weigher as follows. The centre of the circle, 0, is a fixed poi: 
about which the machine can turn freely, and a weight P is attached to the point . 
the weight of the machine itself being w. The letter to be weighed is suspend 
from a clasp (whose weight may be neglected) at D on the rim of the circle, C 
being perpendicular to OA. The circle is graduated, and is read by a pointer whi 
hangs vertically from 0 : when there is no letter attached, the point A is vertica. 
below 0 and the pointer indicates zero. Obtain a formula for the graduation of t 
circle, and show that, if P=|?o sin^ a, the reading of the machine will be wh 


•XI XT X- 1 1 IX X , 7r + 2a)sm2a + 2sinacosa) 

OA makes with the vertical an angle equal to tan-^ <- — . . „ — > 

O 'a ^ (7r-l-2a) sima + 2 COS a J 


(tt + 2a) sin^ a + 2 cos a 

[Math. Tripos, 187 


525. The Pulley. The common pulley consists of a whe 
which can turn freely on its axis. A rope or cord runs in a groo 
formed on the edge of the wheel, and is acted on by two forces 
and P' one at each end. If the pulley is smooth and the weig 
of the string infinitesimal, the tension is necessarily the sai 
throughout the arc of contact. It follows that the forces P, 
acting at the extremities of the string are equal to each other a' 
to the tension. See fig. 1 of Art. 527. The same thing is tr 
if the pulley is rough and circular, but can turn freely about 
smooth axis; Art. 197. 

526. When the axis of the pulley is fixed one of the for( 
P, Q is the power and the other is the weight. Thus a fix 
pulley has no mechanical advantage in the technical sense, 
machine, however, which enables us to give the most advantagec 
direction to the moving power is as useful as one which enable 
small power to support a large weight. 
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vertical (Art. 27), Let a be the inclination of either string to 
vertical, then 2P cos a = Q. 




mechanical advantage is therefore 2 cos a. Unless a is less 
L 60° the mechanical advantage is less than unity. When the 
gs are parallel, we have 2P = Q, 

X8. Ex. 1. In the single moveable pulley with parallel strings a weight JF is 
>rted by another weight P attached to the free end of the string and hanging 
i fixed pulley. Show that, in whatever position the weights hang, the position 
lir centre of gravity is the same. [Math. Tripos, 1854.] 

i. 2. A string is attached to the centre of a heavy circular pulley of 
3 r and is then passed over a fixed peg, then under the pulley, and afterwards 
3 over a second fixed peg vertically over the point where the string leaves the 
■ and has a weight IF attached to its extremity. The second peg is in the 
horizontal Hue as the first peg and at a distance |r from it. If there is 
brium, prove that the weight of the pulley is f IF, and find the distance between 
:st peg and the centre of the pulley. [Coll. Exam., 1880.] 

L. 3. An endless string without weight hangs at rest over two pegs in the 
horizontal plane, with a heavy pulley in each festoon of the string ; if the 
t of one pulley be double that of the other, show that the angle between the 
ns of the upper festoon must be greater than 120“. [Math. Tripos, 1857.] 

'29. Systems of pulleys may be divided into two classes, 
}hose in which a single rope is used ; and (2) those in which 
5 are several distinct ropes. We begin with the first of these 
jms. 

?wo blocks are placed opposite each other, containing the 
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weight of the lower block ; we then have Q -f IT supported by 

2n tensions. Since the tension of the string is the i — -t 

same throughout, and equal to P, we have by re- 
solving vertically 2nP = Q + TT, 

If the pulleys were all of the same size, and exactly under 
each other, some difficulty might arise in their arrangement so 
that the cords should not interfere with each other. Eor this, 
and other reasons, the parts of the string not in contact with the 
pulleys cannot be strictly parallel. Except when the two blocks 
are very close to each other the error arising from treating the 
strings as parallel is very slight, and may evidently be neglected 
when we take no account of the other imperfections of the 
machine; Art. 503. 

We may also deduce the relation between the 
power and the weight from the principle of virtual 
work. If the lower block, together with the weight 
Q, receive a virtual displacement upwards equal to 
q, it is clear that each string is slackened by the 
same space q. To tighten the string, P must de- 
scend a space q for each separate portion of string, 
i.e. P must descend a space 2nq. We have therefore 
by the principle of work 

P . 2nq —{Q-+- W) q. 

The result follows immediately. 

530 . In some arrangements of this system the pulleys on each block have a 
common axis, but each pulley turns on the axis independently of the others. This 
change however does not affect the truth of the relation just established between 
the power and the weight. 

When the system works, it is clear that all the pulleys, if of equal size, do not 
move with equal angular velocities. To give greater steadiness to the several 
parts of the machine, it has been suggested that the pulleys in each block should 
not only have a common axis, but be of such radii that each turns with the same 
angular velocity. When this has been effected, the pulleys in each block may be 
welded into one and the string made to run in grooves cut out of the same 
wheel. 

To understand how this may be done, we notice that if the lower block rises 
one foot, each string would be slackened one foot. To tighten the string between 
C and F on the right hand the pulley F must be turned round so that one foot of 



smcK. xms moae oi arranging me puiieys is aiie to wnite. it; is noi now 
used. 


1. Ex. In that system of pulleys in which the same cord passes round all 
[lleys it is found that on account of the rigidity of the cord and the friction 
axle a weight of P lbs. requires aP-i-p lbs. to lift it by a cord passing over 
they. Prove that when there are parallel cords in the above system a 

j. • T X ft" -1-0 o (a”-- 1) — 71 (a - 1) ^ T XT. 

P can support a weight Q = a ^ r t \2 

mal weight required to be added to P to raise Q. [Math. Tripos, 1884.] 

2 rigidity of cordage was made the subject of many experiments by Coulomb, 
'0. The discussion of these would require too much space, but the general 
may be shortly stated. Suppose a cord ABCD to pass over a pulley of 
?*, touching it at B and C, and moving in the direction ABCD. Then 
;idity of the portion AB of the cord which is about to be rolled on the 
may be allowed for, by regarding the cord as perfectly flexible and applying 
ding couple to the pulley whose moment is ciq- bT, where a and b are constants 
depend on the nature and size of the cord, but are sensibly independent 
velocity. If T' be the tension of the portion CD of the cord which is 
mwound from the pulley, its rigidity may be represented in the same way by 
plication of a couple equal to ci' + 6'P'. The values of a', h' are so much less 
lose of a, b, that this last correction is generally omitted. Taking moments 


the centre this gives T' -T=. 


a 4" bP 
r 


where r is the radius. 


52. When several cords are used pulleys may be combined 
rious ways to produce mechanical advantage. Two systems 
isually described in elementary books, both of which are 
sented in the figure. 

i fig. (1) each pulley is supported by a separate string, one end 

Fig. 1. Fig. 2. 


G JB A 



362 


THE MACHINES 


[chap. 1 


of which is attached to a fixed point of support, and the other i 
the pulley next in order. In fig. (2) the string resting on eac 
pulley has one end attached to the weight and the other to tl 
pulley next in order. The two systems resemble each other in tt 
arrangement of the pulleys, but to a certain extent each is tl: 
inversion of the other. 

Let Wi, W 2 , &c. be the weights of the pulleys M^, &< 
jTi, T 2 , &:c. the tensions of the strings which pass over them. ] 
the figures only the suffixes of i¥i, M^, &c. are marked , on tl 
pulleys to save space. 

Considering fig. (1), the tension T^ = P. The tensions of tl 
parts of the string on each side of the pulley support the weigl 
of that pulley and the tension we have therefore 

Considering the pulleys we have in the same way 

T3 = 2 P 2 — = 2-P — 2'^^l — 

T4 = 2P3 — = 2^P — 2hUj — 2‘IV2 — lOs, 

and so on through all the pulleys. It is evident that the righ 
hand side of each equation is twice that of the one above with a 
subtracted. We therefore have finally 

Q — 2Tn — IVn = 2’^P — 2’^“%x — 2^-hV2 — &C. — 2Wn-i — Wn- 

If all the pulleys are of equal weight this gives 

Q = 2^P-(2^-1)?6;. 

The relation between the power and the weight follows easi 
fi:om the principle of virtual work. If we suppose the lowe 
pulley to receive a virtual displacement upwards equal to q, ea 
of the strings on its two sides is slackened by an equal space 
To tighten these we must raise the next lowest pulley through 
space equal to 2q. In the same way, the next in order must 
raised a space twice this last, i.e. 2-g', and so on. Hence the pow 
P must be raised a space 2'^^q. Multiplying each weight by t 
space through which it has been moved, we have, by the princij 
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efore have = 2 Ti + Wi = 2P + Wj. Taking the other pulleys 
:'der, we see that we have the same results as before except that 
have opposite signs. We thus have 
= 2^2 + W2 = 2^P + 2wi + 

P4 = 2^8 + ^^;3 = 2^P + 22'm;i + 2^(;2 + 

so on. Since the pulleys are all attached to the weight 
lave Ti + Po + ... + Pn = Q + where W is the weight of the 

Substituting the values of Pi, Po, &c. in this last equation, we 
Q + PT = ( 2 ^^ - 1) P + -- 1 ) i(;i + ( 2^-2 - 1 ) + . . . + Wn -, . 

-f all the pulleys are of equal weight this reduces to 
Q + 'PT = (2^^ — 1) (P + w) — nw. 

tVhen the pulleys are arranged as in fig. (1), the mechanical 
mtage is decreased by increasing the weights of the pulleys, 
g. ( 2 ) the reverse is the case, for the weights of the pulleys 
t the power in sustaining the weight. 

Po deduce the relation between the power and the weight 
. the principle of virtual work, let us first imagine the bar to 
leld at rest and the highest pulley to be moved downwards 
ugh a space q. Each of the strings on the two sides of that 
5y is equally slackened by the space q. To tighten the 
g, the second highest pulley must be moved downwards 
ugh a space 2q, and so on. The power must descend a space 
To restore the upper pulley to its original position let us 
suppose the whole system to be moved upwards through a 
3 equal to q, Art. 65. On the whole, the weight Q, together 
the bar ABC, has ascended a space q; the downward dis- 
iments of the several pulleys in order, counting from the 

est, are respectively 0 , (2 — 1 ) 5 ', *“ 1 ) j while the 

iward displacement of the power P is ( 2 ^*’— 1 ) 5 . The prin- 
of work at once yields the equation 
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we have AB=2an-a-^, BG=2as-a^, and so on. TaHng moments about A we ha 

T2.AB+T3.AC + &c. = Q.AH+W.AG. 

This equation determines the position of H. 

If the weights of the strings or ropes cannot be neglected, we may suppose i 
weight of the portion of string between the pulleys Mq included in the weig 
?rj , that of the portion between the pulleys included in lOo, and so on. T. 

portions of string which join the points A, B, G, &c. to the pulleys are supported 1 
the fixed beam ABC, &c. in fig. (1), and may be included- in the weight of the b 
in fig. (2). The weight of the string wound on any pulley may be included in t 
weight of that pulley. 

The system of pulleys represented in fig. (1) of Art. 532 is sometimes called t 
yir.s'i system. That represented in Art. 529 is the second system; while the one dra\ 
in fig. (2) of Art. 532 is the third system. 

535 . When the weights of the pulleys are neglected and each hangs by 
separate string, we can easily find the relation 
between the power and the weight when the 
strings are not parallel. 

Let 2ai, 2a2, & g . be the angles be- 

tween free parts of the strings which pass 
over the pulleys 3Ii, il/2, d/3, &c. respectively. 

Let also T^, T^, &c. be the tensions. 

Then by the same reasoning as before 

Tj — P, To = 2 Tj cos aj, , Tg = 2r2 cos ag , &o. 

If there are n pulleys we easily obtain Q = 2^^P . cos . cos . &c. cos a,^. 

536 . Ex. 1. In that system of pulleys in which all the strings are attached 

the weight, if the weight of the lowest pulley be equal to the power P, of the seco 
3P, and so on... that of the highest moveable pulley being the ratio 

P : W will be 2 : 3’^~ 1. [Math. Tripos, 185 

Ex. 2. In that system of pulleys in which each hangs by a separate stri 
from a horizontal beam the weights of the pulleys, beginning with the highest, j 
in arithmetical progression, and a power P supports a weight Q ; the pulleys { 
then reversed, the highest being placed lowest, and the second highest pla( 
lowest but one, and so on, and now Q and P when interchanged are in equilibriu; 
show that n{Q-^P) — 2W, where W is the total weight of the pulleys, and n 1 
number of pulleys. [Coll. Exam., 188 

Ex. 3. In a system of n pulleys where a separate string goes round each pul 
and is attached to the weight, if the string which goes over the lowest have the ei 
at which the power is usually hung, passed under another moveable pulley a 
then over a fixed pulley, and attached to the weight Q ; and if the weight of es 
iDulley be and no other power be used, prove that 0 = (3 . 2^”^ lo. and fi 
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the strings being vertical, if W be the weight supported, and ?r.. ir,, tlic 

weights of the moveable pulleys, there will be no mechanical advantage nuh'ss 

IF- zPn + 2 (TT- + 22 (TF- + -f ( ir - a’j ) 

be positive. [Math. ,I rijioK, 

Ex. 6. In the system of ?i heavy pulleys in which each luingH by a separate 

string, F is the power (acting upwards), Q the w'eiglit, and the stn‘HS <»n the 

beam from which the pulleys hang: show that Ji is greater tluui ^,){1 2 ") and 

less than (2’^~1) F. [Math. 'i’ripcKs, 1H«U. f 

Ex. 7. If there be two pulleys, without weight, which hang by Ke])arai(‘ strings^, 
the fixed ends only of the string being parallel, and the power horizontal, ])roYe 
that the mechanical advantage is sJ3. [St John’s Coll., IHS.'b] 

Ex. 8. In that system of pulleys, in which all the strings ar<‘ attaelied to thi' 
weight, if the power be made to descend through one inch, through wliat distan<!o 
will the weight rise? Illustrate by reference to this system of ))ii]l('yH the ])rin<nj>lo 
which is expressed by the words, “ In machines, wdiat is gained in ])ower is lost in 
time.” [Math. Tripos, IHotl. j 

Ex. 9. In the system of pulleys in which all tlie atidngs are aitindu'd to 

weight Q, prove that, if the pulleys he small compared with tht‘ lengtlis of llu* 

strings, the necessary correction for the weight of the strings is tlu; siddiiitm !<► 
Q, respectively, of the weights of lengths 

+ — 7/.), 2 (//o- 7ii),...2 
of string; where Jij, J 12 , h^...hn are the heights of the a pulleys (wliose wiughts art* 
Wj^, ?d;2...2i?^ respectively) above the line of attachment, supposed horizontal, of tln^ 
strings to the weight Q, and h the height of the point of attac]iin(*nt of tlie power 
above the same line. [Math. Tri})<.)s, IH77. j 

Ex. 10. In that system of pulleys in which the strings are all paralbd, and Ua* 

weights of the pulleys assist the power, show that, if there arc a pulleys, eatdi of 

diameter 2a and weight w, the distance of the point of suspension of the w<‘ight 
from the line of action of the power is equal to 

^ 2^+^ Q + [(/i - 3) 2’‘ + n + 3] w 

” 2 (2’‘ - lYy” 

where Q is the weight. [Math. Tripos, iss;b ] 

Ex. 11. In a system of four pulleys, arranged so that each string is attached to 
a bar carrying the weight, the string which usually carries the power is attacluMl to 
one end of the same bar, and the fourth string to the other end. The weight and 
diameter of each pulley are respectively double of those of the pulley below it, and 
the strings are all parallel. The weight being 33 times tliat of tlie lowest i^nlley, 
find at what point of the bar it is hung. [Trin. Coll., I880.] 

Ex. 12. In the system of pulleys, in which each pulley hangs by a sejiarate 
string with one end attached to a fixed beam, there are n moveable pulleys of 
equal weight w. The rth string, counting from the string round the highest 
pulley, cannot hear a greater tension than 2\ Prove that the greatest weight Avliicb 
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537. The Inclined Plane- To find the 7'elation between the 
power and the weight in the inclined plane. 

Let AB be the inclined plane, C any particle situated on it. 
Let ON be a normal to the plane and GV vertical; let a be the 
inclination of the plane to the hori- 
zon, then the angle NOV = a. Let 
Q be the weight of 0, P a force 
acting on C in the direction OK, 
where the angle NGK = j>. It is 
supposed that GK lies in the ver- 
tical plane VGN. Fig. i. 

If the plane is smooth the reaction R of the plane on the 
particle acts along the normal ON, We then have by Art. 35 

■ . ( 1 ) 

sin a sin ^ sin {((> — a) ^ 

It is necessary for equilibrium that R should be positive, for 
otherwise the particle would leave the plane. It follows from 
these equations that ^ must be greater than or. This follows 
also from an examination of fig, (1), for Q acting along VG and 
R along GN cannot be balanced by a force P unless its direc- 
tion lies within the angle formed by CF and NO produced. 
If P act up the plane, ^ = \ir and P = Q sin oc, R — Q cos a. 
If P act horizontally, (j> = ^7r + a, and P = Q tan a, R = Q sec a. 



538 . If the plane is rough, let /x=tan e be the coefficient of friction. With the 
normal GN as axis describe a right cone whose semi-angle is e ; this is the cone of 
friction, Art. 173. The resultant action R' of the plane on the particle lies within 
this cone; let CH be its line of action and let the angle NCH=i; then i lies 
between ± e. Let the standard case be that in which a is greater than e, and 0 
greater than either ; this is represented in fig. (2). We therefore have 
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When the force P is so great that the particle is on the point of ascending the plane, 
the reaction R' acts along CE, and 1 '= — e. Let 1\ be this value of P, then 


When the force P is so 
acts along CD, and 'i = 


= {;>). 

sin (a + e) sin (0 + e) sin (0 -- a) 

small that the particle is only just sustained, the reaction IV 
e. Let Po be the value of P, then 


A ^ ^ (. 1 ). 

siii(a-e} sin(0-e) sin (0 - a) 

If a>e as in fig. (2), it is clear that the particle will slide down the plane if iu)t 
sui^ported by some force P, Art. 1G6. When the particle is just KU])porte<l the 
reaction R' acts along Cl) and Q along VC ; it is clear that tliese forces could 
not be balanced by any force P unless its direction lay within the angle madtj by 
CV and DC produced. Accordingly we see from (4) that R' is negative unless 
0>a. In the same way it is impossible to pull the particle up the |)lane (witlujut 
pulling it off) by any force whose direction does not lie between Cb jind EC 
produced. Assuming 0>a, the least force required to keep the imrticlo at rest is 
given by (4), and the greatest by (3). 

If e>a as in fig. (3), the particle will rest on the piano unless disturbed l>y 
some force P. To just pull the particle up the plane the force must Jiot within the 
angle formed by CF and EC produced, and its magnitude is given by (3). In order 
that the particle may be just descending the plane the force must act within the 
angle formed by CV and DC produced, and its magnitude is given by (4). 


539 . Ex. 1. If a power P acting parallel to a smooth inclined ijlane and sup- 
porting a weight Q produce on the plane a pressure R, then the same power acting 
horizontally and supporting a w'eight P will produce a pressure Q. [Coll. E.x., 

Ex. 2. Eind the direction and magnitude of the least force which will puli a 
particle up a rough inclined plane. 

By (3) we see that P^ is least when 0 + € = -^7r, i.e. when the force makes tin 
angle Avitli the inclined plane equal to the angle of friction. 

Ex. 3. Eind the direction and magnitude of the least force which will just 
support a particle on a rough inclined plane. 

Ex. 4. A given particle C rests on a given smooth inclined plane and is 
supported by a force acting in a given direction. If the inclined plane is without 
weight and has its side AL moveable on a smooth horizontal table, find the force 
which when acting horizontally on the vertical face BL will prevent motion. Eind 
also the point of application of the resultant pressure on the table. 

Ex. 5. A heavy body is kept at rest on a given inclined ifiane by a force 
making a given angle with the plane ; show that the reaction of the plane, when 
it is smooth, is a harmonic mean between the greatest and least reactions, when it 
is rough. [Math. Tripos, 1B58.] 

Ex. 6. A heavy particle is attached to a point in a rough inclined plane by a 
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equal angles with the vertical, show that the difference between the inclinations of 
the planes must be twice the angle of friction. [Math. Tripos, 1878.] 

540. Wheel and Axle. To find the relation between the 
power and the iveight in the ^vheel and axle. 

Let a be the radius of the axle AB, c that of the wheel. The 
power P acts by means of a string which passes round the wheel 
several times and is attached to a point on the circumference. 
The weight Q acts by a string which passes similarly round 
the axle. Taking moments round the central line of the axle, we 
have Pc= Qa. The mechanical advantage is equal to cja. 



Fig. 1. Fig. 2. 

If p, q be the spaces which the power and weight pass over 
while the wheel turns through any angle, we have 

_p/5 = c/a= Q/P. 

541 . When a great mechanical advantage is required we must either make the 
radius of the wheel large or that of the axle small. If we adopt the former course 
the machine becomes unwieldy, if the latter the axle may become too weak to bear 
the strain put on it. In such a case we may adopt the plan represented in fig. (2). 
The two parts of the axle are made of different thicknesses, and the rope carried 
round both. As the power P descends, the rope which supports the weight is coiled 
on the thicker part of the axle and uncoiled from the thinner. Let a, b be the radii 
of these two portions of the axis. If Q be the weight attached to the pulley, the 
tension of the string is iQ. Taking moments about the central line of the axis, we 
have Fc~-}jQ (a -h). The mechanical advantage is therefore equal to the radius of 
the wheel divided by half the difference of the radii of the axle. By making the 
radii of the two portions of the axis as nearly equal as we please, we can increase 
the mechanical advantage without decreasing the strength of the machine. This 
arrangement is called the differential axle. 

542 . Ex. 1. A rope passes round a pulley, and its ends are coiled opposite 



13. When hoth the power and the weight act on the circumference of wheels 
are various methods of connecting the two wheels besides that of putting 
on a common axis. Sometimes, when the wheels are at a distance from each 
, they are connected by a strap passing over their circumferences. In some 
cases one wheel works on the other by means of teeth placed on their rims. 


>44. Toothed Wheels. To obtain the relation between the 
and the weight in a pair of toothed wheels, 
jet A, B be the centres of two wheels which act on each other 
leans of teeth, the teeth on the axis of one wheel working into 
e on the circumference of the other at the point 0. Let aj, 
b.e radii of the axles, bi, bo those of the wheels. 


jet p, q be the virtual velocities of the power P and weight Q, 
L Pp = Qq. If the teeth E 

small the average velo- 
s of the points near G 
iie two wheels are equal, 
the common direction is 
endicular to the straight 
AB. If then 6>i, 6o are 
ingles turned through by 
wheels when the power 
ceives a small displace- 
t, we have a-idi = & 2 ^ 2 ' But p = q = aoO^. 

aia. 



We have here omitted the work lost 


It follows that 
in overcoming 


Friction at the teeth in contact and at the points of support. 


fcS. Let a tooth on one wheel touch the corresponding tooth on the other in 
point D, and let EDF be a common normal to the two surfaces in contact at 
Dhe point D is not marked in the figure because the teeth are not fully drawn, 
is necessarily situated near G. The actual velocities of the points of the teeth 
itact at D when resolved in the direction EDF are equal. If, then, h and k 
le perpendiculars drawn from A, B on EDF, it is clear that 6jh = $ 2 k. As the 
s turn, the lengths h and k alter, and if the ratio hfk is not constant, there 
re or less irregularity in the working of the machine. To correct this defect, 
3eth are sometimes cut so that the normal at every point of the boundary 
tooth is a tangent to the circle to which the tooth is attached. When this is 
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circle. The two involutes are unwrapped from the circle in opposite directions and 
portions of each form the sides of the tooth. 

When the centres of the toothed wheels are given, and the ratio of the angular 
velocities at which they are to work, we may determine their radii in the following 
manner. Let A, B be the given centres ; divide AB in G so that AC . = $ 2 - 

Through G draw a straight line ECF, which should not deviate very much from a 
perpendicular to AB. With A and B as centres describe two circles touching the 
straight line EGF. The sides of the teeth are to be involutes of these circles. By 
this construction the common normal to two teeth pressing against each other at L 
is the straight line EGF. As the wheels turn round, and the teeth move with them, 
the point of contact D travels along the fixed straight line EGF. The perpen- 
diculars li and /c are equal to the radii of these circles and are constant during the 
motion. Their ratio also is evidently equal to the ratio of AC to BG, i.e. of 
62 to (9j. 

It has already been shown that Pp=Qq^ and = = Since 

we find as before ~ = . 

P 

We may notice that, if the distance between the centres A and B is slightly 
altered , the pair of wheels will continue to work without irregularity and the ratio 
of the angular velocities will be the same as before. To prove this, we observe that 
the common normal to two teeth pressing against each other is still a common 
tangent to the two circles, though in their displaced positions. Thus, though the 
inclination to AB of the straight line EGF is altered, the lengths of the perpen- 
diculars h and h are the same as before. 

That the teeth should be made of the proper form is a matter of importance 
to the even working of the machine. Many other considerations enter into the 
theory besides that mentioned above. Thus defects may arise from the wearing of 
the teeth if the pressure be very great at the point of contact. There may also be 
jolts and jars when the teeth meet or separate. But the subject is too large to be 
treated of in a division of a chapter. The reader who is interested in this matter 
is referred to books on the principles of mechanism. In Willis’ Principles of 
Mechanism (2nd edition, 1870) five different methods of constructing the teeth are 
described, in three of which epicycloids are used; the advantages and disadvantages 
of these constructions are also compared. 


546. Ex. 1. In a train of n wheels, the teeth on the axle of each wheel work 
on those on the circumference of the next in order. Show that the power and 

weight are connected by the relation ■^= , where Ug &c. are the radii 

of the axles and \ , bg tfiose of the wheels. 

Ex. 2. In a pair of toothed wheels show that, if the ratio of the power and 
wPicrhf. is tn hfi annroximatelv constant, the heisht and breadth of the teeth must 



547. The Wedge, lo find the r elation between the power 
the weight in the wedge. 

Let M, N be two obstacles which it is intended to separate by 
:ting a wedge ABC between them. For the sake of distinctness 
e obstacles are represented in 
figure by two equal boxes 
3d on the floor, but it is ob~ 
s they may be of any kind. 

Ne shall suppose that the 
re used is isosceles, and that 
s its median line CN vertical, 
the angle A GB be 2a. Let 
/ be the points of contact with the obstacles (not marked in 
figure), R, R the normal reactions at these points, F, F the 
ions. When the wedge is on the point of motion we have 
R tan e, where tan e is the coefficient of friction, 
jet P be a force acting vertically at N urging the wedge 
awards. Supposing P bo prevail, the frictions on the wedge 
ilong GA, GB; we therefore find by resolving vertically 
P = 2R (sin a + tan e cos a) = 2R sin (a -l- e) sec e. 
resultant reaction P' at B is then found by compounding 
id fxR. 

f the obstacle M can only move horizontally, the whole of the 
don R' is not effective in producing motion. The horizontal 
)onent of R' tends to move if, but the vertical component 
5es the box on the floor and possibly tends to increase the 
dng friction between the box and the floor. Let X be the 
;ontal component of R'; we find 

X = R cos a — R tan e . sin a = R cos (a -h e) sec e. 
mechanical advantage X/P is therefore equal to J cot (a 4- e). 

t8. It may be noticed that the mechanical advantage of the -wedge is 
sed by making the angle a more and more acute. There is of course a 
cal limit to the acuteness of this angle, for that degree of sharpness only 
e given to the wedge which is consistent with the strength required for the 
se to which it is to be applied. 

examples of wedges we may mention knives, hatchets, chisels, nails, pins, &c. 
ally speaking, wedges are used when a large power can be exerted through a 
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It has not been considered necessary to consider separately the case in wh 
the wedge is smooth, as the results obtained on so erroneous a supposition have 
practical bearing. 

549. If the force is applied in the form of a blow so that t 
wedge is driven forwards between the obstacles, the problem 
determine its motion is properly one in dynamics. Our objc 
here is merely to find the conditions of equilibrium of a triangu' 
body inserted between two rough obstacles and acted on by 
force P. 

When a series of blows is applied to the wedge, we m 
however enquire what happens in the interval between t 
impulses. The wedge may either stick fast, held by the fricti( 
or begin to return to its original position, being pressed back 
the elasticity of the materials. Assuming that these forces 
restitution may be represented by two equal pressures R, 
acting on the sides of the wedge, let Pj be the force necessf 
to hold the wedge in position. The friction now acts to ass 
the power. To determine Pj we write — e for e in the equatic 
of equilibrium. We therefore have 

Pj = 2R sin (a — e) sec e. 

If a is greater than e, Pj is positive and therefore some force 
necessary to hold the wedge in position. If a is less than e, 
is negative, thus the friction is more than sufficient to hold 1 
wedge fast. A force equal to this value of Pj with the si 
changed is necessary to pull the wedge out. The result is t] 
the wedge will stick fast or come out according as the angle Ai 
is less or greater than twice the angle of friction. 

Ex. 1. Eeferring to the figure of Art. 547, show that if either of the ec 
angles ^ or E of the wedge is less than the angle of friction, no force P how( 
great could separate the obstacles ilf, N, 

If the angle A is less than e, we find that ct + e is greater than a right angle, 
therefore that X is negative. It is easy also to see that, if the angle A is equal t 
the resultant reaction between one side of the wedge and an obstacle is verti 
The wedge therefore merely presses the obstacle against the floor. 


of Art. 547. Discuss the two cases in which (1) one obstacle is immoveabb 
(2) both move equally when the wedge makes an actual displacement. 


550. The Screw- To find the relation between the poiver 
the weight in the screw. 

Let ^J5 be a circular cylinder with a uniform proj ecting i 
running round its surface, the 
tangents to the directions of the 
ridges making a constant angle 
a with a plane perpendicular to 
the axis of the cylinder. The 
screw thus formed fits into a 
hollow cylinder with a corre- 
sponding groove on its internal 
surface, in which the ridge works. 

The grooves on the hollow cy- 
linder have not been sketched, 
but are included in the beam 
EF. 

The position of the ridge on the cylinder is easily understood by the foil 
construction. Let a sheet of paper be cut into the form of a right-angled tri 
LMN, such that the altitude MN is equal to the altitude of the cylinder AB ai 
angle the base L3I makes with the liypothenuse LISf is equal to a. Let this sb 
paper be wrapped round the cylinder AB ; if the base LM is long enough 
several times round the base of the cylinder, the hypothenuse will appear tc 
gradually round the cylinder. The line thus traced by the hypothenuse is the 
along which the ridge lies. 

Let P be the power applied perpendicularly at the ei 
a lever CD. Let AC — a, and let b be the radius of the cyli: 
Supposing the body EF in which the screw works to be 
in space, the end B of the cylinder will be gradually moved 
describes a circle round AB. Lefc Q be the force acting at B. 

Let <r be any small length of the screw which is in contact 
an equal length of the groove. Let Rcr be the normal rea 
between these small arcs, jaRar the friction. 

In some screws the ridge is rectangular, so that it ma 
regarded as generated by the motion of a small rectangle m( 

Tr\ 4-T*^ -I -M -r-r-r^ y-v -hi-v 4- y-i 4- t-VT-i 4- 4- ^ 




a. In other screws the section of the ridge has some other form, 
such, for example, as a triangle. In such cases the line of action 
of It makes some angle 0 with the tangent plane to the cylinder. 
We therefore resolve R into two components, one intersecting at 
right angles the axis of the cylinder and the other lying in the 
tangent plane. The magnitude of the latter is R cos 0, and its 
direction makes with the axis of the cylinder an angle equal to a. 
Since the ridge is uniform the angle 6 will be the same throughout 
the length of the screw. 

Let us suppose that the power P is about to prevail, then the 
friction acts so as to oppose the power. Resolving parallel to the 
axis of the cylinder and taking moments about it, we have 
Q = Siicr . COS 8 cos a — XR(t . ya sin a, 

Pa = 'ERa .bcos6 sin a + 'ZRa . /jub cos a. 

Dividing one of these equations by the other we have 
Q _ cos 0 cos a — ya sin a a 
P cos 8 QOS a -h fji cosol’ b ’ 

551. If it be possible to neglect the friction and treat the screw as smooth we 
put ^ = 0. We then find for the mechanical advantage the expression (a cot a) /!>. 
If a point travelling along the ridge or thread of the screw make one complete 
revolution of the cylinder, it advances parallel to the axis a space equal to the 
distance h between the ridges. This distance is therefore /i = 27rl> tan a. Substi- 
tuting for tan a, we find that the mechanical advantage of a smooth screw is c//z, 
where c is the circumference described by the power and h is the distance between 
two successive threads of the screw measured parallel to the axis. 


552. We may easily deduce the relation between the power 
and the weight in a smooth screw from the principle of virtual 
work. When the power has turned the handle AG through a 
complete circle, the screw and the attached weight have advanced 
a space h equal to the distance between two threads of the screw 
measured parallel to the axis. When therefore friction is neglected 
and no work is otherwise lost in the machine, we have Pc = Qh^ 
where c is the circumference of the circle described by P. 


When the friction between the ridge and the groove is taken 
account of we see by Art. 550 that the efficiency of the machine is 


given by 


Qh 

T}^ 


cos 8 — fi tan a 
~rzz~7r~, rTT" 


ART. 55e3] 


THE SCREW 


375 


When the thread of the screw is rectangular the angle & is 
zero. In that case the expression for the efficiency takes the 

simple form ^ . where e is the ande of friction. 

jPc tan (a H- e) ^ 


If the weight Q is about to prevail over the power, we change 
the signs of fju and e in these formulse. 


553 . Ex. 1. What force applied at the end of an arm 18 inches long will 
produce a pressure of 1000 lbs. upon the head of a smooth screw when 11 turns 
cause the head to advance two-thirds of an inch? [Trin. Coll., 1884.] 

Ex. 2. A screw with a rectangular thread passes into a fixed nut : show that 
no force applied to the end of the screw in the direction of its length will cause it 
to turn in the nut, if the pitch of the screw is not greater than e, where e is the 
angle of friction. [Coll. Exam., 1878.] 

Ex. 3. A rough screw has a rectangular thread : prove that the least amount of 
work will he lost through friction when the pitch of the screw is J (tt - 2e), where e 
is the angle of friction. [St John’s Coll., 1889.] 


Ex. 4. The vertical distance between two successive threads of a screw is /?, its 
radius is h, and the power acts perpendicularly to an arm a. If the thread be square 
and of small section, and the friction of the thread only be taken into account^ 
show that if a and h are given, the efficiency of the machine is a maximum when 
27r& = ?i tan (^TT-f-^-e), e being the limiting angle of friction. [Math. Tripos, 1867.] 
Ex. 5. The axis AB of a screw is fixed in space and the beam EF through 
which the cylinder passes is moveable. The power P, acting at the end of a lever 
CD, tends to turn the cylinder, while a force Q, acting on EF parallel to the axis 
AB, tends to prevent motion. Show that the relation between P and Q is the same 
as that given in Art. 550. 

Ex. 6. A weight is supported on a rough vertical screw with a rectangular 
thread without the application of any power. If I be the length and h the radius 


of the cylinder on which the thread lies, show that the screw has at least 


^ cot e 
" 2 ^ 


turns. 



NOTE ON SOME THEOREMS IN CONICS REQUIRED 
IN ARTS. 126, 127. 


The following analytical proof of the two theorems in conics which are assumed 
in these articles requires a knowledge only of such elementary equations as those of 
the normal or of the chord joining two points. 

Let cf>, <f)' he the eccentric angles of two points P, Q on the conic. Taking the 
principal axes of the curve as the axes of coordinates, the equations of the normals 
at these points are 


- =: a- - h“. 


-^2 ■ ^2 ^ 

COS 0 sin ’ cos <p' sin <p' 

The ordinate rj of their intersection is therefore given by 

hri sin i (0 + 0') . ^ 

0 ? - cos i (0 - 0 ) ^ ^ 

The ordinate of the middle point of the chord PQ is 

y = ^h (sin 0 + sin <l>') = b sin^ (0 + 0') cos 4 (0-0'), 

b- 77 _ - sin 0 sinN^' _ cos^ M0 + 0') ^ ^ 

a- -b^y^ cos- \ (0 - 0') " cos- “ 00 ’ 

Again, the equation to the chord PQ is 


— cos ^ (0 + 0') + ^ sin ^ (0 + 0') ~ cos ^ (0 — 0') =0 (3) . 

If p, p' and q are the perpendiculars on the chord from the foci and the centre, 
we have the usual formula for the length of a perpendicular 

pp' _ {cos ^ (0 - 0') - g cos (0 + 0')} {cos ^ (0 - 0') + f cos (0 + 0')} 

" cos'^ i (0 - 0') ■ 

It follows by an easy reduction that 



It is explained in the text that the corresponding form for ^ is an inconvenient 
one because the foci on the minor axis are imaginary. If the chord cut the axes in 
Xi and IT, we find, from the equation to the chord PQ given above, that 
CL _ cos I (0 - 0') CM _ cos J (0 - 0') 

a cos J (0 + 0') ’ b sin ^ (0 + 0') * 

TTT T • fC\\ 
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When the points P, Q coincide, rj become the coordinates of the centre c 
curvature at P. We then deduce from (1) the well-known formulte 

s =cos3 0 


. = sm3 0, 


.(7). 


a2-2;2 

The coordinates x, y of the middle point G of the chord being given, the chor 
itself is determinate. The equation to the chord is 

(s^- 


-x)x , {v-y)y _^ 

O *1 j n V • 

a- b2 


We then readily find the intercepts CL, CM. We deduce from (2) or (5) 


?;2 


l*4f4T-w 


.( 8 ). 


a“ ^ ’ 


[ tt2 - ^2 5 

Let Z, r be the coordinates of the intersection T of the tangents at P, Q, then 
X_Y 
y' 

because G is the intersection of the straight line joining the origin to P with the poh 
line of T. We easily find y in terms of X, Y, and the equations (7) then becon 
y _ (a- - &-) (Z2 - a2) ^ _ (^2 _ IP) [Y^ - h'^) 


.(9)> 


which are the equations used in Art. 127. 


Ex. 1. A uniform rod, whose ends are constrained to remain on a smooi 
elliptic wire, is in equilibrium under the action of a centre of force situated in tl 
centre C and varying as the distance, see Art. 51. Show that the centre of gravi 
G must be either in one of the axes or at a distance from the centre equal ' 

+ where OR is the semi-diameter drawn through G. Show that in tl 

latter case half the length of the rod is equal to CD^I{a^ + b-)^j where CD 
conjugate to CB. Show also that the tangents at the extremities of the rod are i 
right angles. Eind the lengths of the shortest and longest rods which could be ; 
equilibrium. 


Ex. 2. One extremity of a string is tied to the middle point of a rod who 
extremities are constrained to lie on a smooth elliptic wire. If the string is pulk 
in a direction perpendicular to the rod, show that there cannot be equilibriu; 
unless the rod is parallel to an axis of the curve. 

Ex. 3. When the conic is a parabola, show that the equations (5), (8), (' 
take the simpler forms, 

O:. ^ 

111 


JUO) 

V=21J.— =^(x-'^]=--XY, 

' m m \ m j m 
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Ex. 5. Two chords of a conic are drawn parallel to any two conjugate diame 
and touch a given confocal. Show that the sum of their lengths is constant. 


Ex. 6. If the normals at four points P, Q, R, S meet in a point whose 
ordinates are (^, 77), prove that the middle points of the six chords which join 
points P, Q, P, S two and two lie on the conic 

(a- - b^) + a^b^ {^x -f- 77?/) = 0 . 

This follows at once from (8). 


Ex. 7. A heavy uniform rod is in equilibrium with both ends pressing aga; 
the interior surface of a smooth ellipsoidal bowl. If one axis of the bowl is verti 
show that the rod must lie in one of the principal planes. 


The ellipsoid being referred to its axes, the normals at the extremities of 


rod are - (I -*)=-(’?- 1/) =- (f 


X y aj 


It is necessary for equilibrium that each of these should be satisfied by ‘q = (?/ + 
J (z + z'). Substituting, we find that y'ly = z'lz, unless either both the ?/’s or I 
the are zero. Putting y'—py, z'=pz, the equations become 


X 


{^~x) = b'Hp^l) = c^ (p-1), 


^2 

x' 


P 



Unless b^ = c^, these give p = l. It easily follows that y'=y, P — z^ x'~x so that 
two ends of the rod coincide. As this is impossible, we must have either both 
2/’s or both the 2’s equal to zero. The rod must therefore be in a principal plar 
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Amontons. Experiments on friction, 170. 

Anchor ring. Surface and volume, 416. Centre of gravity of a portion, 425. 
Anchor ring slides on an axis, 269. 

Anticentre. Defined, 460. Of a circle and ellipse, &c., 460. 

ARCHBrEDES. Parallelogram of forces founded on the lever, 31. 

Delation of sphere to the circumscribing cylinder, 420. 

Areal coordinates. Defined, 63, Ex. 2. Trilinear equation of the resultant ol 
any three forces acting along the sides of the triangle, 120. Central axis 
in terms of the moments about and resolutes along the sides, 278, Ex. 8. 

Astatics. Equilibrium defined, 70. Astatic triangle, 71, 73. Centre defined, 72, 
160. Central point of two forces, 74. Of any forces in a plane, 160. 

Atoms. Equilibrium of four repelling atoms, 130 . 

Kelvin on the theory of Boscovich, 226. Two, three and four atoms in 
various arrangements, 227. 

Axioms. Newton’s laws of motion, 13. Elementary statical axioms, 18. Othei 
axioms necessary, 148. Frictional axiom, 164. Axiom on elasticity, 489. 

Axis. See also Central axis. Of a couple, 97. 

Friction between wheel and axis, 179. 

Instantaneous axis always exists when a body moves in a plane, 180. 
Axis of initial motion, 185, 188, cfec. 

Pressure on axis reduced to two forces, 268. 

Axis of revolution and Pappus’ theorems, 413. 

Balance. Three requisites of the common balance, 519. False balances and other 
■problems, 520. Roberval’s balance, used to weigh letters, 517. 

Ball, Sib Egbert. The cylindroid, 287. Reciprocal screws, 294. The sexiant, 326. 
The pitch conic, 288. 

Ball, W. W. R. History of mathematics. Parallelogram of forces, 31. Catenary, 
443 note. 

Bending couple. Defined, 142. Of a plank bridge, 144. Of a rod acted on by 
forces shown graphically, 145. Heavy rod, 147, Ex. 1. Rotating wire, 147, 
Ex. 2. Crane, 147, Ex. 5. Gripsy tripod, 147, Ex. 6. Rod under centre of 
force, 147, Ex. 7. Townsend’s theorem on a bridge, 147, Ex. 3, Found by 
graphics, 362. 

Bernoulli. Discovers the catenary, 443. On the form of a sail, 458. String 
acted on by a centre of force, 475. 

Besant. On roulettes, 244. 

Bonnet. The catenary of equal strength for a central force which varies as the 
inverse distance, with a list of curves included, 477, Ex. 11. 

Boole. Envelope of an equilibrium locus, 224. 

Boscovich. Theory of atoms, 226. 
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Oatenaby. Centra of gravity of arc^ with a geometrical construction, 399, 

The suspended chain, 443. Examples, 446. The parameter of a su8p( 
catenary found, 447, 448. Catenary with a heavy ring fixed or moveable 
Examples on smooth pegs, festoons, endless strings, drc., 448. 

Stability of equilibrium of a chain over two smooth pegs, 449. 

Heterogeneous catenary, 460. The cycloidal chain, 461. Parabolic c 
when roadway is light, 462. Catenary of equal strength, equation, cen 
gravity, span, cfec., 463. 

Examples. Chain partly in water, partly in air, 466. Heavy string 
rough catenary, 469, 471. A heavy string fits a tube without pressn 
cut find the pressure, 462. A heavy endless string hangs round a horis 
cylinder, 462. The catenary is the only homogeneous curve such the 
centre of gravity is vertically over the intersection of the tangents, 448, T 

Stability of a heavy rod sliding on two catenaries, 243. 

Spherical catenary, 482. See Stbings. 

Calculus of variations, 488. 

Cayley. The six coordinates of a line, 260. On four forces in equilibrium 
Determinant of involution, 324. 

Centkal axis, defined and found in terms of E, G, 270. Cartesian equation 
in terms of the six components, 273. 

Central axis of forces ; A 2 A 0 '] &c., 278, Exx. 6, 7. Central axii 
triKnear coordinates, 278, Ex. 8. Central axis of forces represented I 
sides of a tetrahedron, 278, Ex. 5. Central axis in tetrahedral coord 
in terms of forces along the edges, 339. Central axis of conjugate i 
285, 309. Problems on central axis, 278, 283, 310. 

Centke of gbavity. Definition, 61, 374. Unique point, 375. Working ru] 
380; with examples, 382. Triangular area, 383; equivalent points, 
perimeter, 386. Quadrilateral, 387 ; pentagonal area, trapezium, 388. ' 
hedron, 389; frustum, 391; faces and edges, 392; isosceles tetrahedron 
double tetrahedra, 394. Pyramid and Cone, 390, 418. 

Circular arc, 396, Ac., other arcs and the curve sin n6 = d‘\ 399. ' 
lar sectors, 400; quadrant, 401; segment, 402. Elliptic areas, 404; 
areas, 409, 412. Space bounded by four coaxials, 406; by four confocal 

Pappus’ theorems, 413, Ac., with extensions when axis does not lie 
plane of the curve, 417. 

Spherical surfaces, 420; hemisphere, segment, 423. Spherical tri 
424. Spherical solid sector, segment, 426, 427. Ellipsoidal sectors, Ac 
429. Ellipsoidal thin shells, both kinds, 430 ; also shell when the d 
varies as the inverse cube of the distance from a point, 430, Ac. 

( 1 )" 

Octant of an ellipsoid when density is xhjV^, 434. Triangle of density 

434. 



Any volume and surface, 431. The solid ( - 
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Chasles. Eadius of curvature of a roulette, 242- 
Invariants of two systems of forces, 280. 

Characteristic of a plane, 314. 

Four forces in equilibrium, 316. 

CiBCLE. Least force to move a hoop, disc, &c. placed on a rough plane, 189 
Clabke. Principles of Graphic statics, 340 note. 

Clausius. Yirial, 167. 

Clebsch. Expresses the form of a heavy string on a sphere in elliptic in' 
482 note. 

Component. Defined, 40. In three dimensions, 257, 260. 

The six components of a system of forces, 273, 276. 

Cone. Centre of gravity of volume, 390 ; of surface, 418; of cone on elliptic bn 
Cone of friction, 173. 

Couple to tui’n a cone in a hole, 189, Ex. 12. 

Conic. The relations of a chord to the normals at its extremities, 126 and i 
Conic of closest contact, position found, 249. 

Centre of inscribed and circumscribing conic, 440. 

The pitch conic, 288. 

Conjugate eobces and lines. A system can be reduced to two forces, one 
action arbitrary, 303; other elements arbitrary, 313. Self-conjugat 
306. Conjugate of a given line found, 308. 

Arrangement of conjugate forces round the central axis, 309; arm 
hyperboloids, 310 ; in planes, 311. 

Theorems on conjugates, 312, 313. Two systems of forces with t 
conjugate lines, 311. 

CoNSEBVATivE SYSTEM. Definition and fundamental theorem, 211. See alK( 
CooBDiNATES. Of a system defined, 206, 207. 

The six coordinates of a line, 260. 

Areal coordinates, 63- Tetrahedral coordinates, 339. 

Couple. Poinsot’s theory of couples, 89, &c. Measure of couple, 96 ; i 
Laws of combination of forces and couples, 101. Tetrahedron of 
99. Any four axes being given, couples in equilibrium can be fo 
Forces represented by skew polygon are ecpnvalent to a couple, 99. 

Friction couple, 167. Least couple which can turn a table on 
floor ; a cone in a rough circular hole ; and other problems, 188, 189. 
Minimum couple of a system of forces, 277. 

CoBioLis. Invents the catenary of equal strength, after Gilbert, 453. 
Coulomb. Experiments on friction, 170. 

Cbemona. The polar plane of a system of forces, 298. Double lines, 306. 
Eeciprocal figures, 342. 

Cbofton. On self-strained frames of six joints, 238. 

CuLMANN. Graphical statics, 340. Method of sections, 366. 

Curtis. Problem on two spheres in a paraboloid, 129. 


tN. The polygon of maximum area, 133. 

On Lagrange's proof of virtual velocities, 266. 

On the use of Jacobians in integration, 411. 

D. Framework defined, 231. 

Of a catenary, 443. Statical directrix of a heavy string on a smooth 
ve, 460. Other cases, 482, 494, 600. 

[NES. Defined by Cremona, 306. See Nul lines. 

Proof of the parallelogram of forces, 27. 

Defined by Plucker, 261. Eelation to a wrench, 271. 
raphical statics, 340. 

Y. Of a machine defined, 604. If a force P raise and P' support a 
ght, the efficiency is (P + P')/2P, 606. 

TKiNGS. Hooke’s law, 489. Heavy string (a) free, (b) on an inclined 
ae, 492. 

Work of stretching, 493. Various problems, 492, 493. 

Heavy string on a smooth curve, tension, pressure, &c., 494. Light 
ng on a rough curve, 496. See Endless stbings. Various problems, 496. 
General equations, 496. 

Heavy string on various surfaces, 497. 

String under central force, 498, 499. 

Elastic catenary, equations, 500, geometrical properties, 501, Ex. 2. 

See Conic. Centre of gravity of sector, segment, (fee., 405; of the space 
nded by co-axials, 406 ; confocals, 412 ; of the space between ellipse and 
tangents, 406. 

Equilibrium of a rod in an ellipse, 126, 243. 

5. Centres of gravity of the two kinds of thin shells, 430. Centre of 
dty when the density varies as the cube of the distance from a point, 
Centre of gravity of an octant, density xhfV, 434. 

Resultant of normal forces to an octant, 319. 

CRiNGS. Slipping of a band which works two wheels, 466, Ex. 5. Maxi- 
n tension when string is slightly extensible, 496, Ex. 5. Festoons, 466, 
10 . 

Strings which just fit a curve, 472. Examples of a circle, catenary, 
oid, ellipse, <fec., 473. 

Cwisted cords, 495, Ex. 3. 

hipping of cords round pegs, &c., 496, Ex. 4, <fec. 

rji. Of a particle, 45. Of a rigid body in two dimensions, 109. In three 
snsions, 259 ; problems on, 268. 

Conditions deduced from the principle of work, 203. Altitude of the 
re of gravity a max-min, 218. Stability defined, 70, 75 ; of three forces, 
!21 ; conditions of stability, 214, 220 ; of rocking stones, 244, <fec. 

Critical equilibrium, 246. 

)n the sufficiency of the six conditions, i.e. m moments and n resolutions 
g zero, 331. 

Condition of equilibrium found by Graphics, 353. 
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B. Quadrilateral of joiuted rods, not acted on by external forces, tightened 
by strings, 132. 

Belation between corners, faces and edges in a polyhedron, 351. 

Form of the teeth of wheels, 546. 

G. Experiments on friction, 170. 

FOECES. Two straight lines can be drawn to cut five forces in equilibrium, 
320. Invariant, Central axis, (fee., 323. Given the five lines of action, to find 
the forces, 323, &c. 

MING Jenkin. Practical use of reciprocal figures, 340. 

E. Its characteristics, 6. Bepresented by a straight line, 7. How measured, 
10, 16. Superposition, 16. 

7i forces act along the generators of a hyperboloid, 316, 317. n forces 
intersect two straight lines, 320, 323. Forces represented by the sides of a 
skew polygon are equivalent to a couple, 103. 

ES AT A POINT. Besultant, 42, 44, 46. Conditions of equilibrium, 45, 49. A 
force moved parallel to itself, 100. 

Fobces. Their relations to {a) a skew quadrilateral, 103, 323 ; (6) a hyper- 
boloid, 316 ; (c) a tetrahedron, 40, 318. Geometrical proofs, 316 ; analytical, 

317. 

Conditions of equilibrium of four forces acting at a point, 40. Banldne’s 
theorem on four parallel forces in equilibrium, 86. 

Four forces acting along tangents to a conic, 120, Ex. 5, 317, Ex. 4. 

The invariants, 316, 317, 323. 

Given the lines of action, to find the forces, 316, 317. 

. Problem on the most stable position of the feet, 88. 
lEB. Proof of the principle of virtual work, 193. 

:ework. Defined, 150. The number of rods necessary to stiffen a framework, 
151. The reactions are determinate in a simply stiff framework, 153. The 
same deduced from the p>rinciple of work, 232; in an overstiff framework, 
indeterminate, 166, 236. Problems on hexagons, tetrahedra, polygons, etc., 
234. Self-strained frameworks, 132, 238. 

Beactions found by graphical methods, 363. Problems on graphical 
statics, 372. 

KLIN. Extension of Lagrange’s two theorems on centres of gravity, 438. 

CION. Defined, 54; experiments, 164, 166; laws, 166; limiting friction, 165. 
Coefficient and angle of friction, 166. Friction couple, 167. Cone, 173. 

The two kinds of problems, 171, 181. Problems of the first kind, 176, 
178, &c. The ladder. 177, 178. Tripos and College problems, 178. Wheel 
and axle, 179, &c. The indeterminateness of friction, 181. Limiting equi- 
librium, 182. 

Problems of the second kind, 182, &c. The least couple or force which 
can move a triangular table, a rod, a lamina, a hoop, a disc, a cone in a hole 
and other bodies, 188, 189. 
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Gilbebt. Invents the catenary of equal strength, 443, 463. 

Giulio. Centre of gravity of a spherical triangle, 424 ; also of a solid generated by 
a catenary, 424. 

Goodwin, Harvey. Stability of a rod inside a spheroid, 126, 243. 

Graham. Graphic and Analytic statics, 340. 

Greenhill and Dewar, Construct a model of an algebraic spherical catenary, 482. 

Gregory. Solves the problem of the catenary, 443. 

Guldin. Centre of gravity of 27i sides of a regular polygon, 397. Centre of gravity 
of the area of a right cone, 418. 

Guldin’s or Pappus’ theorems on surfaces of revolution, 413. 

Hooke. Law on elastic strings, 489, 

Hyperbola. Eelation of the theory of projection to the hyperbola, 408. 

Hyperboloid. Forces act along the generators, pitch, single resultant, central axis, 

&c., 317. 

Locus of imncipal force of a given system, 277. 

Locus of conjugate forces, 310. 

Inclined plane. Smooth, 637 ; rough, 538; problems, 639. 

Indeterminate. Problems so called, if the elementary laws of statics are in- 
sufficient for their solution, 148. Additional laws derived from the elasticity 
of bodies, 148. Examples of such problems, weight on a table, the gallows 
problem, bars suspended by several strings, framework, &c., 149. 

The reactions of a framework are not or are indeterminate according as 
it is simply or over stiff, 153, 155, 236. 

Indeterminate tensions, 237, 368. Indeterminate friction, 181. 

Indeterminate multipliers, 213. 

Indeterminate reciprocal figures, 351. 

Independence of forces. Principle explained, 16. 

Inertness of matter. Explained, 14. 

Infinite forces. 164, 198, 306. 

Initial motion. Of a body when acted on by a couple, 102. 

Of a system is such that the initial work is positive, 200 ; and that the 
potential energy decreases, 216. 

Invariants. The two invariants defined, 279. 

Meaning of the vanishing, 279. 

Chasles’ invariants of two systems of forces, 280. 

Rules to find the invariants of two forces, any number of forces, of 
couples, of wrenches, 281, 282. 

Invariant of forces acting along n generators of a hyperboloid, 317. Of 
forces intersecting two directors, 323. Invariant of any forces along the 
edges of a tetrahedron, 339. 

Involution. Forces in involution defined, 325. 

Forces along the edges of a tetrahedron are not in involution, 339. 

Jacobian. The Jacobian condition of equilibrium of a particle on a curve, 59. 

Airnlipfi tn f».pn tvA of t^ra-vitv of n.o avp.a. 4-11. 



Proof of the principle of virtual work, 255. 

Two theorems on centre of gravity, 436, 437. 

ACE. Proof of the parallelogram of forces, 31. 

[OR. Astatic equilibrium in two dimensions, 162. Critical equilibrium, 246. 

I or MOTION. Newton’s, 13. 

NiTz. Theorem on the mean centre, 61. Solves the problem of the catenary, 443. 

uscATE. Centre of gravity of the arc AP lies in the bisector of the angle AGP, 
399. The locus of the centre of gravity of an arc of given length, 399. The 
centre of gravity of half the area of either loop, 412, string, 477. 

R. Three kinds, 611. Conditions of equilibrium, 607, pressure, 508. 

What is gained in power is lost in speed, 513. 

Examples from animal economy, 515. 

. Statique Graqjhique^ on the reactions of frameworks, 160. His definitions, 
231. Theorem on indeterminate tensions of a framework, 236, 368. Graphical 
statics, 340. Theorems on the force polygon, 357. 

MNG. Priction, 165, equilibrium, 182. 

. Elementary statics, 41. 

[iNE. Mechanical advantage defined, 602; lever, 612; pulley, 527, 632, &c. ; 
inclined plane, 637 ; wheel and axle, 540 ,* wedge, 647 ; screw, 660. 

. The two systems of equal areas and of similarity, 421. 

/ELL. On stiff jointed frameworks, 160, 151. 

Friction locus of a particle, 189. 

If 2i he the thrust of a rod in a framework, its length, SjRr found in 
terms of the forces, 230. 

Theorem on reciprocal figures, 341, cfec. 

■ CENTRE. See also Centre or gravity. Use of, in resolving and compounding 
forces which meet at a point, 51. Also other forces, 120. 

B. Application of centre of gravity to pure geometry, 439. 

\IUM. Minimum method of solving friction problems, 185. 

The work is a max-min in equilibrium, 212. 

Altitude of centre of gravity a max-min, 218. 

Minimum coujile of forces in three dimensions, 277. 

Minimum couples and forces to move a body, 188, 189. Minimum force 
at one end to move (a) a string of particles, 190, and (b) a heavy string in a 
circular arc on a rough floor, 487. 

lus. The polyhedron of couples, 99. 

The nul plane, 298. 

Four forces in equilibrium lie on a hyperboloid, 316. 

Five forces intersect two directors, 320. 

Six forces in equilibrium, 324. 

:nt. Moment of a force defined in two dimensions, 113, in three dimensions, 
263. 

Proved equal to dW/dd where W is the work, 209. 

Moment of a line in geometry, 265. Represented by the volume of a 
tetrahedron, 266. By a determinant, 266, 267. In tetrahedral coordinates, 
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Moiun. Expcrimunts on friction, 170. 

Newton. LawH of motion, 13. Proof of iho pjiralli'lofjirani of fortu's, 26. 
Nokmal eohcek. To a polygon, 133; to a tetrahedron, 318; to a polyhedron, 
to a closed Kiirface, 319 ; to an octant of an (‘Ui))Eoid, 319. 

Nul. Nul plane dolhied, 298. ItH CartcHian e(piation, 301. Us tetrahednil ( 
tion, 339. Thoorenm on the nnl plane, 304. 

The Cart(3Bian condition that a given line is a nnl line, 301. Nul ] 
of a given plane found geometrically and jinalytically, 302. 

Oblique. Kesolution of forces, 40. Ax(!s, 60. 

Papbus. The surfjice and voluiiKi of a solid of rcivolut ion deduced from a ceni 
gravity sometimes called Guldin’s theonmis, 413. 
l^ABAiioLA. Centre of gravity of areas, bonnde.d hy an ordimite, 412 ; houndi 
four ])araholas, 412, &c. 

Parabolic chain, tension, centre of gravity, c'cc., 452. 

Paiiallel I’eacEK. Centre of parallel forces, 83, 373. Conditions of e(pulibriin 
A givcin force replaced by two parallel forces, 79 ; by three forces, 86 
Pankirie on the equilibrium of four parallel forces, 86. 

Theory of couples, 89. 
pAiiALLELEPiPEi) OF FOKCKS. Theorem, 39, 

Pakallelookaim. The parallelogram law, 7. Of velocities, 12. Of forces, 24. 
Pentagon. Centro of gravity of a homogeneous jxmtagon, 388, Ex. 6. 

Pitch. Defined, 271. Pitch of an equivalent wrench found, 273. 
pLUCKEii. The six coordinates of a line, 260. A dynarne, 261. 

A proof of Moebius’ theorem, 316. 

PoiNSOT. Theory of couples, 89. 

Why some problems are indeterminate, 148. 

Method of finding resultants, 104, 267. 

Central axis, 270. 

Polar plane. Cremona’s polar j)lane defined, 298. 

Sylvester’s defined, 325. Various theorems, 336, &c. 

Potential. Defined, 69. Potential energy, 211. Decreases in initial motion 
Polygon. The polygon of forces, 36. Forces at the corners, 37. Forces pc 
dicular to the sides, 37. Forces wholly represented by the sides m 
couple, 103, Ex. (5. Forces proportional to the sides at an angle 
dividing the sides in a given ratio, 103, Ex. 9. Forces which join the cc 
of two positions of the same polygon, 120, Ex. 6. 

Polygon of heavy rods, 134. Subsidiary polygon, 139. 

On the number of conditions necessary to determine a polygon, 152. 
Polyhedron. Polyhedron of forces, 47, 318. 

Euler’s relation between the number of corners, faces and edges, 35; 
Keciprocal polyhedra, 341, 361. 

Centre of gravity of polj^hedron circumscribing a sphere, 392, Ex. 5, 
Pratt. Treatise on Mechanical Philosophy, 602. 


Analytical aspect of projections, 407. 

PYRAivni). Centre of gravity of the volume, 390. 

The five equivalent points of a pyramid on a quadrilateral base, 395. 

Quadeilatehal. Jointed with attracting particles at the corners, 130. With vario: 
strings, 132. 

Centre of gravity when uniform, 387, 388. When heterogeneous, 434. 

Some geometrical theorems deduced from statics, 439, 441. 

Forces along the sides of a skew quadrilateral are notin equilibrium, for 
a couple or single resultant, 103. Their invariant, 323. 

Rankine. Equilibrium of four parallel forces, 86. 

Force diagram, 140. 

Moment of flexure or bending stress, 142. 

Graphical statics, 340. 

Reactions. Three rules (1) when two smooth rods press, 125 ; (2) when two ro( 
are jointed, (ci) line of symmetry, (b) one rod not acted on by a force, 13 
(c) when more than two rods meet at the same point, 132 ; (3) when two roc 
are rigidly connected the reaction is a force and a couple, 142, 143. 

Jointed quadrilaterals tightened up by various strings, 132. 

Jointed polygons acted on by normal forces, 133. Reactions at tl 
joints of a polygon of heavy rods, 134. Various problems on reactions { 
joints, 141. 

Bending moment, 142. Weight on a light plank bridge, 144. Diagrai 
of stress for a rod acted on by forces at isolated points, 145. Weight on 
heavy bridge, 147, Ex. 1. Bending moment for a rotating semicircular \Yir( 
147, Ex. 2. Townsend’s problem on a bridge, 147, drc. 

Principle of work used to find reactions at the joints of a hexagon, tetrc 
hedron, rhombus, tripods, &c., 234. 

Reactions in three dimensions, at an axis, pressures, joints, &c., 268. 

Reactions found by graphics, 361, 363, c&c. 

n spheres in a cylinder, 129. 

Reciprocal figures. Defined, 340. Maxwell’s theorem, 341 ; Cremona’s, 342. T 
draw reciprocal figures, 343, 350- Mechanical property, 346. 

Resolute. Defined, 41. Equal to dlVId^ where IF is the work, 209. 

Resolution. Defined, 40. Resolved part or resolute, 41. 

Three methods of oblique resolution, 40. 

Use of the mean centre, 51. 

Resolution in three dimensions, 260. 

Along three lines by a tetrahedron, 53, Ex. 3. 

Along six lines in space, 329. 

Graphical method, 360. 

Resultant. Resultant force defined, 22. Forces in a straight line, 23; at 
point, 42. 

Method of the mean centre, 61. With an extension, 53, Ex. 4. 

Parallel forces, 78, 80. 

Single resultant in two dimensions, 118. A trilinear equation, 120. 
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Beynolds, Osbobne. Experiments on friction, 170. 

Bigid body. Defined, 19. Bigidity of cords, 631. 

Bobebts, B. a. Theorem on the centre of gravity of the arc of a lemniscat(?, 3 
Bobebval. Method of finding envelopes, 242. 

Balance, 617. 

Booking bodies. Condition of stability, 244. 

Hollow bodies with fluid, 245. 

Second approximations, 247, 249. 

In three dimensions, 251. 

Bod. Heavy rod in a bowl and cylinder, 126. In a spheroid, 126, 243. Two 
support an ellipse, 127. Jointed light rods forming ciuadrilaterals 
polygons, 131 — 133. Jointed heavy rods, 134. Friction problems, 178. 
Bending couple due to a weight, 142, 144, Ac. 

Various problems, 141, 149. Stability, 221, Ac. 

Bod on rough wall in three dimensions, 269. 

Pressure on supports of a rod found by graphics, 361. Stress at 
point, 362. 

S.A.IL. Can a boat sail quicker than the wind? 53, Ex. 10. Form of a sail act 
by the wind and its best position, 458. 

Salmon. The relation between the inclinations of any four lines in space, 48. 
A leading theorem on determinants quoted, 49. 

On roulettes, 244. 

On the six coordinates of a line, 260. 

Generalization of a theorem on the relations of a chord of a conic 
two normals, 126 and note. 

Scott, B. F. Treatise on determinants, 267. 

ScBEWS. See also Wbench. Pitch defined, 271. Eight and left handed, 272, 
Work of a wrench on a screw, 292. 

Beciprocal screws, 294. 

As a machine defined, 650. Mechanical advantage, 560. Various thee 

551. 

Sheab. Defined, 142. 

Six FOKCES. Analytical view, 324. Geometrical view, 334. 

Two methods of describing the sixth line [a) as a plane locus, (Z>) 
nul line of two fixed forces, 334. 

Only one way in general of reducing a system to six forces along 
straight lines, 329. 

The case of involution, 328. 

On the ratio of Pg to Pg and other theorems, 336. See also Equild 
On six forces along the edges of a tetrahedron, 339. See also Tetbahi 
Smith, B. H. On graphics quoted, 364. 

Smooth body. Defined, 54. Reactions, 55. 

Spottiswoode. The determinant of involution, 327. 
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Statics. Defined as one case of mechanics, 1. As the science of force, 21. 

Steelyard, (a) Roman, 521, (b) Danish, 622. Comparison of a steelyard an( 
balance, 623. Problems on steelyards, 624. 

Stereograi’iiic projection. On the principle of similitude in Maps, 421. 

Stevinus. Enunciates the triangle of forces, 31. 

Stress. Defined, 142. See Bending couple. 

String. See Catenary, Elastic strings, Endless strings. 

Tension of a light string unaltered by passing over a smooth surface, 1! 

Intrinsic equations of equilibrium, 454. Cartesian form, 465. Polar, 4i 

Constrained by a curve^ four cases, {a) string light, curve smooth, 41 
{b) string heavy, curve smooth, 459, (c) string light, curve rough, 4( 
(d) string heavy, curve rough, 467, &:c. 

String with normal forces, 468. 

The statical directrix, 460. Heavy string on a circle with hanging en 
and a catenary, 462. 

Methods of integration in case (d), 468, 469, 

Rope wound round thin rough posts and pegs, 466. 

One centre of force, 474, 476. Porce when the curve is a circle, Ex. 2, t 
curve cos9id, Ex. 3; infinite strings, Ex. 4, &c.; force the invei 

square. Ex. 6 j catenary of equal strength when the force varies as t 
inverse distance, Ex. 11 ; dynamic curves, Ex. 12. 

Two centres of force, 477. The lemniscate. Ex. 2. 

Constrained by a surface. General equation, 478. Geodesic strings, 4S 
Inflexional points, 480. 

Solid of revolution, 481. 

Spherical catenary form, tension, pressure, 482. Case of one end fre 
case when directrix plane passes through the centre of the sphere, &c,, 4fi 
Instability, 482. 

Cylindrical surface, if smooth and veriical the string when developed is 
catenary, 483 ; if rough, Ex. 3. Examj^les on a horizontal cylinder, 483. 

Conical surface with centre of force at the vertex, 484. 

Hough surfaces, general equation, 486. Geodesics, 485. Helix, 487. 

Mininium force to move a circular heavy string on a rough horizont 
plane, 487. 

Calculus of variations, A string (a) suspended from two points, (6) on 
surface under any forces, 488. 

Superposition oe porces. A principle of statics, 15. 

Surface. Particle on a smooth surface in equilibrium, 57. On a rough surface, 17 

Resultant of normal forces, 319. 

Suspension. Of a heavy body, with examples on triangles, rods, cones, &c., 87. 

Of a polygon of heavy rods, 134. 

Of a heavy string, 447. 

Suspension bridge. See Catenary. When the main chain alone is heavy, 443. 

When the roadway alone is heavy, 462. 

When the vertical rods are heavy, 452. Other problems, 452. 
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Tendency to bkeak. Defined, 142, see Bkndino ooiipek. 

Tension. Of a rod defined, 142 ; of a string, 442. See Khami-’.woiiks and htiiini 

A bundle of heavy horizontal cylinders tied by a string, 129, Ex. 7. 

Tetkaiiedhon. Used in two ways to resolve forces {a) by sines of angles, 40, (/. 
the mean centre of the base, 63, Ex. H. 

Volume found, 266 ; used to measure moments, 266, 267. 

Any six forces along edges are not in involution, 339. 

Central axis of the forces rciiresentcd by the six sides, 278. 

Forces referred to tetrahedral coordinates, 267, 339. 

llelation of four forces (a) acting at the corners perpendicularly to 
opposite faces, {h) at the centres of gravity of tlie faces, (c) at middle pc 
of the edges, 318. 

Centre of gravity of the volume, 389; frustum, 391; double tetrahc 
394; faces and edges, 392; heterogeneous, 434. 

The isosceles tetrahedron, 393. 

Geometrical theorems deduced from the centre of gravity, 439. 

Thomson and Tait, see Kelvin. Proof of the principle of virtual work, 199. 

Three forces, see Triangle. A system reduccid to tln-ee forces acting at 
corners of an arbitrary triangle, {a) in two dimension-*, 120, (/;) in 1 
dimensions, 316. 

Parallel forces reduced to three, 86. 

Thrusts. Defined, 364, see Frameworks. 

Ties. Defined, 364, see Frameworks. 

Toothed wheels. Small teeth, 644. Involute of a circle, 646 ; effect of i 
rating the wheels, 645. Epicycloidal tcetli, 545. Problems, locldn 
teeth, &c., 646. 

Townsend. Bending moment of a bridge with a carriage of finite size, 147. 

Kelation between the equilibrium of a string and the free motion 
particle, 476. 

Transmissibiltty of force, a principle of statics, 17. 

Tr ANSON. Eadius of curvature of a roulette, 242. 

Trapezium. Centre of gravity of the area, 388. 

Triangle. Triangle of forces, 32, &c. ; theorems, 103 ; astatic triangle, 73. 

A heavy triangle suspended by strings and in other ways, 87. 

A system of forces reduced to three along the sides of an arbi 
triangle, 120. A system in three dimensions reduced to forces a1 
corners, 315. 

The least couple to move a triangular table on a rough fioor, 188. 

Centre of gravity of area, 383 ; various equivalent points, 386 ; perin 
386 ; heterogeneous density 434. 

Geometrical property of the product of the alternate segments of p 
on the sides, 132. Centre of the nine points circle and the orthocentre f 
by centre of gravity, 440. 
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Wallis. Centre of gravity of a circular are, 396. Circular sector, 400. Cycloidal 
area, 412. 

Walton. Centre of gravity of a spherical triangle, 424. Of the space between a 
parabola and two tangents, 412. Of the lemniscate, 399. 

Warken girder. Problem on, 372. 

Watson. Problems of the reactions of the legs of a table supporting a weight, 149. 
On a case of neutral equilibrium,. 88. 

Wedge. Defined, 647 ; mechanical advantage, 548. Condition that a wedge stays 
in when struck, 649. 

Wheel and axle. Mechanical advantage, 540; differential axle, 541. Problems 
on the wheel and axle, 642. 

Priction between wheel and axle, 179. 

Work required to turn the wheel when the string is elastic, 493, Ex. ‘2. 

White, A system of pulleys invented to diminish friction, Ac., 530. 

Willis. His principles of mechanism, 502. On the form of toothed wheels, 545. 

Work. Defined, 62 ; equilibrium of a particle, 66; rings on elliptic wires, Ac., 69. 

Proof of the general principle, after Fourier, 194, 195. The couverse 
after Thomson and Tait, 199. Work of forces equal to that of resultants, 
194. List of forces which do not appear, 196. 

Work of a bent elastic string, 197, 493. 

Method of using the principle, 202, examples, semicircle, rods, Ac., 205. 

Work function defined, 208; stability deduced, 214; application to 
frameworks, 229. 

Lagrange’s proof of virtual velocities, 255. 

Wrench. Defined, 271. See Central axis. 

Equivalent wrench (a) when E and G are given, 270, (6) when system is 
given by its six components, 273, (c) when the system is two wrenches, 286, 
(d) when the system is t\vo forces, 284. 

Method of compounding wrenches by the cylin droid, 287. 

Problems on wrenches, 278. 

The work of a wrench, 292. 

Condition of equilibrium of six wTenches, the sexiant, 326. 

Used by Cremona for reciprocation, 342. 

Young. Modulus of elastic strings, 490. 



